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The death of Simon Newcomb, D.Sc, Ph.D., LL.D., D.C.L., etc., 
on July 11, 1909, brought to a close a life of marvelous activity, 
productive of many achievements of very high order and value. 

Notwithstanding his many other duties, Newcomb accepted 
a call to the Johns Hopkins University as Professor of Mathe- 
matics and Astronomy on the departure of Sylvester for England 
in 1884. At the same time he assumed the editorship of the 
American Journal of Mathematics. 

As Professor and Emeritus Professor in the University, and 
as Editor-in-Chief and Co-editor of this Journal he exerted here 
the marked influence of his personality for a quarter of a century. 
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The unique participation in the Abel Centenary from all parts of 
the earth showed how thoroughly his profound genius was valued. It 
was a gathering of the greatest living mathematicians, who on behalf 
of their universities and academies honored his memory. 

It is intended to erect a monument worthy of Abel, and we, his 
fellow countrymen, taking into consideration the international char- 
acter and importance of his work, think we ought not to give the 
undertaking an exclusive character, but should rather invite mathe- 
maticians from all nations to take part and unite their contributions 
with ours. 

The monument, which will be 13 m. high, is now in plaster of 
Paris ready to be moulded in bronze. It is executed by Gustav 
Vigeland, Norway's most eminent sculptor. On a high pedestal hover 
two giga;ntic genii, who bear on their backs the young seer, in whose 
face the artist has reproduced Abel's features in a masterly manner. 

It may be added that eminent connoisseurs, foreign as well as 
Norwegian, have expressed their admiration for the work. 

This undertaking concerns the memory of that man through 
whom Norway has yielded her best and greatest to the scientific 
knowledge of all lands and times, and we appeal therefore with the 
fullest confidence to the scientific world. 

Kbistiania, March 1907 

W. C. BROGGER. ELLING HOLST. 

FRIDTJOF NANSEN. L. SYLOW. 

CARL STORMER. AXEL THUE. 

At the request of the committee, contributions may be sent 

through 

FRANK MORLEY, 

Editor American Journal of Mathematics, 

Baltimore. 
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The Quadric Spreads Connected with the Configuration 
^ltln9 and a Special Ca^se in the Pascal Heocagram. 

By W. B. Carver. 



In a paper on the Cayley- Veronese Configurations* the author called 
attention to six conies connected with the configuration I^^* This configuration 
contains six Flag's (a I^g is the well-known Desargues configuration), and with 
each n.2 is connected a conic ^ whose polar system sends each point of the con- 
figuration into its corresponding line. These six conies lie in a pencil, t. e., they 
pass through four points. This theorem was proven in the previous paper by a 
synthetic method which was not capable of immediate extension to the n-dimen- 
sional case. The first object of the present paper will be to give an analytic 
proof for the plane configuration, and then, by a simple extension, to obtain 
similar theorems for the n-dimensional configuration rjjjj^n- ^^ the second part 
of this paper certain of these pencils of conies connected with the Pascal hexa- 
gram will be considered. 

I. The Quadric Spreads of the TlXtn- 

1. The Plane Configuration Fj^g. We may take as the equations of any 

six points in Si 

f, = (» = 1, 2, ....,6) 

with the relation 

i 

Any three of these points, as ^i = 0, ^^ = 0, and ^3 = 0, determine a plane, 123 ; 
and there are twenty such planes. When we take a plane section of this figure 

♦ TraMaetiofM of tlu American Mathematical Society^ Vol. VI, pp. 584-545 (October, 1905). The notation 
QBed in thiB present paper was defined in the earlier paper. 

1 
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Configuration F^XXm ^wd a Special Case in the Pascal Hexagram. 3 






Points. 


Co-ordlDftte*. 


123 


7t» 


na 


n^ 








456 


nu 


7t« 


na 


'«« + 'Ibs 


I46 + "m 


234 





nil 


na 


»«ai 





314 


na 





Im 


ytm 





124 


TtM 


na 





nii 





236 





nat 


"« 





na 


316 


na 





tw 





nn 


125 


7l» 


n,, 








na 


145 


7t« 








n,i 


nu 


246 





n» 





»«« 


Tin 


346 








»«« 


»«(» 


■nu 


146 


»«14 + »«6« 


tu 


tu 


Wl4 + tu 


n„ 


246 


»%l 


'*B4 + "tn 


^M 


'%« + '%• 


»«M 


346 


^ 


nu 


yt» + ^t«l 


'«« + '«» 


71,4 


166 


nu + nn 


n„ 


nu 


»«« 


"fw + "w 


256 


n» 


nj6 + 5«(6 


Ttu 


J«J6 


?%6 + '*» 


366 


^t» 


^ 


"(86 + tes 


n» 


'fe + "IflJ 


236 


Ttffl 


'<» + '<« 


'%8+ 'la 


iss 


»<« 


316 


'<8i + n». 


^ 


""ai + ^ki 


J^l 


^ 


126 


'«J«+ '««8 


"b + "w 


Wis 


JIb 


na 



Now the conic ^^ is such that its polar system sends any point of the con- 
figuration whose symbol contains the digit % into the line whose symbol contains 
the digit i together with the three digits not contained in the symbol of the 
point * Thus ^i sends the point 123 into the line 1466, ^^ sends this line 1456 
into the point 236, etc. Since the line 1466 contains the points 466, 166, 146, 
and 146, it is evident that any one of these four points together with the point 
123 forms a conjugate pair with respect to ^j. Five independent pairs of con- 
jugate points determine the conic, and its equation may be written at once in 
terms of the co-ordinates of these points. Having treated 4 and 6 in a special 
manner, we do not expect the equations of ^4 and ^5 to be symmetrical with 

•Lo€, city p. 548. 
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10 Carver: The Quadric Spreads Connected with the 

This set of three conditions is convenient in that they contain only the 
seven independent Tf's. By adding these three equations, we obtain the useful 
additional relation 

(4) ^4« + ^ — ^46 = 

When conditions (II) are imposed upon the general Tj,,, the six sets of three 

lines will be collinear, and in addition, the six meeting points a,b, , / will 

lie on a conic. Cayley's special To^s has, then, eleven degrees of freedom instead 
of the fourteen degrees of freedom of the general Fj^g.* The general rf,, 
(Desargues figure) has also just eleven degrees of freedom; and it is interesting 
to note that any one of the six Flag's in our Gayley figure may be taken 
arbitrarily, and that the remainder of the configuration will then be determined. 
Consider, for instance, the F5.2 made up of those elements containing the digit 6. 
(See Pig. 1.) The two triangles 146, 246, 346 and 166, 266, 356 are perspective, 
with the point 466 and the line 1236 respectively as center and axis of perspec- 
tive. The non-corresponding sides of these two triangles meet in six points of 

a conic, a, 6, , /. The sides of the first triangle join the points ae, bf and 

c d ; those of the second triangle, a/, b d and c e. If we pair oflF these letters 
in the third way cyclic with these two, ad, be and c/, and join these pairs of 
points, we form a third triangle, 145, 245, 346, perspective with the two original 
triangles from the same center 466. Adding the two new axes of perspective, 
1234 and 1235, our Cay ley figure is completed.f 

Since the n's are co-ordinates in Si of the plane of intersection, the three 
conditions we have found may be interpreted as geometrical restrictions upon 
the choice of this plane. ^ A linear condition on the tc's means that the plane 
belongs to a linear complex of planes. Our plane must then be one of the ao ^ 
planes which are common to three such complexes. In set (I), each of the six 
conditions indicates that the plane is one of the complex of planes which cut a 
certain line. Condition (a), for example, indicates that the plane cuts the line 
common to the three spaces 2345, 1356 and 1246. 



• Antbor'8 paper, loe, eU,, Theorem IX. 

f Notice that in this Gayley figure there is symmetry with respect to the two triads of letters a, 6, e and 
fi, «, /; also with respect to the two triads of digito 1, 2, 8 and 4, 5, 6. In onr analytic treatment, the 
symmetry with respect to 1, 2, 8 is erident, bnt the symmetry with respect to 4, 5, 6 hat been obscnred by 
the special treatment of these digits. 

I Cay ley treated this T^t as a C^,, i. «., as being the projection npon a plane of the figure of six planes 
in ordinary space. In his first paper, toe. eU,, he stated that for this special (7^, there were certain conditions 
npon the six planes; bnt in the later paper he corrected this statement, and showed that the six planes might 
be chosen arbitrarily, and that there were three conditions npon the point chosen as center for the projection. 
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Configuration ^ntl.nf ^^ « Special Case in the Pascal Hexagram. 11 

The plane section may of course be obtained by taking first a space section 
and then a plane section. In this case, the space section may be taken 
arbitrarily ; and then, to obtain the special Cay ley figure, the cutting plane is 
determined. In the intermediate space configuration rj^g (the figure of two 
perspective tetrahedra), the combinations 2346, 1366, and 1246 represent planes. 
Let the point determined by these three planes be called a. Five other points, 
&, c, ••••,/, may be similarly determined in accordance with the table in 
paragraph 1. These six points lie in a plane, which we use as the cutting plane. 
Ten such planes are determined by any I^s configuration, corresponding to the 
ten ways of separating the six digits into two triads. 

3. T?ie Qmica ^, of the Gayley Figure. We naturally expect to find some 
connection between the conic C and the pencil of conies ^. Using the relations 
of set (II), the equations of the conies 4»4 and ^5 reduce to 

4>4 = 2 n<4 7t<5 a:f + ^^Znan^^XiX^^ 
4>5 = 2 7t<5 7i<4a;f + 22 7i<5 7%5X«aj^= 

The co-ordinates of the six points a, &, , / are found to be 

«: (0, ^, ^) d: (0, na, 7t^ 

6: (^, 0, 7151) e: {rt^, 0, ^41) 

c: (^, ^u, 0) /: {n^, n,^, 0) 
and the conic C, through these points, is simply 

(7=22 7t<4 7fi5xf + 22(7i<4n^4 + 7i<5 7%5)a:<a;^ = ^4 + 4>5= 

which shows that the conic G lies in the pencil with the conies ^. Any conic 
of this pencil may be expressed in the form 

^4 + X^5 = 

the three conies ^4, ^5 and G becoming thus the hose conies of the pencil, i. e., 
the conies having the parameters 0, oo and 1 respectively. 
If ^ denote the parameter of the conic ^i, we have 

X4 = 0, ^ = 00 , and Xi = ^ (when i = 1, 2, 3 or 6) 

and hence we have the relation 



;ii — 1 ^ X, — 1 ^ Xs— 1 " X4— 1 ^ X5 — 1 ^ ^e — 1 
If the TJb were parameters of points on a line, this equation would indicate 
that the point whose parameter was 1 had the same second polar with respect to 
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Carver: The Quadrie Spreads Connected with the 



the three points X^, \j Xg that it had with respect to the points X4, >^ht^'* 
Considering the conies of our pencil, then, as elements, we may say that C has 
the same second polar with respect to the two triads of conies ^u^t^^ &Qd 
^41 ^61 ^«- The conic C which is the common second polar of C with respect 
to the two triads has the parameter (see Fig. 2) 

X := ^ — ^^ 

4. The Conies k. We next notice that the conic 

<?>4 — 4>5 = 
has no square terms, and is therefore circumscribed to the triangle 146, 246, 346. 
This is one of the three triangles which are in perspective from the point 466. 
Because of the peculiar symmetry of our configuration, it follows that there is a 
conic of the pencil which is circumscribed to each of the six triangles 

(1) 234, 236, 236 (4) 166, 266, 366 

(2) 134, 136, 136 (6) 146, 246, 346 

(3) 124, 126, 126 (6) 146, 246, 345 

and these six conies may be designated respectively (see Fig. 3) as 

K K hf hf h and ^ 
We have seen that the parameter of k^iB — 1. Hence we may say that k^ is^e 
polar of G with respect to ^4 and ^5. Similarly h^ must be the polar of G with 
respect to ^4, ^0 ; ki the polar of C with respect to ^2; ^s; ^^<^* The parameter vl 
for each of the conies in the pencil is shown in the following table: 



\ 



Conic 

c 



Pftrameter 
1 

1« 






Conic 

G' 

h 
h 
h 
h 
h 
h 



Parameter 
^ — 3 7f45 

^ + ^16 
^14 + ^ 
^6 + ^ 
2^ — ^5 

^64 

2^ — ^ 
— 1 



\ 



* These V% may, for instance, be considered as the parameters of the centers of the conies. These centers 
have the poiar relations as stated (see Fig. 8). 
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6. The Common Tangents to Pairs of the Conies h It will be seen that 
eighteen of the twenty points of the configuration — all except the points 123 
and 466 — lie on the conies h^ three points on each of the six conies. Opposite 
points of the configuration, such as 124 and 366, are conjugate with respect to 
each conic of the pencil.* Hence the line joining 124 and 366 is cut by these 
conies in a quadratic involution of which 1 24 and 366 are the double points. 
But since these points lie respectively on h^ and h^^ they must be the points of 
contact of a common tangent to these two conies. Similarly, all the points of 
the configuration except 123 and 466 are points of contact of common tangents 
to two conies, one firom each of the two sets A^, h^^ h^ and h^^ h^j k^. 

If we draw tangents to the conies \y 1e^ and h^ respectively at the points 
166^ 146 and 146, these tangents all touch the conic hi. The points 166, 146 
and 146 lie on the straight line 1466. There must, of course, be some relation 
between four conies of a pencil in order that such an arrangement be possible. 
To discover this relation, we may consider the metrically special case of a pencil 
of circles. Using rectangular Cartesian co-ordinates, and taking the pencil 

(a* + y* + 2aa; + a») + X(a« + y«_ 2ax + a*) = 

the base circles of the pencil will be the three degenerate circles. By taking 
the pencil in this way, any projective relation between circles of the pencil will 
be given by a condition on the X's independent of the constant a, and the result 
will be applicable to any pencil of conies. The common tangent to the two 
circles hi and h^ touches h^ at the point 



y ^/ X^ — \/%i 



2h 



^-Mi-^i)_ 



■) 



and the condition that the three such points for %«, h^ and Ar, lie on a straight 
line is 

1 1 

1 



V A4 V 1 — X4 
1 1 



V Ab V 1 — Xb 
1 1 



v\ vi — ;i. 



= 



* Author's paper, loc. eU., p. 544. 
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16 Carver: The Quadric Spreads Connected with the 

When we remove the factors* which simply make X4 = X5, etc., we have left the 
condition 



(VX5 + VXe) \/T:^4 + (VX, + ^/\) Vl — X5 



+ (VX4 + VX5) Vl — ;io = (III) 

It is noticeable that this condition is entirely free from %i. A similar relation 
must exist, of course, between ^, ^, and \. 

It is interesting to build up the configuration from these conies h. The 
three degenerate conies of any pencil are chosen ; and then the conies h^^ Tc^^ 
and k^ of the pencil are taken with their parameters (referred to the degenerate 
conies) satisfying condition (III), hi may then be taken as any other conic of the 
pencil. Any one of the four common tangents to hi and h^ may be drawn, the 
points of contact being the points 234 and 156. Then we can select one of the 
common tangents to hi and j^s, and one of the common tangents to hi and £,, so 
that the points of contact 146 and 146 on h^ and h^ respectively will lie on a line 
with 166. The sixteen possible selections after the first common tangent is 
drawn correspond to the sixteen possible choices of sign in condition (III). The 
remaining points of the configuration will now be linearly determined, together 
with all the other conies. Although there are thus four different configurations 
determined when the conies hi^h^^h^ and h^ are fixed, the conies h^ and h^ are 
the same for each of the four cases, and hence are uniquely determined by 
hi J h^f h ^^d h- I^ ^^ ^^^^ shown (Part I, Section 3) that when the six conies 
^ are given, four different Fe^V^ ^^^ determined by them. If, in this special 
Te^^sy ^^^ ^^ ^^^ given instead of the ^'s, the same four T^tS are determined. 

If we consider the metrically special case in which the ^'s and J^b are 
circles, it is evident that when one of the four configurations is drawn, another 
of the four may be obtained by reflecting the whole figure in the line of centers 
of the circles. This fact may be readily translated into projective language. 
Let the conies ^ and h be given, and let one of the four configurations which 
they determine be drawn. If a point of the configuration lying upon jfc< be pro- 
jected upon hi from one of the vertices of the common self-polar triangle of the 
conies, the point obtained will be the corresponding point of one of the other 

• If we make the sabstitation ^^ s sin* a^ we can readily remoTe the factors sin ^-^-^ » "^ °^ „ °* and 

sin ^^T^t from the determinant 
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Configuration ^nttnf ^^ ^ Special Case in the Pascal Hexagram. 17 

configurations. Bach vertex of the self-polar triangle may thus he used to 
obtain the points of one of the configurations. The points a^ b, c, d, e^ and / on 
the conic G will be similarly projected into three other sets — a set corresponding 
to each configuration. 

The Pascal hexagram contains ten of these Cayley configurations^ each with 
its pencil of conies. The conic C lies in all of the ten pencils. The conies of any 
one of these ten pencils determine three new Cayley configurations and three 
new sets of six points^ a, 6, ... . ,/, on (7. The three new sets determined by the 
conies of one pencil are not the same as the three sets determined by the conies of 
another. It would be interesting to discover just how this extensive system 
closes in. 

CoRNBLL Unitbrbitt, «7ttne, 1907. 
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The Group-Membership of Singular Matrices. 

By Arthur Rakum. 



Introduction. 



It is well-known * that the totality of non-singular matrices (linear homo- 
geneous substitutions with non-vanishing determinants) form a group under the 
usual law of composition or multiplication. It has not been so generally recog- 
nized that there exist sets of singular matrices (linear substitutions with vanishing 
determinants), which also form groups f under the same law of composition. For 

instance, the set of binary matrices of the form T^ ^ j , a nj: 0, obviously form 
a group of which Q * J is the identical matrix. 

Not all singular matrices, however, belong to groups; c. flr., ( - j 

does not belong to any group whatsoever. It becomes of interest, therefore, to 
determine whether a given matrix belongs to any group or not; if it does, to find 
the nature of the largest group to which it belongs ; and if it does not belong 
to any group, to show that there always exists a certain simple relation between 
it and a uniquely determinable group. 

In short, we wish to make a complete classification of all n-ary matrices as 
to their group-membership and exact relationship to groups. It will also be 
found that we shall naturally be led to certain incidental results on the roots 
of a matrix. 

• WOwU Algebra, Vol. II, 2nd edition (1899), % 41, p. 168. 

\ In this paper the word group will be need in the generally accepted sense and not in the broader sense 
recently given to it by Frobenins and Schnr in the BerliiMr StUmngiberichUf 1906, I, p. 209, and by Antonne in 
the Oomptei iitffufiM, 1906, Vol. CXLIII, p. 670. Frobenins and Schnr in their other papers employ the word 
in its nsnal sense. 
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Part I. Group-Members. 
Definitions and Preliminary Notions. 

1. Throughout this paper the elements of the matrices will be unrestricted 
real or complex numbers, belonging, therefore, to the continuous domain. The 
number of rows or columns of a matrix will be called its degree. As usual, 
a matrix will be said to be of rank r, if it contains at least one r-rowed minor 
determinant that does not vanish, while all its r + 1-rowed minor determinants 
vanish. Following Sylvester, the vacuity'*' of a matrix will be defined as the 
number of zero roots of its characteristic equation. A non-singular matrix of 
degree n is therefore of vacuity and of rank n, while a singular matrix is of 
vacuity t; > and of rank r<:^n. The matrix zero (whose elements are all zero) 
will be denoted by the symbol 0„, where w is its degree. A matrix different 
from zero is said to be nilpotent, if one of its powers is equal to zero. The nil- 
potent matrices are known to be precisely those whose vacuity is equal to their 
degree and whose rank is > 0. f The imit matrix of degree n will be denoted 
by the symbol Z7„ . 

Two matrices if and if' are said to be similar, if there exists a non-singular 
matrix L such that L'^ML = ML L is said to transform M into ML In the 
same way two sets of matrices S and S^ are similar, if there exists a non-singular 
matrix that transforms all the matrices of S into those of SL A set of matrices S 
is said to be completely reducible, or simply reducible, % if there exists a similar 
set S\ all of whose matrices are of the form 



(Ma \ 
U Mj^ 



where the symbols Ma and Mj, stand for component matrices of degrees a and b 
respectively, and the elements of the remaining rectangular matrices are all zero. 
Symbolically, we may write 

8'-(^^ ON 

* Ambrioah Journal of Mathbmatics, Vol. VI (1884), p. 278. 

t Frobenlus, CrtlU^% Journal, Vol. LXXXIV (1878), p. 15, VI. 

X It Is well-known that there are groups of non-singular matrices that are reducible to the form 

without being completely reducible in the sense defined above. But it will be shown that every group of 
singular matrices is reducible in the latter sense. 
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2. From the theory of elementary divisors'*' we borrow the theorem that 
every matrix M' of degree n is similar to a matrix of the form 

in which the component L^ is non-singular and the component N^ is either nil- 
potent or zero; v is then the vacuity of M\ If M' is non-singular, r =0 and 
M^^Lni on the other hand, if M' is nilpotent or zero, t« = and M^^-N^. 
Let the characteristic equation of M^ be written <!> (X) = 0. It has v roots 
equal to zero. Let the corresponding elementary divisors of the characteristic 
determinant of M\ which we shall call wicvjous elementary divisors, be denoted 

by X**, , V* J where e^ > e^^i (** = 1> . . . . , s — 1) and e^ + + e, = t;^ 

Then [J^ fij cj is the characteristic'^ of the. component matrix N^. Now M 

can be chosen in such a way that 



(E^ .... 0\ 
°..:^.-.:v..".). 
Etf 



(2) 



where 



(010 OV 
1 0\ 
I, of 
.... If 
— o/ 



-Bi = I I, of degree e, (» = 1, . . . ., s). (3) 



When this is done, N^ is said to be in its canonical form. When the non-singular 
component L^ is also chosen in its corresponding canonical form, M is said 
to be the canonical form of if'. Since the irreducible nilpotent component 
^^ (i =1, , «) is obviously of rank e^ — 1, it follows that M^ and therefore if', 

is of rank r = w + 2 (e, — 1) = u + t? — « = n — s. If JV^^ is irreducible, so that 

1 

tf = 1, Jf' is of rank n — 1. On the other hand, if any one of the vacuous 
elementary divisors of the characteristic determinant of M' is linear, e. g., if 

•See Math's <«£lementartheUer" (1899), §S 77-79, pp. 162-158; also Bdcher'e «*Introdnction to Higher 
Algebra'* (1907), Chap. XXI, and in partlcnlar $ 100, p. 293. The latter book is especially to be recommended 
as an introdnction both to the theory of matrices and to the theory of elementary divisors. 

tSee Bdcher's t^mgher Algebra," SS99 and 100. 
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«« = 1, then ^« = 0, and M has at least one irreducible zero component. If all of 
the vacuous elementary divisors are linear, then N^ is zero, 

*=(^"o.)' <■•> 

and M' is of rank r=^uz^n — v; in other words, its rank is equal to its degree 
minus its vacuity. 

Orowps of Singular Matricee. 

3. Consider a set of matrices, finite or infinite in number, of the form 



*=(ty. ^=a'S.).«*«- 



of rank r and vacuity v, in which Z^, i^, etc., are non-singular, if r>0.* 
It is apparent that if i,. Zy = Li!, then MM' = -W, and conversely. Therefore 

the given set of matrices will form a group ^ = T a*^ a } > ^^y *^^ ^^^Y ^^9 t^^^r 
non-singular components form a group G^. In every such group G the identical 
matrix is /7T \ 

and the inverse of any matrix M is 

In particular, the totality of the matrices of this form constitutes an r^-parameter 
continuous group, of which all the other groups are subgroups. It will be noticed 
that all its matrices have the same rank r. 

We wish to show that every possible group of matrices is similar to some 
group of the kind just described. 

The Rank of a Group. 

4. Lemma : All the matrices of a group have the same rank. 

For if J., of rank a, and -B, of rank 6, are any two matrices of a group, then 
matrices ^and C~^ can be found to satisfy the equations A=iBG and -B = -4 (7"* ; 
and since the rank of the product of two matrices is equal to, or less than, the 
rank of either factor, the first of these equations shows that a<b and the second 
shows that b<a; therefore a = 6. 

The rank of the matrices of a group will be called the rank of the group. 

* The extreme case, in which r = 0, can be disposed of at once. The only matrix of rank sero is the 
matrix sero, which clearly constitaies a group of order one. 
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5. This lemma compels us to exclude from group-membership every matrix 
M of the form (1), in which N^ is nilpotent. 

and since N^ is nilpotent, fi can be chosen large enough so that N^ = 0^ ; in that 
case M*^ will be of rank u. Now since N^ is different from 0^ , its rank is > 
and the rank of Jf is > w ; therefore M is of higher rank than if ^ But if M 
belonged to a group G, if* would belong to G and, by the lemma, would be of 
the same rank as M. 

The Conditions of Group-Membership. 

6. If a matrix belongs to a group, every similar matrix belongs to a similar 
group, and if a matrix does not belong to a group, no similar matrix can belong 
to a group. Now since every matrix is similar to a matrix of the form (1), 
which we have seen to be a group-member, if the component N^ is zero, and a 
non-group-member, if N^ is nilpotent, therefore we have proved the 

Theorem: A necessary and sufficient condition for the group-membership of a 
matrix {of rank r and vacuity v) is its similarity to a matrix of the form 



/i, ON 



(6) 
in which L^ is non-singular. 

It is apparent from the proof of this theorem that the different powers of a 
matrix all have the same vacuity, but not necessarily the same rank; they do 
all have the same rank, if, and only if, the matrix is a group-member. 

7. From this theorem, in view of the principles of elementary divisors and 
of canonical forms as stated in § 2, we easily derive several characteristic properties 
of group-members y any one of which distinguishes them from all non-group- 
members. Since all non-singular matrices are group-members, it will be con- 
venient to confine the statement of the results to the only significant case, that 
in which the matrices are singular. 

Thus, a singular matrix belongs to a groupy if^ and only if it satisfies any one 
of the follovAng equivalent conditions: 

(1) its powers are all of the same rank; 

(2) ito canonical form ha^ no components that are nilpotent; 
{Z)itis reducible to a non-singular matrix bordered with zeros; 

(4) tJie vacuous elementary divisors of its characteristic determinant are all linear; 

(5) its rank is equal to its degree minus its vacuity. 
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If the vacuity of a matrix is zero or one, condition (6) is necessarily satisfied. 
Therefore every matrix of vacuity one, as well as every non-singular matrix, 
is a group-memher. For instance, every ternary matrix whose characteristic 
equation has at least two roots different from zero is a group-memher. 

Idempotent Matrices. 

8. Now consider the identical matrix / of any group. It satisfies the con- 
dition P = / and is therefore idempotent] conversely, every idempotent matrix 
is the identical matrix of some group. Every such matrix, by the theorem 
of § 6, is similar to a matrix of the form (6), which in this particular case becomes 
the matrix (5). Accordingly, the roots of its characteristic equation are equal 
to one or zero, and not only the vacuous elementary divisors of its characteristic 
determinant, but all the elementary divisors, are linear. Since the latter con- 
dition is also sufficient, we have proved the 

Theorem : A matrix I {of rank r and vacuity v) is the identical matrix of a 
group, i/y and only if, it satisfies any one of the folhvnng equivalent conditions: 

(1) it is idempotent, that is, P = I; 

(2) it is similar to a matrix of the form 






(7) 



in which U^ is the unit matrix of degree r ; 

(3) the roots of its characteristic equation are equal to one or zero, and the 
elementary divisors of its characteristic determinant are all linear. 

Its rank r is equal to the multiplicity of the root one, while its vacuity v 
is equal to the multiplicity of the root zero. If ?; = 0, /= Z7„, while if r = 0, 
/= 0„; in each of these two extreme cases there is only one identical matrix. 

Periodic Matrices. 

9. Again, suppose that a matrix M belongs to a group of finite order G; 
then it may be spoken of as of finite period, or simply as periodic. If m is its 
period and / is the identical matrix of G, then M^=- 1 and Jf"*+^ = if. Con- 
versely, any matrix that satisfies an equation of the form M^'^'^ = if is periodic; 
for since the powers of M include an identical matrix M^ and an inverse to M, 
namely M^~^, they form a group. 

If, in the theorem of §6, the matrix (6) is of period m, then 1I^=.TJ^\ 
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therefore L^ is periodic in the usual non-singular sense, and can be chosen in the 
canonical form 

^r=( •' ), (8) 






in which f^ , . . . . , Sr are mth roots of unity. Thus we have the 

Theorem : A periodic matrix (of rank r and vacuity v) is characterized by any 
one of the folloxoing equivalent properties : 

( 1 ) one of its higher powers is equal to its first power ; 

(2) it is similar to a matrix of the form 

(6) 



/i, \ 



in which L^ is given by equation (8) ; 

(3) the roots of its characteristic equation are roots of unity or zero^ and the 
elementary divisors of its characteristic determinant are aU linear. 

The Canonical Form of a Group. 

10. We now come to the solution of the problem stated in § 3. Let O^ be 
any group whatever, of finite or of infinite order, and let r be its rank, P its 
identical matrix, and M' any one of its matrices. Then, by the theorem of § 8, 
there exists a non-singular matrix L that will transform /' into 

Suppose that L transforms G' into O and M' into 

where A and B are rectangular matrices. Since M must satisfy the equations 
if = if /= IMj it follows by direct calculation that J. = 0, -B = 0, and Z^ = 0^ , 
and that if must be of the form (6); moreover, since its rank is r, its component 
Lr must be non-singular. But M is obviously any matrix of the group G. 
Therefore we have arrived at the 

Theorem : Every group of matrices of rank r is similar to a group 

in which G^is a group of non-singular matrices of degree r.* 

* For the special case in which the group is of finite order, this theorem was proved by Schnr, »* Nene 
BegrQndnng der Theorie der Grnppencharaktere,*' B$rlin$r 8itzunga)eriehte, 1905, I, p. 418, VIII. 
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Gr is said to be a canonical form of the group. In other words, a set of 
matrices will form a group, if, and only if, it is similar to a set of matrices of 
the form (6), in which the non-singular components L^. themselves form a group. 

Corollary 1 : Every group of singular matrices is reducible to a group of 
non-singular matrices, each of which is bordered with zeros. 

Corollary 2 : Every group of matrices of rank r is simply isomorphic with a 
group of non-singular matrices of degree r. 

For instance, every group of rank one is simply isomorphic with a unary 
non-singular group and is therefore Abelian ; again, every group of rank two is 
simply isomorphic with a binary non-singular group. 

Entire Groups. 

11. Any group of matrices which is not a subgroup of a larger group will 
be called an entire group. An entire group is thus the largest group G to which 
any one of its matrices M belongs. Every other group to which M belongs is a 
subgroup of G. Since no two entire groups can have any matrices in common, 
it follows that every group-member belongs to one and only one entire group. 
Group-members can therefore be uniquely classified, first according to their 
ranks, and second according to the entire groups to which they belong. 

Now in view of the theorem of the last section, it is evident that all the 
entire groups of degree n and rank r are similar to one another and that their 
canonical form is a continuous r^-parameter group of the form (9). Their 
number is obviously infinite, unless r = n or r = 0. If r = n, there is just one 
entire group, including the non-singular matrices; if r = 0, there is one entire 
group, including the matrix zero alone. 

Part II. Non- Group -Members. 
The Group-Index of a Matrix. 

12. Let us now consider more in detail the properties of matrices that do 
not belong to any group. By reference to § 5 we see that if any such matrix be 
raised to a suflBciently high power, the resulting matrix will surely belong to 
some group. Thus every matrix whatever has some positive integral power * 
that belongs to a group ; and every non-group-member is a root of some group- 
member. 

* A negatiye or zero power of M obyioasly has no determinate meaning, unless if is a gronp- member ; 
in the latter case M^ is the identical matrix of every gronp to which M belongs and M^^ is the inverse 
of M^ in every sach group. 

4 
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The exponent of the lowest positive integral power to which a matrix must 
be raised in order to belong to a group will be called the group-index of the matrix. 
Hence the group-index of every group-member is unity. If if is a non-group- 
member of group-index (i, then M'^ and all the higher powers of M are group- 
members (and all belong to the same groups), while the lower powers of M are 
non-group-members. Therefore, if M'^ is a group-member, while Jf**"* is not, 
then (JL is the group-index of M. 

13. By reference to the canonical form of a non-group-member as given by 
equations (l), (2), (3) of §2, we see that if [i is its group-index^ then the ranks 
of its successive powers from the first up to the fith form a continually decreasing 
series of integers,* while the ranks of its higher powers, from the (ith on, are all 
equal. 

Moreover, using the notation of § 2, we see that since 

and since N^ is made up of the component matrices jE^* (i = 1, . . . . , s), therefore 
Jf" will be a group-member, if, and only if, N^ = 0^'; that is, if E^ = 0^ 

(i = 1, , s). Now the lowest value of v for which the equation jE^^" = Oe is 

satisfied is c,, the degree of Ei. This can be most easily seen by considering 
a special case. For instance, if e^ = 4, then 



E, 



(0 1 0\ /O 1 0\ /O 1\ 

00101 ^8_/000l\ |^8_|0000\ jTi_r. 

oooiT ^*-|oooor ^^-looool' ^*-o*^ 

0/ \o 0/ \o 0/ 



and all the higher powers of E^ are equal to O4. Therefore the lowest value of v 

for which Jf" is a group-member is the largest one of the integers ^i, , c^, 

namely ei. That is, if (i is the group-index of ilf, then ^ = ei. This result 

also holds for singular group-members ; for in their case ^ = Cj = = 6, = l. 

Thus we have the general 

Theorem: The group-index of a singular matrix is equal to the degree of that 
vacuous elementary divisor of its characteristic determinant which is of highest degree. 

It follows that every non-group-member of group-index fi is similar to a 
matrix having at least one irreducible nilpotent component of degree /u and none 
of higher degree ; its vacuity must be > f£ > 1. 

* This fact was noticed by Taber, American Joubnal ot Mathematiob, Vol. XII (1890), p. 870. His 
statement of it does not inyolye the notion of gronp-memberthip. 
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GroupJndex and Vacuity. 

14. Since matrices exist whose characteristic determinants have any pre- 
scribed elementary divisors, therefore the degrees Cj, , ^» of the vacuous 

elementary divisors can have any positive integral values such that their sum 

8 

2e< = t;<n, where v is the vacuity and n the degree of the matrix. Hence the 

group-index of a matrix of vacuity v can have any value from one to v inclusive, 
but can not be greater than v ; that is, its maximum value is v. Similarly, the 
maximum value of the group-index of a matrix of degree n is n. 

Accordingly, the vth powers of all matrices of vacuity v are group-members, 
and the groups to which they belong are of rank n — v. The nth powers of all 
matrices whatever of degree n are group-members. 

If the group-index of a non-group-member M is equal to its vacuity t?, then 
there is just one vacuous elementary divisor X^ (v > 1) and M is similar to a 
matrix having just one irreducible nilpotent component; and conversely. 

15. The extreme case in which i; = n is that of the nilpotent matrices and 
the matrix zero. The group-index ft of a nilpotent matrix is evidently the 
exponent of the lowest power to which it must be raised in order to give the 
matrix zero. If (i has its maximum value n, then there is only one elementary 
divisor V^ and the matrix is irreducible. Conversely, if a singular matrix of 
degree n is irreducible, it must be nilpotent and its group-index must have the 
maximum value n. 

Group-Index and Rank. 

16. Referring again to §2, we see that every non -group-member of degree n, 
vacuity v, rank r and group-index (i is similar to a canonical matrix having n — r 
irreducible nilpotent components, the sum of whose degrees is v, while at least 
one of them is of degree fi and the degrees of all the rest are <(i] moreover, 
if t? <; n, the canonical matrix has one non-singular component of degree n — v, 
which may, or may not, be further reducible. 

The rank r of a singular matrix M of vacuity v can obviously have any 
positive integral value from n — v (when Jf is a group-member) up to n — 1 
(when its group-index [i has the maximum value v). 

If r = n — V + 1, then ^i = 2, 6^ = = 6, = 1, and ^ = 2. Hence if 

the rank of a matrix is one greater than the difference between its degree and 
its vacuity (so that the latter must be > 1), then its group-index is two. 
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On the other hand, it is clear that if fi = «?, r = w — 1, and conversely 
while if ii = v — 1, r=^n — 2. That is, every matrix whose group-index is equal 
to its vacuity is of rank one less than its degree, and conversely ; while every 
matrix whose group-index is one less than its vacuity is of rank two less than 
its degree. 

17. As an illustration of the relations existing between the degree t?, the 
vacuity v, the rank r, and the group-index (i, of a matrix, a few of the corre- 
sponding values of these four quantities may be tabulated as follows : 

v = 0, r ^:^ny 
t; = 1, r = n — 1 

^ = 2, {r=n-l 

'r = n — 3 
r=n — 2 
r=^n — 1 

'r = n — 4 
r =^n — 3 
r =^n — 2 
r = n — 1 



v = 3, - 



t; = 4, ^ 



fl = l 
(1 = 1 
(i = l 

(1 = 2 
(1=1 










V = 


= n, - 


r = 0, 
r = l, 
r = 2, 
r = 3, 


(1=1 

(L = 2 

(i = Zot2 

/i = 4, 3, or2 (if n>6) 


(1=2 
(i = Z 

(1=1 
(1 = 2 
(1 = 3 or 2 
(1 = 4 


r=:n- 


-1, (i = n 



For the case v = 4 the corresponding canonical forms of the nilpotent 
(or zero) component i\^ are as follows : 

4, ^ = 1, N^ = Q^ 



r'=-n- 



r^=n- 



r=:n — I 



r = n — 2, (1 = 2, Ni = 



(0 1 0\ 
00001 
ooool 
0/ 

(0 1 0\ 
0010\ 
ooool 
00 00/ 

(0 1 0\ 
ooooV 
00 1 I 
00/ 



r^=n — 1, (1 = 4 



(0 1 0\ 
0010\ 
000 1 I 
00/ 
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TJie Conditions of Non'Oroup-Membership. 

18. The characteristic properties of a non-group-member M, any one of 
which distinguishes it from all group-members, may be summarized as follows: 

(1) M^ is of lower rank than M; 

(2) M is similar to a matrix having ai least one nilpotent component; 

(3) iis characteristic determinant has at least one vacuaas elementary divisor 
thai is not linear; 

(4) its vacuity is ^l, and its rank is greater than its degree minus its vacuity; 

(5) its group-index w >!. 

Non- Group-Members Whose Powers Are not All Distinct. 

19. As a special case of a non-group-member, consider a matrix whose 
powers are not all distinct, while no higher power is equal to the first. Every 
such matrix M satisfies an equation of the form if'*+'^ = Jf ** (f£>l). If ^i and m 
are the smallest positive integers for which this equation holds, than ^ is evidently 
the group-index of My while m is the order of the cyclic group formed by the 
higher powers of M. 

For instance, if 

/V — 1 0\ /—I 0\ 

M= ( 1 ), then if » = I 1, 

\ 0/ \ 0/ 

and M satisfies the equation M^ = M^; its group-index is two, and the higher 
powers M^j M^, if*, M^ form a cyclic group of order four, whose identical matrix 
is if*. 

In the canonical form (1) of a matrix of this kind the component L^ must 
be a periodic non-singular matrix of period m (if u^O) and the component N^ 
must be a nilpotent matrix of group-index (i. That is, L^ = U^ and N^ = 0^ , 
An immedite consequence is the 

Theorem : A necessary and sufficient condition thai the powers of a non-group- 
member are not all distinct is that the roots of its characteristic equation are either 
zero or roots of unity {at least two roots being zero) and thai at least one of the vacuous 
elementary divisors of its characteristic determinant is non-linear^ while all the ruon- 
vacuous elementary divisors are linear J^ 

* This theorem, without itt groap implications, is dne to Frobenius, ** Ueber Lineare Sabstitationen and 
Bllincaro Formen," CrtlU't Journal, Vol. LXXXIV (1878), p. 16, VIII. 
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Non- Group-Members Whose Higher Powers Are Equal. 

20. A still more special case, included under that just considered, is obtained 
by putting m = 1 ; the equation which M satisfies is then M^'^^ = Jf" (^ > !)• 
The cyclic group generated by the higher powers of M is of order one, and M*" 
is an idempotent matrix. The canonical form of M is 






Hence the 

Theorem : A necessary and sufficient condition that the higher powers of a nan- 
group-member are all equal to one another is that the roots of its characteristic equation 
are equal to zero or one {at least two roots being zero) and that at least one of the 
vacuous elementary divisors of its characteristic determinant is non-linear^ while all 
the non-va^mous elementary divisors are linear. 

It is clear that all nilpotent matrices are included in this class ; for if M is 
a nilpotent matrix of degree n and group-index f£, it will satisfy the equation 
Jf'* = Jf'*+i = 0„(^>l). 

Part III. The Roots of a Matrix. 

Associated Matrices. 

21. Two matrices Mi and Jf/ will be said to be associated, if there exists 
a non-singular matrix L that transforms them into 

Jf=(^».)a.dif' = (^».,), (10) 

respectively, where Z„ is non-singular (if w>0), and N^j and N^ are nilpotent or 
zero. If the vacuity of a matrix is zero or one, it has no associated matrices 
besides itself. On the other hand, if the vacuity of a matrix is >1, it has an 
infinite number of associates, which may be said to form a set of associates. 

In every set of associates just one matrix, the one for which JWj, = 0^, is a 
group-member, and all the rest are non- group-members. Thus every group- 
member of vacuity >1 has an infinite number of associated non-group-members. 

Two sets of associates may be called similar, if there exists a non-singular 

matrix that transforms one into the other; the above set { if, M', f may be 

called a canonical form of the similar set ]ifi. Mi, [. 
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Sets of Associates. 

22. Theorem : If two sets of associates S and S' have a matrix M* in common^ 
they are identical. 

Proof In the first place S and S^ must obviously be similar sets; there 
will be no loss of generality in considering one of them, aS, to be in its canonical 
form. The non-singular matrix L that transforms S' into S will transform the 
common matrix M^ into some matrix M of S. Suppose M and M' to be given 
by equations (10) and let j ^ v 

Then since M' L=^LM, we see that L must satisfy the equations 
(a) i„^„ = ^„Z„, {h)L^B = BN^, 
(c) mC^ CK, (d) N:D,=zD,N„. 

From (b) and (c), in view of a theorem due to Frobenius,* we see that 5 = 0, 
and (7 = 0, and therefore that 



^ = Cok> 



from (a) we see that A^ is commutative with i^, and therefore that L (and 
also L~^) will transform the set S into itself. But L~^ transforms S back 
into S' ; consequently the two sets S and S^ are identical. 

This theorem shows that every matrix belongs to one, and only one, set of 
associates^ and that every non-group-member is associated with a uniquely deter- 
mined group-member. 

Pseudogroups. 

23. The matrices of an entire group of vacuity >1, together with all the 
non-group-members associated with them, constitute a set of matrices, which 
we shall call the pseudogroup associated with the given entire group. Hence 
a pseudogroup is made up of sets of associates. Since two different sets of 
associates can not have a matrix in common, and since the same is true of two 
different entire groups, therefore, similarly, two different pseudogroups can not 
have a matrix in common. In other words, pseudogroups are mutally exclusive 
sets of matrices. Accordingly, every matrix of vacuity > 1 belongs to one, 
and only one, pseudogroup, just as every matrix of vacuity one or zero belongs 
to one, and only one, entire group. 

• Crelle'9 Journal, Vol. LXXXIV (1878), p. 28, XI. The theorem is stated only for square matrices 
(bilinear forms), bat can be immediately extended to cover the case in which B and (7, as here, are 
rectangular matrices. 
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Since all entire groups of the same vacuity are similar, therefore all pseudo- 
groups of the same vacuity are similar. The canonical form of every pseudo- 
group of vacuity v and degree u + v may be written 

G.. 



^ = (ol). (") 



where Gy, (if w ]> 0) denotes the group of non-singular matrices of degree w, and 
H^ denotes the totality of nilpotent matrices of degrees plus the matrix 0^. 
The nilpotent matrices of degree n are all associated with the matrix zero, and 
with it form the only pseudogroup of vacuity n. 

Since the group G^^ of (11), involves u^ parameters, while in the set ff^ the 
v^ elements of each matrix are connected only by v independent relations derived 
from the vanishing of the roots of its characteristic equation, therefore every 
psevdogroup of degree n and vacuity v is a continuous set of matrices depending ort 
{ii — vY '\' v^ — V parameters. 

24. From the definition of a pseudogroup P it is clear that if a matrix M 
belongs to P, every power of Jif will belong to Pj again, since pseudogroups are 
mutually exclusive, every root of M will belong to P. Hence the 

Theorem : Every power and every root of a matrix of vacuity > 1 belongs to 
the pseudogroup to which the matrix belongs ; similarly ^ every power and every root of 
a matrix of vacuity one or zero belongs to the entire group to which the matrix belongs. 

On the other hand, the product of two matrices of a pseudogroup does not 
necessarily belong to the pseudogroup, because the product of two nilpotent 
matrices is not necessarily nilpotent. 

The Roots of a Group-Member. 

25. Let us now consider the distribution of the powers and roots of a matrix 
within the pseudogroup to which the matrix belongs. In the first place, if a 
pseudogroup P is of vacuity v, then the vth power of every one of its matrices 
belongs to the entire group with which P is associated. 

Moreover, if, in formula (10) of § 21, the group-indices of M and M' 
are <v, then 

which we may call L. Accordingly, if we select from a set of associates those 
matrices whose group-indices are < v, their vth powers must all be equal to one 
another and to the vih power, Z, of their associated group-member. Therefore, 
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if Mis a vth root of a group-member Z, <Aen, among the matrices associated with My 
those whose group-indices are < v are all vth roots of L. 

In particular, if v>v, then absolutely all the matrices associated with M 
are rth roots of L. That is, tfie matrices of any set of associates of vacuity v are 
all vth roots of one and the same group-member, if v>v. 

26. To find all the rth roots of any given group-member L of vacuity v, 
we can therefore proceed as follows : First find all the rth roots of L that are 
contained within the entire group G to which L belongs. Such roots exist for 
all positive integral values of the index v. If v is one or zero, these are the 
only vth roots of L. But if t; >1, and if M is any vth root belonging to (?, 
we then select those of its associated non-group-members, whose group-indices 
are < v ; in particular, if v>Vy we select all its associated non-group-member£i. 
The matrices so found will include all the rth roots of X and no other matrices. 

It is evident, therefore, that every group-member L possesses roots of any 
given index r. 

The Roots of a Non- Group-Member. 

27. Finally, let M' be a non-group-member of vacuity v and group-index [i 
belonging to the canonical pseudogroup P of (11), §23, and let M be any rth 
root of M' ; M will also belong to P. If we put 



.f=(^»)a.dir = (^»), 



then if must satisfy the conditions Ll^ = Li and N; = N^. Now it is not always 
possible to find a nilpotent matrix N^ to satisfy the latter condition. But if it 
is possible, so that M' possesses a rth root M, then all its rth roots are connected 
as follows: Let L and L' be the group-members associated with M and M', 
respectively; then L is obviously a rth root of X'. Conversely, if Z is a rth root 
of i', if is a rth root of M'. Hence the 

Theorem : If M^ is a non-group-member and L its associated group-member , 
then if a vth root of M' exists, every vth root of M' is associated with a vth root ofL^ 
and every vth root of L' is associated with a vth root of MK 

28. In order that M\ as defined above, may possess a rth root, the inequality 

[iL—\)v<^v (12) 

must be satisfied. For since yi is the group-index of if', the nilpotent matrix Nl 
must satisfy the condition (JVp')'*"^ ^ 0^ ; hence N^ must satisfy the condition 
5 
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(iV;,)^-^^" 4: 0„ . This means that the group-index of if is >(f£ — 1) v. But the 
maximum value of the group-index of if is its vacuity », so that v !>(^ — l)v. 
Therefore, 

A non-group-member M' of vacuity v and grovp-index (i does not possess a vth 
root, unless {(i — l)v<^v. In other words, if {(i — 1) v ^ v, M' has no v th root, 
and, a fortioriy it has no root of index > v. 

If in (12) V is fixed and (i has its minimum value 2, it follows that the 
maximum value of v is <[ v. Hence, a non-group-member can not have any roots 
of index equal to, or greater than, its vacuity. 

If in (12) V is fixed and v has its minimum value 2, it follows that the 

maximum value of f^ is <C^+1- Hence, a non-group-member of vacuity v 
and group-index >^ + 1 has no square roots, and so has no roots whatever. 

Example. Consider ternary nilpotent matrices (n = v = 3), which have the 
two canonical forms : 

(0 1 0\ /O 1 o\ 

00 0)(/ii = 2), and 5 = I 1 )(/ii = 3), 
0/ \0 0/ 

/0 1\ 
A has square roots, e.g. (0001, but no roots of higher index than two ; 

\0 1 0/ 

on the other hand, B has no roots whatever. 

Part IV, Illustrations and Applications. 
Graphical Representation. 

29. In order to lend concreteness to the relation between the powers of a 
non-group-member if, of group-index /n, and the powers of its associated group- 
member Ly we may represent them by points on two converging lines, thus : 




M -M 



,/i+i 



c I L L*- a: \i 



>»+' 
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The points on the straight line represent the matrices of the group G generated 
by L, in which / is the identical matrix and L^^ is the inverse of L. M is 
associated with L^ iP with X^, etc.; and since fi is the group-index of Mj 
M*^ = Z'' and all the higher powers of if are equal to the corresponding powers 
of Z.* It is plain that although the powers of if from the /lith on generate the 
group Gj if" itself only generates a subgroup of G. 

80. For the special case in which M satisfies the equation M*"^^ = if**, the 
matrices of the group G may be more conveniently represented by points on a 
circle, thus: 



M M* Pf M^' 




For the sake of simplicity m is here taken ]> (i. As before, M is associated 
with Z, 3P with Z^ etc., and M*' = L^, if^+i = Z'^+^, etc. Since Z is of 
period «i, the identical matrix of G is /= L^ = M"^. Moreover, M^'^^ = Z'*+'^ 
= Z** = M^. The powers of M repeat themselves, but never reproduce the first 
power. M*" will generate the whole group G^ if, and only if, fi is prime to m. 
An instance in which it generates a subgroup is the example given in § 19. 

* By purely abstract consideratioiiB it is easy to show that if M is any mathematical entity whose ^th and 
(/t + l)Bt powers belong to a group O^ then all its higher powers belong to &, provided the powers of M 
combine under the associatiye law. For since {MM)M^ M{MM\ therefore Mi*- and ifM+1 are commutatiye; 
and since the latter matrices belong to 6?, (Mf*y~^ belongs to O and is commutatiye with Jf^ + l. Let 
L = JfM+l (jrM)-» ss (JfM)-* Jf^+1; then X belongs to Q, Moreover, X = Jf • JTm ( JTm) -» = (if^)-» Jfft - M. 
Therefore, if / is the identical element of &, X = MI s IM^ and M is commutative with 1, Hence 
X^ = JT^ J^ =a JT^ L Now suppose A = ^ + v, where v > ; then L^ = M^ - Mf^I=z M" • Jf** (since Jf^* 
belongs to O) =s M^ ; and since X belongs to O^ M^ belongs to Oy when X>fi, That is, every power of if, 
whose exponent is >^, belongs to O, 
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lUustrcUion from Differential Calculus. 

31. The phenomenon of a mathematical entity not belonging to any group, 
while some of its powers do belong to a group, is not peculiar to the theory of 
matrices; it can also be exemplified elsewhere. For instance, in differential 
calculus, let D and E denote the operations of differentiating y = e** + »**"* and 
% = 6**, respectively, as to x. Then 

Dy =:a6«^ + (/ti— !)«'*"* and ^2= ae**', 
D^y — a^e'^^'—E^z, 



D^'y —a^e''''—E^z {v>(i). 

Now the powers of E form a group O, provided the inverse operation E~^ be 

defined by the equation E''^z=^-^ e^^. On the other hand, although the powers 

of 2> evidently do not form a group, the higher powers of D, from the [lih on, 
belong to the group O. 

As a special case let a be a primitive mth root of unity ; then G becomes 
a cyclic group of order tit, and D an operation satisfying the equation 

Grroups of Singular Oollineatians. 

32. By the use of homogeneous point coordinates every matrix of degree n 
can be written as a linear substitution and interpreted geometrically as a coUine- 
ation of a linear space, Bn-if ofn — 1 dimensions. Every singular matrix will 
then carry the points of ^„_i into the points of an included space ^^_i (r <[ n). 
Hence it is clear that in a group of singular coUineations the identical coUineation 
will not leave every point unchanged, as is the case in a group of non-singular 
coUineations, and the inverse of a coUineation that carries the point P into P^ 
will not necessarily carry P' back into P. 

Nevertheless the group concept, as applied to singular coUineations, can be 
justified geometrically, as will be apparent from the consideration of a simple 
case. Let n be 3 and consider a group generated by the singular matrix 



/110\ 

M={0 1 o) 

\0 0/ 
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of rank 2 and of infinite period. Then M^ M^ — /, and M"^ may be written 
as linear substitutions, thus: 



M: 



7f =0 



/: 



a/ = a; 
t! —0 




Considered as collineations in the plane they carry all the points of the plane 
except 67 (x = y = 0) into points of the line il £ (e = 0). 




All the points except C of any line passing through C are carried into one and 
the same point of AB^ and the points of AB are transformed projectively among 
themselves. Let CD be any line passing through C, and suppose that M carries 
the points of CI) into E; then M'^ will carry the points of CE into D. 
I evidently carries the points of CD into /), those of CE into E, etc. 

Now the equations M = IM=^ MI and MM'^ = M'^M=: /, which deter- 
mine the group-membership of M^ are satisfied geometrically. For / carries 
any point D' of the line GD into 2), and M carries D into E] therefore IM 
carries D^ into E^ exactly as M does. Similarly if / transforms the points of the 
plane exactly as if does. Again, M~^ carries E' into D, and if carries D into E] 
therefore M'^M carries E' into E, just as I does. Similarly, MM"^ transforms 
the points of the plane just as / does. 

This interpretation can obviously be extended to the general case of any 
group whatever of singular collineations. 
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Glassifioation of Binary and Ternary Matrices. 

33. An application of the principles derived in this paper will now be made 
to the classification of binary and ternary matrices, not only with respect to their 
group-membership, but also with respect to their vacuity Vj rank r, group- 
index 11^ and the entire groups and pseudogroups to which they belong. In these 
simple cases (n = 2, 3) the values of t; and r completely determine the vacuous 
elementary divisors of the characteristic determinants of the matrices, and there- 
fore also their characteristics,'*' so far as the vacuous elementary divisors alone 
are concerned. 

34. Binary Matrices. Every binary matrix f^ v J may be considered as 
belonging to one of four great classes, as follows : 

(a) v = 0, r = 2, [1=1] aS — fiy^O; 
these matrices, oo ^ in number, non-singular, form a single entire group, 
(b) v = l, r = l, (i = l'y aS — fiy = 0, a + i^iO; 

00 'matrices; characteristic [1 1]; canonical form Cq q\ ^ ^ ^j *^®y form oo* 
similar entire groups, each containing oo ^ matrices. 

{o) v = 2, r=l, (1=2; aS — fi'y = a + S = 0, 

at least one element 4=0; oo' matrices; characteristic [2]; canonical form TqqJ; 

they are nilpotent, all similar, and their square is zero ; they are all associated 
with zero and with it form a single pseudogroup. 

(d)t; = 2, r = 0, /i£ = l;a = /3 = y = « = 0; 

o o 

characteristic [(1 l)]; one matrix, zero, forming an entire group of order one. 

The matrices of classes (a), (b), and (d) are group-members, and those of 
class (c) are non-group-members. Thus all binary non-group-members are nil- 
potent. There are three kinds of binary idempotent matrices, viz., in class (a) 

the unit matrix Ta^ J, in class (b) the matrices for which a 5 — /3y = and 

a + 5 = 1, 00* in number, all similar, whose canonical form is f^ ^J, and in 
class (d) the matrix zero. 

*8ee S9. 
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35, Ternary Mdtrices. Denoting a ternary matrix by the symbol (a^^) 
(ijj=> 1, 2, 3), we shall define a^^ as the cofactor of a<^ in the determinant |ai^|- 
Ternary matrices may be divided into seven classes, as follows: 

(a) t; = 0, r = 3, /l^ = l; |a,^|:j:0; 

00 ^ matrices, non-singular, forming a single entire group. 

(b) t; = l, r=2, |i£=l; |a<^| = 0, Sa^^ + O; 



/a^Q\ 

(y« O), ah-, 

\0 0/ 



00 ® matrices; canonical form iy5 01, ah — |3y4^0; they are collected into 

00 * similar entire groups, each containing oo * matrices. 

(c) » = 2, r = 2, |t£ = 2; |a,j| = 0, 2a,'t = 0, 2a„ + 0, 

O 

at least one first minor ai^ 4= ; 00 ^ matrices ; characteristic [1 2] ; canonical 

/a 0\ 
form i00l),a4=0; every matrix has 00 * similar matrices, of which 00 ' are 



(a 0\ 
001), a^iO; 
000/ 



associated with it. 

(d) i? = 2, r = l, ^ = l;a,0 = O (i,y=l,2,S), 

8 

nine equations of condition, of which four are independent, 2 o^^ 4^ ; 

00^ matrices; characteristic [l (1 1)]; canonical form (0001, a^^O; they 

\0 0/ 

form 00 ^ similar entire groups, each containing 00 ^ matrices. 

Classes (c) and (d) together consist of 00 ^ similar pseud ogroups, the canonical 

(a 0\ 
a 6 I , a 4^ 0, ad — he 
Qc d/ 

= a + <2 = 0, so that ( A is nilpotent or zero. Each of these pseudogroups 

therefore contains 00 ' matrices, of which oo ^ are group-members of class (d) 
forming an entire group, and the rest are associated non-group-members of 
class (c); every group-member has 00 * associated n on -group-members. 

8 8 

(e) i; = 3, r = 2, /t = 3 ; |a,^| = 2 of, = 2 (*,, = 0, 
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o 

at least one first minor a^^ ^^ 0; oo* matrices; characteristic [3]; canonical form 
they are nilpotent^ all similar, and their cube is zero. 

(f) v = S, r = l, (1=2; < = (i,y=l,2,3), 2a,, = 0, 

1 

o o 

at least one element a«^ 4^ 0; oo ^ matrices ; characteristic [(2 1)] ; canonical form 

they are nilpotent, all similar, and their square is zero, 
(g) v = Z, r = 0, ^ = 1; a^j = (i,y= 1,2,3); 

o o o 

characteristic [(1 11)]; one matrix, zero, forming an entire group of order one. 

Classes (e), (f ), and (g) together form a single pseudogroup, of which zero is 
the group-member, and all the other matrices are associated nilpotent non-group- 
members. The square of every matrix of (e) belongs to (f ). 

There are four kinds of ternary idempotent matrices, viz., in class (a) the 

' unit matrix, in class (b) oo ^ similar matrices whose canonical form is 



/0 10\ 
(00 l); 
\0 0/ 



/0 10\ 
(OOO); 

\ooo/ 



/10 0\ 

(oio), 
\ooo/ 

/10 0\ 
is ( ) , 
\0 0/ 



in class (d) w * similar matrices whose canonical form is ( ) , and in class 

(g) the matrix zero. 

ApplioaHon to Quaternions. 

36. On accoant of the close connection that exists between the theory of 
matrices and the theory of hypercomplex numbers, it is clear that the concept 
of group-membership under multiplication can be transferred from the former 
to the latter. In particular, it is well-known that quaternions* are abstractly 
identical with binary matrices, both as to addition and multiplication. f The 

correspondence between them can be set up by making the matrix f"' v j 
correspond to the quaternion 

* That is, qaaternloDS of the general kind (sometimet called biquaternions), in which the coefficients of 
1, i, ^, ik are ordinary complex, as well as real, numbers. 

t This identification is due to Charles and Benjamin Peirce; see Taber, **0n the Theory of Matrices," 
AMBBIOAN JOITRITAL OF Mathbmatiob, Yol. XII (1890), p. 858. 
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for all values of a, ^3, y, and 5, or, what is the same thing, by making the 
quaternion a + bi-{- cj + dk correspond to the matrix 



(a + b^/ — I c + d^/ — l\ 
— c + d V^^ a — b ^/^^) 



for all values of a, i, c, and d. 

By means of this correspondence the classification of binary matrices 
in §34 gives rise to a classification of quaternions. Thus every quaternion 
a^bi + cj + dk belongs to one of four classes, as follows : 

(a) a^+i^ + c^ + ci^ijiO; 

00 * quaternions, forming a single group simply isomorphic with the entire group 
of non-singular binary matrices. Its identical element is the idempotent 
quaternion one. 

(b) a« + 6^ + c^ -f rf^ = 0, a :(: 0; 



00 ^ quaternions, whose canonical form is ^ — ^ — % (a ^^ 0) ; they form a 

doubly infinite system of similar one-parameter groups. The identical elements 
of these groups are the idempotent quaternions defined by the equations a^+ b^ 

+ c^ + rf^ = 0, a = - ; their canonical form is ^^— i. 

(c) a = 0, 6« + c« + d^ = 0, 

at least one of the coefficients i, c, c2 :|: 0; oo ^ quaternions, all similar; canonical 

form -/ — k\ they are nilpotent, and their square is zero; together with 

2 2 

zero they form a pseudogroup. 

(d) a = 6 = c = ei = ; 

the quaternion zero, forming a group of order one. 

Therefore every quaternion either belongs to a multiplicative group or is 
nilpotent. 

In a similar manner the results of this paper can be applied to other hyper- 
complex number-systems. 

CoBNKLL Uniyibbitt, Match^ 1908. 
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Methods to Determine the Primitive Roots of a Number. 

By G. a. Miller. 



The present note aims to exhibit some elementary relations between well- 
known methods of finding the primitive roots of a number and the properties of 
the cyclic group. Incidentally we arrive at a fundamental theorem relating to 
the primitive roots of a special class of numbers. A corollary of this theorem 
gives the primitive roots of all the prime numbers of the form 2j) + 1, p being 
a prime, while it has been customary in the works on the theory of numbers to 
devote two theorems to the primitive roots of such prime numbers.* The note 
has close contact with the paper published in this Joubnal under the title 
*'Some Relations between Number Theory and Group Theory" and may be 
regarded as a continuation of this article. f 

It is known that the necessary and sufficient condition that a number g has 
primitive roots is that the cyclic group G of order g has a cyclic group of 
isomorphisms /. The numbers which are less than g and prime to it may be 
made to correspond to the operators of /, unity corresponding to the identity, 
in such a way that / and the group formed by these numbers, when they are 
combined by multiplication and the products reduced with respect to modulus ^, 
are simply isomorphic. The orders of the operators of / are the indices of the 
exponents to which the corresponding numbers belong. In particular, g — 1 
corresponds to the operator of order 2 and the primitive roots of g correspond 
to the operators of highest order in /. Hence the method of finding the primitive 
roots of a number is equivalent to that of finding the operators of highest order 
in a cyclic group. 

One of the most instructive methods for finding all the primitive roots of ^ 
is analogous to the method known as the ^^ Sieve of Eratosthenes" for finding 

*Gf. Cfthen, "J^Uments de la Th6orie dee Nombret,*' 1900, p. 836; Tschebyscheff, "ElemeDte der Zahlen- 
theorie/* 1902, p. 307; Pascal, « Repertorium der hSheren Mathematik," Vol. I (1900), p. 580. 
t Ambbioan Joubkal of Mathbmatios, Vol. XXVII (1905), p. 815. 
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the prime numbers which are less than a given number. While there is no 
general non-tentative method for finding the primitive roots of g, there are 
general non-tentative methods for finding all the numbers which are less than g 
and non-primitive roots of g. In group-theory language one of these may be 
stated as follows : Let p be any prime divisor of g and raise each operator of O 
to the pth power. These powers are composed of all the operators of G whose 
orders are not divisible by the highest power of p which divides g. Hence we 
may obtain all the operators of G which are not of highest order by raising 
successively all its operators to the powers whose indices are the different prime 
divisors of ^. The remaining operators are of highest order and hence correspond 
to the primitive roots in /. This method has the advantage that >t gives all the 
primitive roots of g at the same time. Its chief defect is that the same non- 
primitive root is generally found more than once. From the known congruence 
fc*= {g — ky mod gr, it follows that we need to square only half the numbers 
less than g and prime to g. In particular, when ^ is a prime number of the 

form 2* + 1 its non-primitive roots are given by Z*, ?= 1, 2, , 2*~\ The 

remaining numbers less than 2'' are its primitive roots. 

The most practical general tentative method for finding the primitive roots 
is basedy in group-theory language, upon the fact that the order of the product 
of two commutative operators is divisible by the highest power of any prime jp 
which divides either one of their orders, provided these orders do not involve the 
same highest power of p. If we have two commutative operators, we can there 
fore readily find an operator whose order is the least common multiple of their 
orders ; for, if they should involve the same highest power of p, one of them 
may be raised to the ^^th power and thus we can obtain two operators not in- 
volving the same highest power of the same prime; and hence the order of their 
product will be the least common multiple of their orders. When g is not 
very large, this method generally leads to an operator of highest order in I, or to 
a primitive root of g, with a few trials. Since all the operators of highest order 
in any cyclic group may be obtained by raising any one of them to the powers 
whose indices are prime to this order, all the primitive roots of g may be 
obtained from any one of them in the same manner. 

We are now in position to give a simple proof of the theorem mentioned in 
the first paragraph. Suppose that the order of / is of the form 2q, q being any 
odd prime. Since a square can not correspond to an operator of highest order 
in / (the order of / being always even) and since a*, a being any integer prime 
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to gj can not correspond to the operator of order 2, it follows that a^ corresponds 
to an operator of order q whenever g — 1 >a > 1. The product of the operator 
which corresponds to a^ and the one which corresponds to ^ — 1 is of order 2 9, 
and hence — a^ is a primitive root oi g. This result leads directly to the 

Theorem : When the exponent to which the primitive roots of a given number g 
belong is of the form ^q^ q being an odd prime ^ then each of the primitive roots of g 
is given once and only once by — a*, l<^a-<gr/2 and a being prime to g; moreover y 
a? belongs to exponent q. 

Corollary : Every prime of the form 2^ + 1, q being an odd prime, has for 
its primitive roots — a*, 1 -< a <^ j + 1- In particular, — 4 is a primitive root of 
every prime of this form. 

It should be observed that the group-theoi'y language employed in the proof 
of this theorem is not essential, as the results follow directly from the facts that 
a square can not be a primitive root of any number and that — 1 belongs to 
exponent 2 with respect to any modulus. The forms of the numbers which 
have primitive roots are assumed to be known throughout the present note. 
The preceding theorem furnishes the numbers belonging to every possible ex- 
ponent when g has the required form. It is also clear that the order of / can 
not be of the form 2q unless g is an odd prime, twice an odd prime, 9 or 18. 

We may add that some of the known developments in regard to the 
properties of primitive roots, especially those relating to products, follow 
directly from the isomorphism between / and the numbers which are less than g 
and prime to g. For instance, the theorem which aflSrms that the product of 
all the primitive roots of a number is congruent to unity whenever the number 
has more than one primitive root^ is included in the evident statement that the 
continued product of all the operators of the same order > 2 in any Abelian 
group is the identity, since these operators may be arranged in pairs consisting 
of an operatar and its inverse. The product of all the operators of order 2 
in such a group is also known to be the identity whenever the group contains 
more than one such operator.'*' 

* AnnaU of Afathemaiies, Vol. IV (1908), p. 188. 
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standard Forms of Certain Types of Peirce Algebras."^ 

By James Byrnie Shaw. 



I. Introduction. 



1. The determination of general laws for the relationships of numbers in 
an algebra of order r has not progressed very far, especially as regards Peirce 
algebras. By Peirce algebra is meant an algebra containing an idempotent 
unit ri, which is the modulus, all other expressions being nilpotent unless they 
contain a term of the form ari, where a is a scalar coefScient. The reduction of 
algebras in general must depend on such laws of structure of an algebra, and it 
seems that even in the simpler cases, after we have reduced to forms that have a 
comparatively simple multiplication table, the complete exhaustion of all the 
information which can possibly be obtained by using the law of associativity 
leaves nevertheless a number of arbitrary parameters which can only be 
removed by linear transformation of the units, if removable at all. The further 
determination of individual types becomes then somewhat a matter of personal 
choice. The present paper does not consider this question, which has been 
touched upon elsewhere. It seeks only to reduce certain particular cases to 
their simplest forms, thus extending the present narrow list considerably. 

2. It is known that, for any Peirce algebra, we may take any one of the 
nilpotent expressions to be a unit, called the adjunct unityf represented by e^, 
determine then a set of expressions called the base^ defined by units >/, 620, 

^8o> i^mo- ^^y expression of the algebra is then linearly expressible in 

terms of 

It is preferable of course to choose for e^ a number which will give fii as high a 

*Read before the ChicAgo Section of the American Mathematical Society, Dec. 30, 1907. 
tSHAW: On Nilpotent Algebras, Tran$, Amer, Math, 8oc. (1908), 4, 405-^22. 
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value as will any other expression in the algebra. In that event, r — (iiiQ called 
the deficiency of the algebra. 

3. SoHEFFERS* and others have shown that the units may be regularised; 

that is, put into an order a^, , e«, , e^, such that e« e^ and e^ e^ are of 

the form Sy^jk c^. where h > i, and h >/. The theorem quoted in § 2 implies 
this. 

4. PEiBOBf showed that when the deficiency is zero, the algebra is ex- 
pressible in terms of the units >7, en, , 4^^ or, in a more convenient 

notation, >/,«,«', , i^"^. He showed further that when the deficiency is 

unity, the algebra is defined by the units >;, t, /, , /'"^ where 

ij =0, i* = ay^ - *, ji = Jy-^ 

We find here four types not reducible into each other, namely 

I. a = 6 = 0. 

11. a = 0, 6=1. 

III. a=l, 6 = 0. 

IV. a = 6=1. 

6. The cases of defijciency Ujdo were reduced in full by Starkweather. % 
There are three types, each with numerous sub-types. They are as follows. 

When r > 6. 

(1) Type (>7, i,i*,y, /,.•••, y^-«)- 
(ll)t»=y'-»; ij = 0=Ji. 

(12) t» = 0; ij = 0=ji. 

(13) t»=y'^-»; ty=0; ji = 2j''^; jV=zO. 

(14) $8=0; V = 0; ji=2f-^; jV = 0. 

(2) %)c (>7, t,y, v,y*, . . . My*"')- 

(21) ♦»=/'■-*; 1^ = 0; ji = ij; i^J=ziji=jV=J'^''\ 
(22)f=f-'i ji = ij + 2f-^i i?j=y'^-iji=ji^. 
(28)»»=y'-*; yi = ty+2y^-*+2c;-''-«; %^j=f-^=iji=jt^ijij=2j 



r-8 



•Sohbffbbb: jralA«ma««cAe AnnolMi (1801), 89, 298-800. 

t B. Pbisob : Ambb. Joub. of Math. (1881), 4, 97-192. 

tSTABKWBATHBB: Ambb. Joub. OF Math. (1809), 21, 860-886; (1901), 28, 878-402. 
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In this sub- type c = when r^S. 

(24)t'=y'-*+y'-»; jiz=z-ij-2f-*', •»y=y'-»; ♦>» = -/'-»; 

yi" =y*— •• ; JiJ = — 2^— '. 

(26) »»=/•-*; Ji = -iJ; ^j^f-*) ift^—f-'; ji^=r-'. 

(26) »'=;^'-»; j» = 2Z:^V + 2(2-c)y'-*; iji=0 =z%y=J^i 

jij =2(2- c)^-' ; /t = 4/-". 

In this sub-type A = or 1 when r:fz7. 

(27) i^=j^-»; ji=^ — y; ^jz=i(i=ji?z=.%jiz=f%=zjij. 

(28) ^ = V"-' ; y» = »y + 2y'-» ; «!?• = o =yy = »y» =ji?=fi. 

In this sub-type A = or 1 when r^zl. 
(29) t»=y'— "; ji = dij; i^j =.Q = iji=ji?—jH=ji^. 

(2a) t' = 0; yt = dij ; t'y = = *yi =y»' =y*» =y»y. 

( 2/3) t' = ij + y - '; y» = ; t'y = lyi =yt* = o =y2t =yty = i?. 

( 2y) t' = i;; y* = ; i^ = t/i =y»' = Qz=zjH =jij = «*. 

(2e) t'=y-»; ji=2f-'. 

(2^) i»=y'-8; y» = o. 
(2>7) t' = o=y». 

(3) %>« (,7, <,y. *,..•.,*'-»). 

(31) t' = ir-' ; »y =yi = = w = ;&; =/ =yA. 

(32) t« = =yt = ty = ki = ik =Jk = it; =y«. 

(33) i«=o=y2=»A!=;5»=y;fe=A;; »y=y«f-«; y»=:A^-8. 

(34) »« = =y« ; »y = *»-• =y» ; Ai = 2ife'-» = */. 

(35) »' = 0=y«; iy=jfc'-''=yt; *;-=2A'-''; « = 0. 

(36) »'=*•■-''; y* = 0; »y= — A*-'; y» =*'-»; A» = = ;^'. 

(37) »' = *'-»; f=0; ij = 0:=Ji; W = 0; Jg=z2Tf-\ 

(38) »' = Ai'-'' J ya = = V =y» ; *»' = 2Ar-»; hf = 0. 

(39) t' = = y« = ty = ji = K ; ;^' = 2*'-'. 

The forms which these algebras take when r = 4, 6, or 6 appear in 
ScHEFFERs'* and Starkweather's t lists, and may be found also in Shaw's | 
" Synopsis." 

•SoHmBRB: Math. Ann. (1891), 89, 398-890. 
t St ARKWBATHBB : Ambb. Joub. OF Math. (1901), 38, 878-403. 

tSHAW: "Synopsli of Liiie»r AssocUtlve Algebra," Ckrnegie Ingtitntioii of Waghlngton, D. C, pp. 108, 
106, 100. 
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6. The theorem mentioned in § 2 may be expressed more definitely by 
representing the generators in terms of certain ideal units denoted by 2.^^^, thus : 

C/o = 26g^ ^g}io + Xa^k ^ijk, (*, y = 1, 2, , m) 

where /l^<>A;>l, and k>(ii — fij, g'^h. Further, the coefficients 6^^ are so 
chosen that if the terms X^vj. be cut oflffrom the expression for 6/o> g}^'^^S 

then these units define an associative algebra. The ideal units ^l^^. satisfy the 
laws 

where c=l when iii^k + Jif>iii — (if, A? + A:'>0; otherwise c = 0. Also 
S'^ = 1 if y = i'j otherwise S'^ = 0. 

In this notation, and starting from this theorem, we may produce the com- 
plete set of sub-types of an algebra whose type is assigned. It is purposed to 
study a few types by this method, both for the results obtained and to show the 
utility of the method. 

II. Thb Type (>;, f, • • • • , »^, y, . . • • , y^-^"*). 

1. It is implied that v = 0. Since jT**""* = 0, f£i = r — m; since y = t^' 
= z= f^' = 0, f£j8 = jLCg = = f^+i = 1- Hence we will find no other 

forms of X than Jljjio, Jlggo, Jl48o, . . . ., ^m + hm.Oj '^Ulj • • • -, ^,l,r-m-l> '^,fc,r-m-l 

(<=2, ....,111 + 1). 

2. If for convenience we write only the subscripts, omitting X, then 

m+l 

i= (210) + (320) + . . . . + (m + 1,111,0) + 2 Oe (1, <, r— rw — 1), 

j = (111) +^2 6t (1, <, r - m - 1). 
Thus 

m+l 

»' = (310) + .... + (»» + 1, wi — 1, 0) + 2 Ot (1, < — 1, r — fw— 1). 

t = 2 

For <=2, however, (l, < — 1, r— m — 1) becomes (1, 1, r — m — 1) aiid i' 
would contain a term agy*''"*"^ which is not possible if m>- 1. The type for 
m = 1 is included above in I, and need not be discussed again. Hence a^ = 0. 
Likewise, from t^, , t^ we have a^ = for < = 2, 3, , m. 
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Therefore 

» = (310) + (320) + + (m + 1, m, 0) + o(l, m + 1, r — w — 1) 

»* = (310) + (420) + + (m + 1, m— 1, 0) + a(l, m,r—m— 1) 

i» =(ot + 1, 1, 0) + a(l, 2,r-»»-l); 
i~+» = a(l, 1, r — m— 1). 

3. Again, 

y« = (ll2),....,y'-»-»=(l, l,r-m-l); 

Ji = 2 bt{l,t—l,r — m— 1). 

But this gives y* = h^J^''^''^ and J^ = for < > 2. We have therefore 

y = (111) + 6(1, 2, r—m— 1). 

4. Hence we may suppose finally for all algebras of this type that 

If a :^ 0, 6 = 0, we may choose %i = ia"mn, whence 
If a = 0, 6 :#: 0, we may take ji = ^6 F=»r=]^, whence 

If a :^ :^ &, we may take *! = $ U'^ft^-"*"') '^ "* , 

jTj —j{cr^ 6"*+i)«Kr-m-8)-i . whence 

^. + l^y^r-m-l^ h/l = 0, /x h =/,-— ^ 

5. We have then four suh-types, given by the equations : 

(1) ,•»+! = yr-m-i^ y,_.o. 

(2) •- + » = 0, j%=jr-m-l 

(3) i~+» =>•—»-» =y». 

(4) i"+»=0=y>. 

The types worked out by Benjamin Peisce for deficiency unity are thus 
extended to all the types for the class represented by the symbol 
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III. The Type („, .', .',...., t^y, ij,J*, . . ..,/-»-•). 

1. We have now Hi = r — m — 1, /f,= 2, /<, = ^=....^ f*i»+i ^= !• 
Thus 

i = (210) + . . . -f (m + 1, m, 0) +"2 'ot (2, t, 1) -f 6(1, 2, r — m — 3) 

t = 2 

+"20,(1, «, r— in — 2); 
y= (111) + i'd,{2,t, 1)+/(1, 2,r-m~3) +"2 J7»(l, «, r-m- 2). 

tssB e = S 

2. Thus 

t' = (810) + . . . . + (m + 1, »n— 1, 0) + 2 o,(2, < — 1, 1) + 6(1, 1, r— m— 3) 

m + 1 

+ 2c^(l,t;— 1, r— m — 2). 

= 8 

Now f* is independent of if or y**""*"', so that o^ = = & unless m = 1. Since 
the deficiency would thus be 2, this case has been considered. Likewise we find 

at = 0, <<m + l; c^ = if i?< in + 1. 
Therefore 

i =(210) + + (tw + 1, m, 0) + a (2, 7w + 1, 1) + c (1, m + 1, r — m — 2); 

J 

i^+i= a (211) + c (1, 1, r — m — 2) ; 
ty =(211). 

3. Again, 

f = {112)+f{l,2,r-m^2)+x\f{l,^ 
y» = (118); 



^—"-' = (1, 1, r— m— 2); 

yt ="2'<it (2, t- 1, 1) +/(1, 1, r — m-3) + /a(l, »n+ 1, r — m-2) 

t — 8 

+"'2V«(l,t»-l,r — m-2) = d8(211)+/(l, l,r-m-3). 

t> — 8 

Therefore 

dt = for < > 2, /a = 0, ^^ = for v = 3, , m -f 1, 

and 

y = (111) + d{22l) + /(I, 2, r- m - 8), 

with either 

/=0 or a = 0. 
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There are then two subdiviBions : 

(1) t = (210) + + (f»+ 1, m, 0) + c(l, m+1, r— m— 2), 

y=(lll) + d(221)+/(l, 2,r-TO— 3). 

(2) » = (210) + + (m + 1, m, 0)+a(2, «n+l, l) + c(l,«i+ 1, r—m—2), 

y=(lll) + rf(221). 

In (1), if c =^ we may take it equal to 1, and if /:^ we may take /= 1. 
We may proceed likewise with a and c in (2). Thus we have the sub-types of 
this type (m > 1) : 

(1) »»+» = 0, ji = dij\ 

(2) t>»+i=y-m-«^ j% = d 

(3) »"+* = y, Ji = dv 

(4) •»+^ = V + y- •- », Ji = dy ; 

(5) »•-»+» = 0, yt = dty + /"-«-•; 

(6) i~+»=y-«-«, y» = dv+y'' -•»-». 



(2 arbitrary. 



IV. The Ttpb {yj, », /,...., y"*^*, *,...., Af-—^). 
(a) TFi^ Neither t' nor /t (7(mto»ra« j''^~\ 



Hence 



1. Here 



= f«m + l = l- 



m + 1 



» =(210)+....+ 2at(l, <, r — TO— 1); 



ts« 



►+1 



Hence 



Therefore 



y = (310) + . . . . + (m + 1, m, 0) + 2 5.(1, M, r— m — 1) ; 
k = (111) + 2 c, {l,v,r—m- 1). 

t' = a, (1, 1, r — «i — 1) ; 

V = a,(l, l,r-«.-l)+a4(l, 3,r-m-l) 

+ +«m+i (1, ♦», r — m — 1). 



Ot=0 for <>8. 



Again, 



y»=6,(l, 1, r— m— 1); 

y« = (410) + (530) + .... + (m + 1, TO — 1, 0) 

+ 6g(l, 1, r— m— 1) + 64(1, 3, r— m— 1) 

+ + *m + l (1> "»> »• — ♦» — !)• 
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^= 0, and likewise 5^ = = (5 = = &»»• 

Again, 

Jci=c,{l,l,r—m^l); 

kf=c,{l, l,r—m—l) + Ot{l, 3, r— m— 1) + ; 

and 

c, = for » > 3. 

2. Thence 

» =(210)+a,(l, 2,r — fn-l) + a,(l, 3,r-m — 1); 
J =(310) + .... + (m + l, m, 0) + &«(l, 2,r — m — 1) 

+ *m+i(l, «»+ !,»• — «» — 1); 
*=(lll) + <i(l, 2,r— *n— 1) + C8(1, 3, r — TO — i). 

The defining equations of the algebra become 

If a, =^ we may take % = a^»i, which amounts to supposing a, = 1. Likewise, 
if &m+i^O we may take 5^+1=1. In case <h4^0, h^^i^O, 0,4^ 0, we 
may change i, J, h into such multiples that 

(b) When »* (7on<a»n« /"""*, btU Ji Does not. 

3. In this case 

t =(210) + (m + 1, 2, 0)+"'2*at (1, <, r— w— 1) ; 

t = 2 

y = (310) + . . . . + (fn + 1, m, 0) +"2 6„(1, t*, r-m- 1); 
% = (111) +*2 c^ (1, t;, r— m — 1). 



Hence 
and 



i» = (m + l, l,0) + a,(l, l,r — m — 1); 
ty = a8(l, l,r — m—l) + ....; 



Hence 



at=0 for <>3. 

Also 

j%=ib^{l, 1, r — m — l) + 6^+i(l, 2, r— m — 1); 

/»= (410) + . . . . + (m + 1, m - 1, 0) + 68(1, 1, r- m — 1) 

+ •• • + &m+i(l, «n, r — m — 1). 



6^ = for u>2. 
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Again, 

A!» = c,(l, 1, r— m— l)+c„+i(l, 2, r— -m— 1); 

A; =(%(!, 1, r — TO— 1) + ; 

and 

c, =5 for » > 3. 

4. We have therefore finally 

(c) TF7l«n y» Oontaina J**~* but ^ Doet not. 

m+l 

. 6. » =(210)+2at(l, <,r— fn — 1); 

y = (310) + . . . . +(fn+l, 2, 0)+(»n+l, w, 0) +i\ (l, M, r— w— 1); 

A; = (11 1) H-'^i c, (1, r, r — m — 1) ; 

»=« 

»'=aj,(l, 1, r— w— 1); 

V = «8(l, !,»•—*»— 1) + + <»»+i(l, w», r— m — 1) 

+ a«+i(l, 2,r— TO— 1). 
Hence 

at = for <>3. 

y« = (410) + ....+ (m+l, m— 1,0) + 6,(1, 1, r— w— 1) 

+ 6«(1, 3, r — »n—l) + .... + 6^+1 (1, 2, r — m— 1); 

y» = (TO+ 1,1,0) + &,(l,l,r — m—l). 

Therefore 

6„ = for in + l>t«>2. 
Also 

jij=0; hence 6„+, = 0. 

6! Hence, finally, 
»' = a,J5f— -1; y'* = 0; v = «8*'"'"~^ 

(d) Whm Both *» anci /t Contain /"•-». 
7. The analysis leads to the equations 
t« =/"»-» + a, Af-"—»; y" = 0; »>' = a, *?'-"'-»; 
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V. thb ttpb (n, ••, y, ij, J', ij\ y», . . . . , r-% 

1. In this typ« fci =: r — 8, /uj = 3; hence 

» =(210) + 5(221) + c(222) + <J,(l, 2, r — 6) + (i;(l, 2, r — 6) 

+ i»(l,2,r-4); 
j =(lll) + iir(221) + A(222) + /i(l, 2,r-6)+/,(l,2,r — 5) 

+ /3(1, 2,r-4). 
Therefore 

ty=(211) + 5s7(222) + rf,iy(l, 2,r-6)+(ie^ + rf,A)(l, 2,r-4); 

V«=(211) + <«,iir(l,2,r— 4); 

y =(112) + y»(222) + /iOy+ 1) (1, 2,r— 5) 

+ (/.+/iA+/,jy)(l,2,r-4); 
V»=(113)+/,(/ + y + l)(l,2,r-4); 
y*=(114). 

(a) Tf *«n r > 9. 

2. »'= 6(211) + c (212) + 6* (222) + <^(1, 1, r— 6) + d;(l, 1, r— 5) 

+ «i,(l, l,r— 4) + i<?,(l, 2,r— 5)+(M| + «2,)(l, 2,r-4) 

= 6(211) + 6»jr(222) + Id^gil, 2, r— 6) + 6(4,^ + rf,A) (1, 2, r— 4) 

+ c(212) + c(^S'(l, 2,»'-4) + <«,(l, l,^— 6) + <^(l, l,r — 6) 

+ c^(l, l,r-4). 

Thus 

6» = 6»^, 6d, = 6(i,^, 6<i, + «J, = 6(«|jf + 6(l,A + od,jr. 

3. Again, 

y» =jy(211) + A(212) + /,(l, 1, r-6) +/,(!, 1, r-6) +/,(1, 1, r-4) 
+ 6^^(222)+ (<«, + 6/,)(l, 2,r- 5) + (i, + «/i)0, a,*--*) 
= y(211) + 6/(222) + <J,/(l, 2,r-5) + (i,si» + 2cl,jr»)(l,2,r-4) 
+ A(212)+/,(l,l,r— 6) +/,(!, l,r-5) +/,(!, l,r — 4). 
Thus 

4. Next, 

JH=g»{212)+/,(g-{-l) (1, 1, r-5) + {/,+/,h+/,g) (1, 1, r-4) 
+ {d, + bA{g + l)){l,2,r-4). 
Therefore 

cii(i^-l) = 6/i(jy+l). 
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6. Collecting these results we find the following sub-types: 

(1) &=0, c=0, g^±l, di = 0, d;=0. 

(2) 6 = 0, c = 0, flf=±l, di = 0. 

(3) ft = 0, c = 0, y = 1, A = 0. 

(4) 6 = 0, c^ 0, ^ = 1, 2dih — cfi = 0. 

(5) 6 = 0, c:#:0, flf =^ 1, <^ = 0, /i = 0. 

(6) 6:#:0, g=l, di=0, /, = 0, 

(7) 6=^0, g=l, h = 0, /i=0. 

The resulting equations are 

(1) i» =^8^-*; ji=9ij+hir+/ir-'+Ar-'+fsr-'i 

jH = gHf+Aig + 1)^'* + (/, +Ah +Ag)r-' ; 

i»y*=/iy~*; 

(2,) »« =<2j-» + «i^/''-«; y«=v + Ay'+A;''-+/J'-'' + /.y'-*; 
^•«» = »>•« + 2/,y'-» + (2/8 +/xA)y-* ; yi« = rf,y-« = »y; 

^•H' = 2/,/-*; 

yv=»y +/!/••-•+ /J-*; 
yv=2/i/-*. 

jif=-if+Ar-'+Ar-'; jir=Ar-'i yv=o; 

jV = d^y*""* = »y 

(3) ••• =d,r-'+djr-'^+dj^-^; yi=v+/iy—+/,y''-'+A;'''-*; 
y».- = v* + 2/j--» + 2/,^-* ; y» = 3/J-* ; y^ = ip 

yv'=/iy-*; yv=3/iy-*; ys=2/j-«; 

>' = <^y-» + «i;j'-« = t»y ; yv = <fiy'-« = »y. 

(4) »' =v« + (iu;-'-«+iJ'-» + 4fc/''-*; y» = »y+Av» 
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(6) •» =6»y+c»y» + d^*'-» + 4J'-*; i»=v + Av'+/8y'-''+/J*-*; 

y»y = V* +/J''"* ; /v' = =y*y =/»; 

y»» = ij» + 2/J'-* ; »V = 6v» + iJ«-» + dj*--* = v* ; 

yt' = 5v-« + cJ,^-'— + (6/, + <?,)/•-«; 

(6) ITAen r = 6. 

6. We have some modifications in the general formula. Thus 

% =(210) + &(221)+ c(222)+(2(122); 

i =(lll)+flr(321)+A(222) + n(122); 

•j=(211) + (n + 6^)(222); 

f =(112)-|-y»(222); 

»j«=(212). 
We find easily 

»' = 6 (311) + c (212) + {V + d) (222) + d (112). 
Hence 

b{n + bg)=—d{g'-l) + V. 
Again 

j» = ^(211) + A (212) + 6gr(222) + n(112). 
Hence 

g{n + hg) + n^ = hg, or (6-f-n)y» = (6 — n)g. 

The sub-types are then 

(1) 5^ = 0, d=lm — V. 

»» = hij + cif + {bn — V)f ; ji = hif + »»J*« 
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Then 



Hence 
Again, 
Hence 
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(2) g = l, n = 0. 

»» = Wy 4- cif + df ; ji = %j + hif, 

(3) g=—l, 6 = 0. 

4* = cif + df ; ji = — ij + hif + nj*. 
»'=0. 

(4) g=t=o, g^±l 

»• = Uj + df + *_5^ J* ; jt = jrtj 4- Wy + nf. 

t' = mf. 

(c) TTften r=7. 
In this ease 

» =(210) + a(221) + 6(222)+c(122) + d(123); 

j =(lll)+/(221)+^(222) + A(122) + ?(123); 

ij = (211) + (A + a/) (222) + c/(l23) ; 

f =(ll2)+/«(222) + (/+l)A(l23); 

»i«=(212); 

J»=(113). 

i« =a(211) + 6(212) + (a? + c) (222) + c (112) +<J(113) + ac (123) 
= a(211) + a(A +a/) (222) + ac/(123) + c(112) + c/»(222) 

+ c (/+ 1) A(123) + h (212) + d(113). 



c? + c==c/* + a^f-\-ah, {h + a)cf-\-ch=iac. 
ji =/(211) + ^(212) + a/(222) + (oA + o) (123) + A(112)+ ?(113). 
fh + af*-^rh=af, 

The sub-types are therefore 

(1) /=0, a = h, c = 0. »' = o»j + di'; ji = gif + lf' 

(2) /:#:0, a = = c = A. I'rzrff; ji=/ij + gif + lf. 

(3> •^=^' *»**' c=i(A»-a«). 
»» = otj + i (A« — <i^)f + df. 

8 
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{d) When r = 8. 
8. We find, in the same way as before, 

» = (210) + a (221) + 6 (222) + c (122) + <i(123) + « (124); 

j = (111) + /(221) + sr(222) + A(122) + Aj(123) + ?(124) ; 

ij = (211) + (a/+ h) (222) + c/(l23) + {eg + df) (124); 

f = (112) +/« (222) + (1 +/) A (123) + (1 +/)*(124) ; 

»f=(212)+c/«(124); 

f =(113) + A(l +/+/«) (124); 

f = o(211) + 6(212) + c(112) + (o* + c) (222) + d(113) 

+ e(114) + ac(123) + (od + 6c) (124) 
= a (211) + (a«/+ aK) (222) + ac/(123) + {acg + adf) (124) 
+ 6(212) + 6c/«(124) + c(ll2) + c/*(222) + (cA + c/h) (123) 
+ (<* + c/*) (124) + d(ll3) + <tt (/» + /+ 1) (124) + e(ll4). 



Therefore 



Again 



Thus 



a* (/- 1) + c(/«- 1) + oA = 0, 

ac(/-l)+cA(/+l) = 0, 

ad{f- 1) + 6c(/«— 1)+ cA</+ l)+acg-\- (tt(/»+/ + 1)=0. 

ji =/(211) +^(212) + A(112) + A (113) + 7(114) + a/(222) 

+ (c + oA) (1 23) + (d + a* + hh) (124) 
=/(211) + (a/« +/%) (222) + c/« (1 23) + (c/^ + df) (124) 

+ ^(212) +c/«5r(l24) + A(112)+/»A(222) + (A» +/A*) (123) 
+ {Kk +/A*) <124) + A!(113) + AA(/« +/+ 1) (124) + ?(114). 



c(/*— 1) + A'(/+1)-«A=0, 
Cft/"(/+ 1) + <« (/■ — 1) + H (/» + 2/+ 2) — ajfc — 6A = 0. 
From t^ we find 

(a« + c) c(/»— 1) + acA (/« + /+ 1) = 0. 
From j** we find 

c(/*-l)-aA(/+l) + A«(/+l)(/'+/+l) = 0. 

This yields twelve sub-types : 

(1) c =0 = o = d, A=^0, /"= — 1, 6 = *. 
«* = hif + cj* ; 
;« = — »i + gft/ + Af + 6f + Z;*. 
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(2) c =0 = A = Jfc, a^O, /=1. 
^ = aij + hif -^df + ej*; 

ji = ij + gif + IjK 

(3) c =0=/ A = a^O, d=:a(*— &). 
f» = aij + bif + a (i— 6)/ + «j* ; 

ji = flr»j» + af + Asf + Zj*. 

(4) c =0 = a = h = d. 

(6,6) c =0 = a = A, /=±1, tJ^O. 

ji =±ij + gif + kf-i- IjK 

(7) a=0, A:#:0, /= — 1, d=0, 6 = *. 

j» = — »y 4- ^f + Af + bf + ij*. 

(8) o:#:0, A = 0, /= 1, S' = 0» a:^2\^^. 
t' = aij + hif + cf 1+ df + ej* ; 

ji = ij + kf + lj\ 

(9) a=^0, A = 0, /=1, ^=^0, a=2V^. 
t* = 2^ — c tj + Wf + cj* + df + ej* ; 

j» = tj + gif ■\-kf + If. 

(10) a=0 = A, /•= — !. 

»» = 6»f -J. cf + df + cf ; 
ji = —ij + gif + kf + IjK 

(11) o=0 = A = ^ = A!, /s=l. 
»»=Wf 4-cf + df + «j*; 
7t=z»j + Zf. 

(12) A = ±'s/^a:T^O, /= q:^/=l, c = — io?, 
6 = 1 aj7(l — V:^, _d = i a»^ + i a* (1 — •^^^H). 
i* = a»j + iag{l — */ — 1) if — i €^f 

jKla'fl' + ia*(l-V^^))f + «?*; 

ji=z^iM/—i ij + jrif ±V — laf + Af^ Zf . 
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(e) When r = 9. 

9. i = (210) + a(231) + 6(222) -I- c(l33) + (1(124) + e(126); 
i = (111) + /'(221) + g (222) + h (123) + k (124) + ?(126) ; 
ij = (211) + a/'(222) + c/(124) + {eg + df) (125) ; 
f = (113) +/»(222) + A(H-/) (124) + (& + &/+ A^) (126); 
»f=(212)+c/»(l36); 
j« = (113) + A(/«+/+l)(126). 



Then 
Hence 

Again 
Hence 



»' = a (211) + a* (22 2) + oc (124) + (6o + ad) (125) 

+ 6(212) + c (113) +d(114). 

a«(/_i) = 0, ac(/- 1) = 0, 

a^c + ad(/— l) + 6c(/*—l) + cA (/« + /+ 1) = 0. 

ji =/(211) + a/(222) + c(124) + «?(125) 

+ A(113) + aA(l24) + 6A(126) + A!(114) + cwfe(125). 

a/(/— 1) = 0, af*c — c — ah = 0, 



Again 
Hence 
Again 

Hence 



»•» = a»(212) + o»c (126) + oc (114) + {he-\-ad) (115). 

a"c(/« — 1) = 0. 
f»=/»(212) + (c + aA + q/'A)(125) + A(/+l)(114) + *(/+l)(116). 

c/* ^ a/A + <*A + c« 
These equations reduce to 

a(/-l) = 0, 

ogre + 6c (/» — 1) + cA (/«+/+ 1) = 0, 

af*c — c — aA = 0, 

c(/*-l) = 0, 

/<7c +/«d + l?(/* +/+ 1) — <|— 6&-aft= 0. 

The sub-types are 

(1) a=0 = c, /=1, A = 0. 

»' = 6»f + c?j*-|-ef; 

;i = »;■ -f A;* + Zj*. 
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(2) a=0 = c, /=1, h^O, b = 3h. 

(3) a ^ 0, /= 1, c = = A = A;. 

ji = ij + Zf. 

(4) a^O^g, /=1, c = -3(^^, 

3i = ii-iagf+(^^^ + g(3ag + b))j' + lf. 
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On the Law of Gravitation in the Binary Systems.* 

Bt Frank Loxlby Griffin. 



§ 1- The Problem. 



That the Newtoniao law of attraction operates in the solar system, was long 
ago shown to be very highly probable; the discovery of binary systems naturally 
raised the question as to whether the same law operates in them. Any reply to 
such a question is based, of course, upon both the observational data and certain 
fundamental assumptions expressed or implied. In this paper the assumptions 
hitherto used in demonstrating the operation of Newton's law are replaced by 
others ; incidentally a new proof with the old hypotheses is obtained. 

The observational data have to do with the apparent orbit, which is merely 
the projection of the actual orbit upon the plane tangent to the "celestial sphere"; 
but, combined with the assumption that the actual orbit is a plane curve, they 
permit the conclusion that the satellite describes an ellipse, subject to the action 
of a central force directed toward the primary, f 

These data being accepted, the operation of Newton's law can be established 
by applying a theorem of Darboux and Halphen :|; and employing the following 
assumptions : the force 

(I) is a function of the distance alone, 
(II) does not vanish at the center of force, and 
(III) admits no orbits except conic sections, whatever be the initial 
conditions. 

* Read (In part) before the AmerlcaD Mathematical Society December 28, 1906, and (supplemented) Sep- 
tember 6, 1907. 

t F. Tisserand : TraiU de MSeanique C&e%U^ Vol. I, p. 85. In the last analysis, this conclusion is to be 
regarded as a pure assumption. For, in the first place, obserTatlonal error is considerable in comparison with 
the small angles measured; so that the obserTed positions often deviate widely from even the (*most probable 
ellipse". And secondly, — and more important, — even if absolutely correct observations were possible, any 
number of them would, without the help of assumptions, be powerless to give any information as to the 
positions of the star at any instants save those of the observations, or to show that the orbit is a conic with 
the law of areas exactly fulfilled. 

X Compter rendtu de I 'AcadSmie dei Seiencet (Institut de France), Vol. LXXXIV, pp. 760~«2, 98(^88, 989-41 ; 
cf. also Tisserand, loe. dt., pp. 86-42. 
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Another demonstration uses the following assumptions with a theorem of 
Bertrand:*^ the force 

(I) is a function of the distance alone, and 
(I a) is a single-valued function, f 
(II) does not vanish at the centre of force, and 
(III) admits no orbits except closed curves whatever be the initial 
conditions, provided that the velocity be less than a certain 
limit. 
For the proof given in the present paper the hypotheses are : the force 

(I) is a function of the distance alone, 
(II) does not vanish at the centre of force, and 
(III) varies along the given ellipse according to a law which, if 
operating throughout the plane, would permit real motion in 
some region outside of any circle about the center offeree. 
In the present paper, as in the classic discussions, the bodies are regarded as 
material points. [See § 16, however.] 

In comparing these three sets of hypotheses, it is hardly necessary to point 
out the great severity of the third in each of the classic sets [that of Darbouz 
and Halphen being more severe than that of Bertrand, involving the latter] ; 
or to notice the mildness of the third in the new set, since to deny it is to admit 
either that the force varies according to diflFerent laws in different parts of the 
plane, or that a body started anywhere outside of a certain circle with real 
initial conditions would immediately disappear from space. Also (la), while of 
the sort readily admitted in considering the forces of nature, is one of the least 
easily dispensed with in the new set, its absence necessitating an increased use 
of the remaining hypotheses and a considerably lengthened discussion. It should, 
however, be noted that (II) can be omitted from either of the classic sets, if to 
the observational data be added the statement, probably justifiable, that the 
primary star is not at the center of the ellipse described by the satellite. And 
further, — because of a theorem due to Bertrand, J — Darboux and Halphen, 

» C&mpU$ rendut, Vol. LXXVII, pp. 849-68; cf. TlBserand, loe. oit., pp. 48-48. 

t This iB tacitly used by Bertrand In the asBamptlon that the orbit has only one apaldal angle. For a 
■imple example of an orbit with two apaldal angles see a paper by the writer In the American MatJumatical 
MarUMy, Vol. XIV (1907), pp. 199-301. 

X drnpUt r«ndiM, Vol. LXXXIV, pp. 781-88. 
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knowing that at least one orbit is an ellipse, do not need that part of the obser- 
vational data which states that the force is central. 

The present discussion has three parts: (1) a proof of the operation of the 
Newtonian law; (2) a treatment of the trajectories admitted by the laws satis- 
fying hypotheses (I) and (III),— an extensive category; and (3) a consideration 
of various questions relating to sets of hypotheses, including a new proof with 
the hypotheses of Darboux and Halphen. 

The demonstration in part (1) starts from the fact that the force required 
for the description of the given ellipse as a central orbit varies in a manner 
dependent upon the position of the center of force in the plane. From the polar 
equation of the ellipse, the pole being at any point, an expression is obtainable 
for the required force as a function of the distance alone. An examination of 
the equation of the ellipse shows that if the center of force be elsewhere than on 
the major axis, hypothesis (III) is contradicted; and if the center lies elsewhere 
than at a focus, (II) is not satisfied. 

It may be noted at this point that the center of force must lie u>ithin the 
given ellipse, since a closed curve can not be described as a central orbit with a 
center of force exterior to, or upon, the curve. • 

§ 2. Lemma Concerning Imaginary Forces. 

For later reference it is well to observe that if the resultant force — central 
or not — be imaginary in any portion of space, real motion is impossible in that 
region. For, suppose a particle (a;, y, z) to move there, that is, let 

« = 4^i(<), y = Ht)f 2 = ^(0, 

where the ^^{t) are real functions. From the definition of a derivative it follows 

that ^ , -X and tt are real functions of t, as are also the second derivatives, or 

component accelerations. Hence, at every instant, the resultant acceleration 
and force are real. This contradicts the hypothesis, so that the supposition of 
real motion must be abandoned. 

• S. J. Routb : Dtfnamics of a Particle^ pp. 293-98. 
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§ 3. Polar Equation of the Given Ellipse. 

Let the center of force be any point within the given ellipse but not on a 
principal axis. Let coordinate axes coinciding with the principal axes be so 
chosen that the center of force (xi, ^i) lies in the third quadrant. Then the 
equation of the ellipse is 

^l_^)^^f^a\l-^\ (1) 

where a and e are respectively the major semi-axis and the eccentricity. Now 
from any point (a^, ^i) of the third quadrant there is a normal to the ellipse 
(in the first quadrant), where the radius vector is a maximum, and where, 
if X denote the angle between the X-axis (positively directed) and the normal 

(outward directed), 0<X< -s-. Let pj be the distance from the foot of the 

normal (aro, ^o) ^ (^i; Vi)} ^^^ ps ^ ^^^ normal length to the F-axis. Then, 
by hypothesis, pi >p8. 

Let the center of force be selected now as pole, and the coordinates of any 
point of the ellipse be u and 0, where u is the reciprocal of the radius vector p, 
and d is the longitude measured from a line parallel to OX. Then, since 

« = «! + p cos e, y = yi + p sin 6, 
equation (1) becomes 

(1 — ^) (cos Q + xiuf + (sin e + y^uf = a\l — ^)uK (2) 

The elimination of sin gives 

(a cos«e + /3 cos e + y)» = ^ {l—coi?0), (3) 

where 

and 

8 = 2yi u. 

Re-arrangement of (3) yields the desired form : 

cos*© + 4B cos*e + eOco^d + 4DQOBe + E = 0, (4) 



where 



-2^' ^- 6i? ' ^-2a«' ^- a« 



Digitized by 



Google 



66 Griffin: On the Law of Oravitation in the Binary Systems. 

§ 4* Q 08 a Function of u. 
It is necessary to examine the solutions of the quartic equation (4).* Now 

this equation is satisfied by cos 6 = cos % if u = U| = — . Since ti is a mini- 
mum at 6 = yl, there are not only values of B greater than % but also values of B 
less than \ for which u has any value slightly greater than ti|. Hence equation 
(4) defines cos 6 as a multiple- valued function of u ; that is, cos B is one function 
of u one side of the maximum normal and another function the other side. 
But cos is an algebraic function otu] viz.: 

cos e = — J8 it ^p±i V7=t ^^y (5) 

in which p^ q and r are the roots of Euler's cubic, and the product of the radicals 
has the sign of — (?, where O = D — ZBO+ 25® =— —-j-. Since Xi and y^ are 

negative, so are ^ and 8 and consequently O. Hence either all three radicals 
in (6) must be positive or one positive and two negative ; also, none of the roots 
Pf 9i ^} ^^^ vanish. These latter are given by 

8 



q = B'-0+f<^-J + ^/M+^4/-J-^lf, (6) 

where in each case the radical denotes the principal root, and where 

1 x/ 3 
cj = — 2 H o — f *^d — 27 M=P — 27 tP (the discriminant), 

/ and / being certain integral functions of the coefficients J9, (7, D and E. 

Now since cos B is an algebraic function of u, it can be double-valued only 
by some radical having different signs on the two sides of the maximum normal. 
This requires that one of the outer radicals Vjp, V^, or Vr shall chanj^e sign ; 
for in the definitions (6) each sign has been definitely chosen. But, sin^e G is 
negative always, this requires that two of the radicals shall change sign. ^ More- 
over, in the ellipse cos 6 is a continuous function of the continuous vari&jble u, 

*In this taetion the notation it that of Burntlde and Pftnton In Theory of JEguaiioMf p. 121. 
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and as j>, q and r can not vanish^ the two radicals which change must be always 
of opposite signs, and their difference must vanish for ti = t^i . 

Now these two radicals are s/q and Vr, and these are distinct from V^ 
for 1^ = U| , which follows from conditions for equal roots of Euler's cubic : 
P — 27 €7^ = for two equal roots, and Iz=J=zO for three equal roots.* 
It has been seen that the first condition must be satisfied for ti = t^j ; (6) then 
shows that q and r become equal. That the latter conditions are not satisfied 
may be seen by a laborious direct computation of / or J, which may be avoided 
as follows : If ^ = q' = r for w = w^ , the quartic equation (4) will have a triple 
root, cos 6 = cos %, as three of the four possible combinations of signs in (6) 
yield the same value. But while cos $ = cos A^ is a double solution regardless 
of the position of the origin on the normal, the solution is triple only if the 
origin lie on the major axis or at the center of curvature for the given normal.f 
Both of these possibilities are excluded, since pi !> f)2 I> radius of curvature 
> normal length to a; -axis. Hence, for the positions of the center of force 
at present admitted, I'J^O for t« = i^^. 

Finally, the proper signs being chosen, (6) becomes 

coBd = — B—^/p± (^^2 — -s^r), (7) 

where one sign is required when <] 6<; ;i, and the other sign when >l<; 0<;^. 

The next step of importance is to show that the difference ^/^ — ^/r 

contains the factor {u — Wx)* ; i. e., s/ q — y/ r ^=^ ^/ u — t^ * 4' (^) where 

L 4' (^) + 0> <» • ^^^ tl^is purpose let t^q — >/V be expressed as a fraction, 

thus: 



^-Vr= ^-8^ 



(s/q + ^fr) [(-J+ ^-Wy + L^ {-J- v:B^)I] ' 

which shows, since every term in each factor of the denominator is positive at 
u=i/i, that v'S'— Vr^ contains the factor u — % to the same power as does ^/lB^ 

* Burnslde and Pan ton, loe. eiU^ pp. 134, 144. 

t For the circle « s= v ^ meets the ellipse in only two coincident points at (t»j , A), unless the circle be the 
oBcuUting circle for that normal, in which catfe they meet in three coincident points. If the pole be upon OX, 
the doable solutions cos B s cos A, and cosd = cos (—A), make either a quadrnple solution. 

Verification may be obtained by the test with the deriyed equations after expressing x^ and y^ as functions 
of A. (See a problem, by the author, in the American Mathematical Monthly^ Jan. 1000.) 



Digitized by 



Google 



68 Griffin: On the Law of Ghravitatum in the Binary Systems. 

Since if is a polynomial (of degree 12) in Uy vanishing for u^=Uiy some 
integral power of u — t^ is a factor. To test directly the order of this factor 
is unnecessary, as it will appear in the next equation. 

Differentiate (7) with respect to w, denoting derivatives by primes ; sub- 
stitute \/ — /+ VT? = 22i, </ — J—^/^=R^, l^~^r~^^' *^* 

4^+4= = ^^ «^ **^^* 4- — h = ^-* ^' ^^^ -7=--^ = ^+ ^ ^; 

^q vr v3 vr v g' vr vj 



and re-arrange: 



=Ftl 



Now since the line 6 = X is a normal, ;t^ = at (mj, ;i). The only denominator 
in (8) which vanishes at w = Wj is VIK If M contains the factor (te — Ui)", 
if' contains the factor (u — Wj)*'-^; hence, to have -^^^ = for w = Wi, it is 

necessary that~>r — 1, or r<2. Therefore v=l. Also, putting ^/w— Wi=a;, 
inspection shows that a occurs to the power unity in U and in T^ — -^J , and 

to the power zero in 7, B', 2BB^ — a, and (^ + -^); (25J8'— ^0 may how- 

ever vanish identically). Whether «/' carries a factor x is immaterial ; suppose 
X appears to the power (n — 2). 

Then equation (8) may be written in the form 

sin ^ = 1 (^ + A X + & a: « + Z X -), (9) 

where g, A, h and I are functions of u^ which do not vanish at ti = t^i unless 
identically zero. Moreover, from (7) one obtains 

sin«0 = 1 - [(5 + ^^Y =F 2 (5 + V^) (V^- ^/r) + (V^- VV)«] 
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where b and c are functions ofu^ not vanishing with u — t^, and not identically 
zero since 6 = % ^ 0, — , when ti = t^. Hence 

/du\^ _ 8 b + cx — x^ /- - X 

\ddJ ~ ig + hx + kx^ + Wy' ^ ^ 

The numerator of (11) contains an odd power of x. Even if the numerator is a 
factor of the denominator, the removal of this factor will still leave the same 
factor in the denominator, as the latter is a perfect square. And the conjugate 
factor needed for removing odd powers, if present at all, is squared. Therefore, 
(11) contains essentially an odd power of cc. 

Finally, then, for w<;ui, x being a pure imaginary, f-n^j is a complex 

function of u ; thus 

sy =*(«)= ^1 («) + » ^« («)« (12) 

where F^ and F^ are real for t» < Wi , but i F^ {u) is real for t* > Wj . 

§ 5. Exclusion of Laws for Non-Axial Centers. 

The foregoing results permit a great restriction upon the location of the 
center of force within the ellipse. As is well known the force necessary for the 
description of any curve as a central orbit, the center of force being at the pole, 
is given at all points of the curve by 



^=**»'(» + 3f)' 



where h is the constant of areas. There are an infinite number of laws according 
to any of which the force may vary to produce a given orbit with a given constant 
of areas and a given position of the center of force;* but by imposing hypo- 
thesis (I) at the start, a single law is obtained for the variation of the force along 

*Cf. F. L. Griffin: Certain Trajectories Common to Different L&wb of Central Force, Th$ Attnmomieal Journal^ 
Vol. XXVI (1908), pp. 8-4. Inattention to this fact seems responsible for the use of hypotheses inadequate 
for the conclusion stated concerning binary systems by Professor Moulton [Introdtietion to Cele$tial Jfeehanics^ 
p. 801. In this connection the writer desires to aclcnowledge his indebtedness to Professor Monlton for much 
helpful criticism of this paper, which had its origin in the detection of the error mentioned. 
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the orbit as a function of t^ alone. ThuB^ for the positions of the center of force 
considered above, the diflFerentiation of (12) gives 

If the force varies according to this law throughout the plane, the resultant force 
is imaginary when u<^Uiy that is, everywhere outside of the circle 11 = 142 
[or p = pi]. By the lemma above, real motion is impossible without that circle, 
so that hypothesis (III) is contradicted. This law and the corresponding positions 
of the center are, therefore, excluded ; that is, the center of force must lie upon 
a principal axis. 

[It may be observed in passing that the foregoing demonstration applies to 
exterior points and to those upon the ellipse as well as to interior points, and 

might have been used to exclude such points, if <[ X <] ~ . Further it excludes 

points of the minor axis within the evolute (except the center), since from such 
a point there is a non-axial maximum normal. But in some ellipses the evolute 
does not contain the entire minor axis.] 

§ 6. Exclusion of Laws for Centers on the Minor Axis. 

Next suppose the center of force to be any point (0, d) of the minor axis 
Then, choosing that point as the pole and introducing polar coordinates, 
equation (2) becomes, since ajjiizO, yi = d: 

tf«p« sin^e + 2dp sin + d« + (l — e^) (p* — a») = 0. (13) 



The solution of (13) involves V {1 — e^) {d^ + a* a* — e^ p*), and so does the 

d^u 
expression for the force (unless d= 0), as may be seen by forming -r^. Now 

this radical is imaginary for p > - ^/d^ + a^e^, so that real motion is impossible 

' e 

outside a certain circle. Again there is a contradiction of hypothesis (III), 

restricting the center of force to lie upon the major axis. [It may be noted that 

points in the line of the minor axis exterior to, or upon, the ellipse are likewise 

excluded.] 
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§ 7. Laws Admitted by Hypotheses (/) and [III). 

Finally let the center of force be any point (d^ 0) of the major axis. 
[There is no loss of generality in restricting d to positive values, as this amounts 
merely to a choice of the positive direction of an axis.] Equation (2) becomes 
in this case 

<j«p« cos« — 2 dp (1 — c«) cos e + (1 — e^) (a« — d^) — p* = 0. (14) 

The solution of (14) is 

cos e = ^ [d (1 — e^) ± V<j»p» + (c?» — a«<j»)(l— c»)]. (16) 

If d^ae^ the radical does not vanish for real values of p. Its proper sign 
is ascertained by substituting the co5rdinates of a particular point, 6 = 0, 

e^{a — d) ^ ^ 

which requires that the lower sign be chosen. Equation (16) may then be written 



y cos6 = att— \/^w* + y, (17) 

where 

a = d{l — e% ^ = (d« — a«6«) (1 — c«), y = e\ (18) 

If d<a«, the radical vanishes; but the corresponding value of p, viz., p=^ — - 

is not taken in the ellipse unless c2<a«l Tests similar to (16) show that 

when ae^^d<iaey the sign of the radical is always — , and 
when d^ae^y the sign is + near = 0, and — near = 7t 

[When d<^ae^ there are two normals from the pole besides the axis; the sign 
changes at the foot of each.] 

Differentiate (17) twice with respect to 6, putting B = \/^u^ + y (positive) : 

/8tt\ du 



^ / ^^\ d^u 3y /du\^ ^ 



(19) 



Digitized by 



Google 



72 Griffin : On the Law of Gravitation in the Binary Systems. 

Substituting for (-jk) the value obtained by squaring and adding (17) and (IS), 

one has 

/ fiu\ /d^u \ By Y^—{au — RY ^ 3u^ y , v 

whence 

Multiplication by h*u' gives the required law offeree [if d'^ae'] 

en* ep 

^ ^ {aB-^uY ^ (a V/? + yp« - ^)»' ^^^^ 

where 

£ = /i* y 8 (|8 + ?^llZ^) = A« a« <?• (1 - a«)«. (28) 

[When d^ae^^ the corresponding law in any part of the ellipse is obtained 
from (22) by assigning to the radical a sign opposite to that specified above for 
the equation (17).] 

The laws represented by (22) have quite difierent properties according as 
d^ae^i though in both cases /vanishes ''at infinity'\ 

Type /, where d^ae. Here, since i3 >0, /is everywhere real; also / 
is everywhere finite since the vanishing of the denominator would require 

p^ = pg = ^-^g ~ ^ f a negative quantity; and/ is everywhere positive 

[attractive], for j3 >a V'/i? + yp* would require p*<po- 

7k/pe II, where d<^ae. Here, since /8 < 0, / is imaginary within the circle 

p^ = — — ; also / becomes infinite at a finite distance po [only for the law 

required near = when d <[ a 6*, — for the others as in Type I] ; and in the 
same case is negative [repulsive] for p>po- An exception is the very important 
case where a = : the center of force lies at the center of the ellipse and the 
law is that of the direct distance. 

Another special case of interest is that where d = a«*, the center offeree 
being the center of curvature for the end of the major axis. The statement has 
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been made "^ that a particle can never, in a finite time, arrive at an apse, the 
center of whose osculating circle is at the center of force, but must approach the 
osculating circle asymptotically. The present example is a case to which the 
statement does not apply, since the time from any point (t^oi ^o) t<> ^^ ^P^^ 
(til, 0) is given by 

where ^ {u^ ::|: 0, oo . This integral is finite by a standard test. 

§ 8. Proof of the Operation of the Newton^ a Law. 

A property common to the laws of both types, except in special cases, is that 
the force vanishes at the center of force. For, from (22), it is evident that/= 
when p = 0, unless \//8(±a — ^/^) = which would require either (2 = ae 
or c2 = a. The latter exception has been excluded, since in that case the center 
of force would lie upon the ellipse. The former exception occurs when the center 
of force is at a focus; and in this case, since /3 = 0, (22) reduces to Newton's law, 
as it should. 

Therefore, as the vanishing of / for p = contradicts hypothesis (II), the 
Newtonian law must operate in the given binary system. 

[It is evident that the method of this section may be applied equally well 
to exterior points in the line of the major axis. And, again, the laws of type II, 
which prescribe an imaginary force in a part of the plane, might have been 
excluded otherwise by strengthening hypothesis (III) to require the possibility 
of real motion throughout the plane. Reasons for the choice of the method here 
adopted will be given in § 16.] 

Part II. Trajectories for the Laws of Type I. 

§ 9. Stability. 

Any law of types I and II admits the given ellipse as a central orbit, in 
which, at any instant, there are certain initial conditions. The question 
naturally arises as to the sort of curves that would be described if the initial 
conditions were difierent. 

* Of. Ronth, loe, ciU^ p. 288. This author prob&bly intended, howeyer, to haye his statement understood 
as applying to only the special types of laws discnssed in earlier pages, and not to be taken in the general form 
In which enunciated. 

10 
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With the exception of the law of the direct distance, whose trajectories are 
well known, no law of type II permits real motion in all parts of the plane. 
These laws will not be discussed Airther* All laws of type I (including that of 
Newton, whose simple trajectories will not be discussed here), produce for any 
real initial conditions real orbits, some of whose properties will now be 
established. 

Consider the law (22) for any chosen value otd^ (ae<]c2<[a). If a particle 
be projected from any point in any direction, with a velocity less than a certain 
function of the initial distance (the '^ velocity from infinity"), the orbit is stable. 
That is, the motion is periodic, there being both a pericenter and an apocenter; 
and a slight change in the conditions of motion at any instant will produce only 
a slight change in the apsidal distances. 

At < = <o 1^^ ti = fio, £ = ^0 9 ^^^ 1^^ ^he velocity be t^o and the constant 
of areas be \ . Then, if A^ =1= 0, the differential equation of the path is, by (22), 

Integration of (24) after multiplication by 2 ^^ gives 

where A:^ is a constant, and where . the left member equals the square of the 
velocity. It is easily seen that the limit of ^ + ^iv) ^^ ^ becomes infinite is 

^J < 0. 

But hi \-jk\ = \lu) • Therefore there is a circle « = Wj, within which the 

radial velocity, — and likewise the motion, — is imaginary for the given initial 
conditions. This establishes the existence of the pericenter. 
From the initial conditions follows the equation 

Tc^zzivl — F{uo) = t?o* — Fo% (26) 

where V^ is the velocity acquired by a particle in falling from rest at an infinite 
distance to the initial point, and is real. The latter statement follows from the 
fact that e, a, y, (a £© — fi ^q)} — ^^^ hence also 2 a jBq -^ i^ ^)> — we positive ; 
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80 that -F(wo) > 0- Now it is possible to choose t?o< l^o; and for any such choice 
h<0, and t;2<0 at w = as follows from (25). Therefore A| (^) <0 

for all values of u less than some value t^ ; so that the motion is imaginary 
outside the circle ti = t^. Thus the orbit has an apocenter. 

Since in all central orbits included between two apsidal distances^ the apsidal 
angle and time are constant^ if the force be single-valued as required by (22), 
the radius vector is a periodic function of the longitude and of the time. 

If A« = 0, then ^- = and -y-^ = 7 — ^ ^—^^ . These two equations 

show the motion to be a periodic oscillation in the line d = do • 

From (26) it follows that a small change in vq would affect Tc^ but slightly. 
And, since ^2= t'opo fiii^'4'o (where ^^o ^^ ^^^ angle between the radius vector and 
tangent at < = <o), a small change in either t^o or '4^0 would produce only a small 

change in h^. Hence Ui and v^j the values of u for which -^^ = 0, would 
change but little. The orbit is stable. 

§ 10. Other Conies as Orbits. 

Another question presents itself: is the given ellipse a solitary conic orbit 
under this law of force, or are there others, — in particular, other ellipses ? 
It will be shown that there is a double infinitude of elliptic orbits, and that 
through every point of the plane there passes in every direction one, and only 
one, conic section which is a possible orbit. 

In the first place if any other orbit be an ellipse, the center of force must lie 
upon the major axis and not between the foci; for, if it were elsewhere, the law 
would be other than of type I. 

Hereafter let the constants of the original ellipse he denoted by the subscript 1, 
and the corresponding constants for any other elliptic orbit, by the same letters 
without subscripts. Then the equation of any such orbit is 

y cos (6 — r) = a w — V^w* + y, (27) 

V being an arbitrary constant, the longitude of the pericenter. Also the law 
under consideration becomes in the new notation: 

/= ''f (22,) 



Digitized by 



Google 







fix e - «i 





76 Griphn: On <A6 Law of Qravitatum in the Binary Systems. 

and similarly the force acting in the new ellipse is given by 

where c = h^a^e^(l — e^y, h being the new constant of areas. Hence for all 
values of p, the values of/ in (22i) and (28) are identical; from which it follows 
that the irrational terms in the two must be identical, and, likewise, the rational 

terms. The application of this principle to ^S^ in (22i) and (28) gives 

From (29) it follows immediately that 

That is, in all elliptic orbits which may be possible, the three quantities 

-SL E. and -^ must remain invariant. Let these be denoted by A^ B and E, 
V y y y* 

respectively; then a = jie, fi=^Be^ and c = -B6*. The substitution of these 

values in (22i) gives for the law of force: 

/— ^P (SI) 

^^{AV~B + f^—By' ^ ^ 

and in (27) gives 

ecoB{e — v) = Au— \/Bu^ + 1 ; (32) 

so that any possible elliptic orbit under the law (31) is represented by (32) for 
some value of e, — the original ellipse for 6 = Cj . 

Conversely, it will be shown that for all values of e and v the curves (32) 
are conies, — a double infinitude possessing certain properties because of the 
invariants A and B. And further there are real initial conditions, — determined 
by two invariants, E and another (obtained later), — for which each member of 
the family of conies (32) is a possible orbit under the law (31). 

§11. The Family of Conies. 

Consider the equation (32) for arbitrary values of e and v. All the distinct 
curves which are represented by it are obtained for 0<c<; oo and 0<i/<27t, 
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the curves obtained for negative values of e being included in these. For, by 
changing the sign of e and adding ±7ttovj the equation is unchanged. 

To vary v while keeping e constant does not change the shape of a curve, 
but merely rotates it in the plane. It is, therefore, suflScient to consider the 
curves for which r = 0. This particular infinitude will hereafter be called tJie 
restricted family } its geometrical properties are possessed by all families in which 
V has a fixed value. 

If rectangular coordinates be introduced by cos 6 = cc u, sin 6 = y w, the 
equation (82) with v = becomes : 

a.8 (1 _ e^) + 2Aex + y^ — D, (33) 

where 

D = A^ — B = {a\ — d\){\ — e\)> 0. 

Equation (33) represents for any value of « a conic section, whose transverse 
axis is in the o^-axis, and whose eccentricity is e. For « :^: 1, the center is 

(Ae \ Be^ + D 

— 2, J , and the square of the major semi-axis is a* = . _ ai\& - The 

apocentral distance in any ellipse is, then, 

{Be' + D)^ + Ae D 

n^T* ^^ {Be^ + Dy-Ae' 

similarly the pericentral distance in any conic is / p i^ ■ r\\\ ■ a • ^^^ former 

steadily increases with e, having its smallest value V2> for « = 0, and becomes 
infinite as e = 1. The latter is a decreasing function of e, having its largest 
value ^/D for « = 0, and approaches zero as 6 == oo . Hence every conic of the 
general family has its pericenter within, and its apocenter without, the circle of 
the family, p* = D. 

Various geometrical properties, belonging chiefly to the restricted family, 
are readily seen. As neither of the invariants A and B is so well suited to inter- 
pretation as two of their combinations, viz., D and -— - , these latter two will 
be used. 

I. The First Invariant, D. All conies of the family with coUvnear axes pass 
through two fixed points; viz., the points where the circle p* = Z> meets the 



Digitized by 



Google 



78 Gbifpin: On the Law of Oravitatwn in the Binary Systems. 

perpendicular to the axial line through the origin. For equation (32) with v 

fixed is satisfied byp=^/Z>, = v±^, whatever be the value of e. [Another 

proof rests upon the fact that all members of the restricted family pass through 
(0, ± V^).] 

It is possible to define new families of conies related to the family (32) in 
which there is a simple interpretation of this and the following invariants. If a 
new conic be described, having the same eccentricity as some given conic of the 
restricted family, and having as its transverse axis the segment between the 
center of the given conic and the pole with respect to the given conic of the line 
joining the fixed points (0, ± \/ D), then this new conic passes through the same 
two fixed points J whatever the value ofe."^ To establish the property it is sufficient 
to note the coordinates of the vertices of the new conic, 



(-r4^.o)-a(^.,o) 



Evidently the auxiliary circle of the new conic cuts the F-axis where F*=_-^, 

T being the mean proportional between the two segments of the axis. Let y be 
the ordinate in the new conic at a; = 0. Now, in any ellipse, y^/Y^ — b^/a^; 
and, in any hyperpola, ^/ F^ = — 5*/a*. In either case, y^ = F* (1 — ^)z=iD. 

II. The Second Invariant, -y= . In aU conies of the restricted family, the 

slope at either fixed point bears to the slope at the end of the latus rectum a ratio 

which is constant. For the latter slope is ±6, while the former is seen from (33) 

Ae A 

to be ± — r=:. The ratio is ± —,=~. which is constant. 

If a new conic be described, having the same center and eccentricity as 
some given conic of the restricted family, and having a focus at the origin, the 
new conic passes through two fixed points whatever the value of e, so that its 
latus rectum bears a constant ratio to the segment between the fixed points of the given 

family. For, the major semi-axis of the new conic being — , its latus rectum is 

e 

* The members of one family do not belong to the other (except for & tingle yalne of 0). For in each 
family there is bat one conic with a giyen eccentricity, and corresponding conies haye axes of different lengths. 
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^^ ' or 2 A; and the distance between the fixed points (0, i ^/ 2>) being 

2 \/ 2>, the ratio is -^^ • Again, since the constant latus rectum lies always in 

the F-axis, all the new conies pass through (0, ± A). 

III. An Alternative Invariant, B. The family defined in II intersect the 
tangents at the vertices of corresponding members of the given family on two straight 
lines, y* = B; and conversely , on y* = — B. These statements may be proved 
analytically by using the equations of the tangents, or geometrically by observing 
that the segments into which the major axis of the new conic is divided by the 

vertex of the old are a and - + a. It follows that the tangent is cut by the 

e e 

auxiliary circle of the new conic where y*= g , and hence by the conic 

e 

where y^ = ^ — — — ^J^ ^ ^ = B. Similarly for the converse. 
e 

IV. Any two conies of the general family intersect, so that no one lies whoUy 
within any other. For let the values of v and e in the two curves be respectively 
Vij Ci and v^, e^] and let the radii vectores be denoted by pi and pg* Suppose 
ci5>ei. Then, by the remark above concerning the pericentral distance, 
(h — ^ < «i — di\ and hence, when 6 = vg , pg < pi , for «! — e?i < p^ , 

Case I. When e^ < 1, both orbits have apocenters, and Og + c?^ > Oi + ^i • 
Hence, for 6 = Vg + ^^ pa •> Pi J ai^d, for some value of $ between rg and Vg + ^t, 
the two ellipses must intersect. 

Case 11. When ^ > 1 > ej , the ellipse has an apocenter, while the other 
conic extends to infinity. Hence there are values of Q where pg )> pi , so that 
the curves cut. 

Case III. When ^ > 1, there exist values of d where pg > pi . For the 
value of d — V where any conic of (32) goes to infinity is 4> = arc cos ( J , 

showing that ^ !> ^ &iid 4> is a decreasing function of e. Now p is finite from 

6 = r — ^ to 6=v + ^; and since 4>i>^>^, the range of values of B for 

which pg is finite is smaller than that for which pi is finite, but is greater than n. 
Hence at least one of the radii vectores where pg becomes infinite lies in the 
region where pi is finite. Near this, pg >pi. 
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V. Through every point there passes in every direction awe^ and only one, conic 
of the family {Z2). For, let the point be (mq, Oq)^ and let the given direction 
make with the radius vector to that point the angle ti^Q. Then, in the required 

^J , where from (32) : 



_ d0 A^/Bu^+1 — Bu /34V 

du a/ Bu^+l[e^—{Au — ^/ Bu^ + iyy^' ^ ' 

Hence if any member of the family is to have 4' = '4'o at m = t^o, its eccentricity 
must have the positive (or zero) value given by 

el = {Auo-s/Bul+iy + (A- ^/JS^ J ug cot^^o- (35) 

Evidently e| > 0, so that there is a real positive (or zero) solution. The sub- 
stitution of e = e^, 6 = do and u = t(o in (32) determines v so that the conic will 
pass through the given point. The equations determine both ^ and v uniquely, 
subject to the original restriction. 

Corollary. Every point in the plane is an apse in some conic of the family. 
For then '4'o = o ; ^^^ equations (35) and (32) become ^2 = =t (-^^) — ^^^uj + 1), 

and cos {Oq—^v) = ± 1, where the upper or lower sign is to be taken according 
ss A^%B + pi, —or pit D. Further, if pS<Z), do=v; while, if pg>Z>, 
Bq^^v ±:n. That is, any given point within the circle p* = 2> is the pericenter 
in some conic of the family ; and any point without that circle is the apocenter 
in some conic of the family. [This corroUary establishes the converse of a 
property obtained above.] 

§ 12. TJie Initial Conditions. 

It has been shown that, if the law (31) admits as trajectories any ellipses 
other than the original orbit, those ellipses must be members of the family of 
conies just discussed; and it is further necessary that the constants of areas have 
values determined as follows : 

The Third Invariant, E, or A' a* (1 — e^y. The constant of areas mitst be 
proportional to the curvature at an apse. For the radius of curvature at an apse 
is a (1 — e^), so that the constant of areas A divided by the curvature is invariant. 
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Several questions now require consideration. 

I. Is an arbitrarily chosen constant of areas h^ admissible for some conic of the 
family? If so, then between A^ and the required eccentricity Cg must exist the 

«.»«„,. E = Hliff. + 'l=M) = m3.t + D). which require. 

hlBel=zE-~hlD. (36) 

Equation (36) defines a unique positive number eg, provided simply that ^Kt), 

the value of h^ in the circle of the family. [If Ag = 0, «2 = <» j ^^^ curve being 
a straight line, as is indeed evident from other considerations.] 

This result does not show, however, that there is an upper limit to the initial 
velocity of projection. For A = t?p sin ^ constantly; and therefore arbitrarily 
large values of v yield admissible values of h, if only the initial distance or the 
angle i|/ be sufficiently small. 

II. For an arbitrarily chosen constant of areas Ag, less than the limit mentioned 
above, what further restriction must be put up(m the initial conditions in order that 
the trajectory be a conic? Let the values of p, w, ^, v and ^^ at the initial point 
be designated by the subscript zero. Now in order that the trajectory be a conic, 
e must have the value 6^, defined by (36). 

Hence, in the first place, po must lie between a^— d^ and a^-^ d^ [or oo 
if ^ > l]. Further '^^o must equal the value of i|/ at the distance po in the conic 
for which 6 = ejj. And, finally, Vq must be given by »o = ^ ^) esc i|/q . 

To formulate the second of these conditions, consider equation (26). Since, 

in any curve, tan 'J' = — ^;7~ > ^^ t^csc*^' = w^ + \'T^ » ^^^ value of w§csc^'4'o 
in the orbit (26) is, for arbitrary conditions of projection. 



And in the conic for e = ^g , the value at u = Uq is 



t.oC8C.^-«o+ {A>^Bu\^.l-Bu,Y ^^^^ 

Equating the right members of (37) and (38), and observing that 



11 
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a condition on ^f is obtained. The irrational parts must be identical, likewise 
the rational parts: 

J|(— 2A'Buo)V'Bil + l = - 2ABuo{el - l)'V^J5«g+l 
|| A* lA' + tig {A* B + B*)-] = (e| _ i) [il« + «§ {A> B + £«)]. 

Each equation requires that ^ = ~4T~ ' ^^^^ ^^} ^^^ ^^^ orbits of the family^ 
— ^— g is a fourth invariant^ restricting the initial conditions. 

For a conic orbit with the constant of areas h^ , the velocity of projection 
at the distance po nmst be Vq^ where 

vl = k, + F{uo) = hi ^I^ + F{uoh (40) 

and 1^0 is given by As = Vopo s^^^'^o* Or, reversing the order^ i|/o may be 
obtained from (38), and then Vq from either of the two equations last written. 

III. To determine the velocity y with which a particle projected at any point in 
any direction iviU describe a conic. There is one, and only one, conic through the 
given point in the given direction. Since Uq and i/zq are known, (35) determines 
e^, real and positive; and (36) then determines Ag. Finally t?o is given by (40) 
or by t;o = ^2 ^ ^^^ '^o • I^ ^^ evident that there is one, and only one, real positive 
value of Vq for which the orbit is a conic. The fact that there are initial velocities 
for which the orbits are other curves than conies, is important in a later section. 

§ 13. The Apsidal Angle in the Non-Gonic Orbits. 

The question as to whether ^Hhe line of apsides advances or recedes," 
— that is, as to whether the apsidal angle is greater than or less than n, — 
is a matter of interest. The expression for the force in laws of type I may be 
written, /= ti* P (u), where 

Now it has been shown elsewhere* that, if P^ (u) > for Wj ]> u )> Ug, then 

* F. L. Griffin : On the Apsidal Angle in Central Orbits, Btdlitin of ths American Mdthematieal Society^ 
Vol. XIV (1»07), pp. «-!«. 
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Q^n in all orbits lying wholly between the circles ti = U| and u = u^; and con- 
versely. Similarly, if P'(u)<0, 0<7t And further, if P' (u)< 0, and 
decreases with u or is constant^ then in any family of orbits, one of whose 
apsidal distances is constant, increases with the second apsidal distance. 
Analogous statements apply in the opposite case. 
For type I, 

Hence P'(w)>0 if i2>^w; that is, if p*>2); while P'(n)<0 if p*<2). 
Consequently in all the orbits which lie wholly within the circle p* = 2>, 0-< ti; 
and in all orbits wholly without the circle p* = Z>, ^ti. [It is interesting to 
compare this result with the fact that in the conic orbits = tc, and to note that 
a new proof is thus obtained for the earlier statement that every conic orbit 
admitted by the law (31) has its pericenter within and its apocenter without the 
circle p* = 2).] 

Moreover, since P^ T j = and P'(w)<0 when ti< — , there 

exists a region within the circle p* = 2) and without another concentric circle, 
throughout which decreases as the apsidal distances in the orbits decrease 
The corresponding question for orbits outside p* = 2> requires more extended 
computation. 

§ 14. A New Proof with Glassic Hypotheses. 

From the foregoing discussion, it is possible to obtain a new proof of the 
operation of the Newtonian law in the binary systems, based upon the hypotheses 
mentioned in § 1 in connection with the classic theorem of Halphen and Darboux. 

The classic hypotheses imply those of the present paper ; for (I) and (II) 
are common, and, if every orbit is a conic, then the law according to which the 
force varies (not merely in one orbit but throughout the plane) is such as to 
permit real motion everywhere. And, since the operation of Newton's law 
follows from the new hypotheses, it follows also from the old ones. 

Again, a new proof is possible with the assumptions of Halphen and Darboux 
modified as suggested in §1. For the second theorem of Bertrand referred to 
may be applied, with assumption (III) and the fact that at least one conic orbit 
is an ellipse, to show that the force is central. Consider that ellipse; the center 
of force may lie only upon the major axis. For, if it were elsewhere, the use 
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of (I) would furnish a law^ for which some initial conditions would give rise to 
imaginary orbits^ [§^3; i° violation of (III). Moreover, if the center of force 
were any point of the major axis save the center [excluded by assumption] or a 
focus, the corresponding law would admit imaginary orbits (if of type II) or real 
non-conic orbits (if of type I), [§ 12], again in violation of (III). Thus, New- 
ton's law must operate. 

§16. Possible Modifications in Hypotheses. 

(1) As observed above, laws of l:ype II might be excluded by strengthening 
hypothesis (III) to require the possibility of real motion, not merely suflSciently 
far from the center of force, but throughout the plane, an increase in severity 
which may seem on first consideration to be extremely small. 

It is true, however, that the hypothesis in this revised form would exclude 
so important a law as that according to which an oblate spheroid attracts an 
exterior particle in its equatorial plane ; for, if the latter law be required to 
operate within the spheroid, the force is imaginary within a certain interior 
circle.* But it is well to observe that even this exclusion would not be excessive 
in the present problem, inasmuch as the latter law admits as orbits no conies 
except circles. 

Nevertheless, if the attracting body be regarded as having size, the severity 
of the revised hypothesis is greatly enhanced, as it would exclude the operation 
at exterior points of any law which, if operating also at interior points, would 
prescribe imaginary values of the force within the attracting body, even though 
all (physically possible) real initial conditions give rise to real orbits. If 
modified to require only the reality of the force everywhere outside the attract- 
ing body, the hypothesis would not suflBce to exclude laws of type II for which 
ae^ d^a^j and would suflSce to exclude those where dK^o/^ only when 
strengthened by the assumption that the bedies do not collide. [These latter 
statements rest upon the fact that, if p^ denote the value of p for which the 
imaginary radical vanishes, pi<a — d (the least radius vector in the orbit) if 
ae^dy> 06*, and pi = the minimum normal if rf -< cw*.] When ae > d > oc*, 
however, the center of force would at least have to be suflBciently near the focus 
to have the principal star contain the focus ; for the inequality pi > oe — d 
follows from the known inequality Xd — ae) {d + ae — 2ae*). 

*For the law in qaestion see Moalton. loe. eit.^ p. 128, or paper cited in ButUiiH^ p. 18. 
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(2) Again^ it has been noted that all exterior points^ and all points on the 
ellipse except the ends of the major axis, could be excluded without the aid of 
the reference cited in § 1. These two, and all other, points of the curve might 
be excluded by formulating as an assumption for material points the physical 
principle of impenetrability, or by otherwise prohibiting collision. This change 
would, however, involve an altogether unnecessary (even if mild) addition to 
the assumptions of the paper. 

(3) Finally, in any non-rigid body tides would be formed with a resulting 
difference in the attracting force, which, considered as a perturbation, would in 

general forbid the constancy of -^^^ — - (the fourth invariant). Doubtless a 

substitute for hypothesis (II) can be framed, based upon some such requirement 
as that, under tidal disturbance the force shall cause the velocity at any instant 
to be such as to permit the description of a conic as the subsequent orbit were 
tidal disturbance to disappear. In addition, it would be necessary to require 
that the center of force be not at the center of the orbit, in order to exclude the 
law of the direct distance which compels an elliptic orbit for all initial conditions. 

WiLLiJLMB CoLLSGE, 88pt9mber^ 1008. 
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Loming des Lehmer^schen Problems. 

Von Edmuxd Landau in Berun. 



ElNLEITUNG. 



Es ist mir durch Eombination meiner alteren Methoden mit einigen neueren 
Hilfsmitteln gelungen, ein seit Jahren angestrebtes Ziel zu erreichen. Ich kann 
jetzt ein von Herrn Lehmer^ im Jahre 1900 gestelltes Problem in voUer AU- 
gemeinheit losen^ von dem ich drei wichtige Spezialfalle (fur welche die alten 
Methoden nicht ausreichten) schon in einer friiheren Arbeit^ erledigt hatte. 

Es seien a, b zwei teilerfremde positive ganze Zahlen ;' @ (n) bedeute 1 oder 0, 
je nachdem alle Primfaktoren von n die Form am + b haben oder nicht; v{n) 
sei die Anzahl der verschiedenen Primfaktoren von n. Herr Lehmer fragte 
zunachst^ ob 

• I 2''<^>0(n) ... 

lim n=i (1) 

a = 00 X 

stets ezistiert. Zu dieseir Frage gelangt er dadurch^ dass in den drei Fallen 
1) a = 3^ & = 1, 2) a = 4y 6 = 1^ 3) a = 6, & = 1 die Theorie der quadratischen 
Formen den Nachweis der Existenz des Grenzwertes (1) liefert; Herr Lehmer 
fuhrte dies genauer aus und fand auch, dass jener Wert jedesmal ^ ist. Er 
vermutete nun allgemein, dass der Grenzwert ezistiert und > ist. 

1 <* Asymptotic Byalaation of certain Totient Sams'* [Ambbioait Joubmal of Mathbmaticb, Bd. XXII 
(1900), 8. 298-835], Tergl. insbesondere den Anfang (S. 998) nnd den Schlnss (S. 884-885) dieser Arbeit, welche 
anch separatim als Dissertation der Uniyersity of Chicago erschienen ist and das betreffende Problem fur 
gewisse elemental angreifbare FftUe 15st. 

t uBemerkangen zu Herm D. N. Lehmer's Abhandlang in Bd. 22 dieses Joarnals, B. 298-885** [Ambbigan 
Joubmal of Mathbmaticb, Bd. XXVI (190i), 8. 209-222]. Ein anderer Beweis meiner damallgen Resaltate 
steht in meiner spateren Arbeit <*t}ber die Maltlplikation Dirichlet'scher Reihen*' IBmdieonti del Circolo 
liaUmatioo di Palermo^ Bd. XXIV (2. Semester 1907), S. 81-160], 8. 148-145 (§18, «*Neaer Beweis einer Ver- 
matang Ton Herrn Lehmer*'). 

* Es ist keine Einschrftnkang der AUgemeinheit, ^ < a anzanehmen. 
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Darauf wies icb a. a. 0. nach : 1) Wenn der Grenzwert existiert^ kann er nur 
fur ^ (a) = 2j d. h. fur a = 3, a = 4 und a = 6 von verschieden sein. 2) Fur 
a = 3^ a = 4 und a = 6, d. h. fur die drei Lehmer'schen Progressionen 3 m + 1^ 
4in + 1 und 6iw + 1, sowie far die drei neuen Progressionen Sm+ 2^ Am + 3 
und 6 971 + 6 ezistiert der Grenzwert und ist ^ 0. 

Heute kann ich nun beweisen, dass ^ fur ^ (a) > 2, d. h. fur a = 5 und alle 
a > 7 nebst jedem zugeborigen zu a teilerfremden b der Grenzwert 

lim A^'^"^Q(") 



vorhanden und >> ist ; daraus folgt insbesondere 

^^^ n^l — =0. 

0?= 00 X 

Herr Lehmer stellte aber noch ein viel allgemeineres Problem. Eb seien 
X unter den A = ^ (a) zu a teilerfremden Restklassen gegeben : ^ 

am + bi, am + iai 1 am + b,, (1-Jl-A). 

Es sei (n) = 1 oder = 0, je nacbdem alle Primfaktoren von n irgend einer 
dieser X Progressionen angehoren oder nicbt. Herr Lebmer fragte, ob 

I 2''^«>0(n) 
lim n=i 

0?= 00 X 

stets existiert Er konnte namlich mit Hilfe der Theorie der quadratiscben 
Formen beweisen, dass far gewisse unendlich viele Falle, in denen jedesmal 

;i = - ist; der Grenzwert existiert und >0 ist. 
2 

« Far ^ (a) s 1, d. h. a si, » » 1 lit bekannUich 

lim w=i Urn «=a 

Z sOO X log X ~ X = 00 X logx 

yorhanden und > ; yergl. z. B. die Reprodaktion dieser klasslschen Dirlchlet-Mertens-LipschiU'schen Unter- 
sachang bei Herm Bachmann, <'Die analytische Zahlentheorie", Leipzig, 1894, S. 480-486 and S. 450-458. 

^ Der Fall X^h liesBo sich iibrigens nnmittelbar anf das in Anm. 4 erwahnte klassische Problem zuruck- 
f iibren, d. h. elementar erledigen ; G (n) ist Ja alsdann s 1 f tir alle zu a teilerfremden Zahlen, sonst a 0. 
A a 1 ist der oben im Text besproehene FalL Also ist 1 < X < A das Nene. 
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Ich bin heute imstande zu beweisen, dass unter alien Umstanden 



lim .!.'""'QW 



05 = 00 



(log x) 



1- 



9k 



existiert und > ist. Damit ergibt sich insbesondere : Fur >l <[ n 1st 



X 



fur yl = ^ ist Btets (nicht nur in den Lehmer'sehen Spezialf alien) 



2 2'<">0(n) 



X= 00 X 

vorhanden and >0; f&r ;i>^ w&chst der Quotient 

2 2'<»>e(n) 

n = l 

iiber alle Grenzen. 

Die vorliegende Arbeit soil alle obigen Behauptungen beweisen und braucht 
sich nur mit der allgemeinsten unter ihnen^ 



I 2"'<'»>0(n) 
^'"^ n=i 1_ > 0, 



X= 00 flj 



1- 



FT 



(log x) "^ 

ZU beschaftigen. 

Urn das Wesentliche besonders hervortreten zu lassen, beschranke ich mich 
darauf, die Existenz dieses positiven Grenzwertes zu beweisen. Der Leser wird 
ohne Miihe erkennen^ dass die angewandte Methode auch gestattet, iiber die 
Geschwindigkeit der Annaherung des Quotienten an seinen Grenzwert Genaueres 
auszusagen. 
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§1. 

Efl seien x\ (^)i 1 Xh (^) die A = ^ (a) Charaktere der Gruppe der zu a 

teilerfremden Restklassen, davon %i(n) der Hauptcharakter. Es seien Li{8)^ 

,Zfc(«) die fur 91 («) > 1 (;c = 1) bezw. fur 9fl(«) >0(x = 2, •••., h) durch 

die Gleichungen 

n = l W 

definierten analytischen Funktionen von « = (y + <i. Uber diese Funktionen 
setze ich folgende in einer friiheren Arbeit* bewiesenen Tatsachen voraus: 

1) Fur a > 1 — ? — - ist gleichmassig ^ 

LM = 0{\ogt). (2) 

2) Efl gibt ein ^3 > derart, dass fur < > 3, a > 1 — ^ — y- , x = 1, , A 

ist. 

3) Li{8) hat im Punkte « = 1 einen Pol erster Ordnung; Zi(«) ist sonst 

fur a ^ 1 regular und :|: 0, Die ubrigen Funktionen Z^ («) (x = 2, , h) 

sind fur (T ^ 1 (einschliesslich des Punktes « = 1) regular und if: 0. 

4) Fur cr > 1 ist 

L,{8) = li L.^^, 

p 1- X'^^P) 
P' 



1) und 2) besagen aus Symmetriegrunden,^ dass fur or^l 



log t 
L^{a-ti)=0(logt) 

und fur < < — 3, cr > 1 — , ^!_ a , x = 1, , h 

i.W + 
ist. 

• (( Vber die Primzahlen ainer aiithmeilschan PrograBsion *' [Sitzungiheriehte der kaU&rliehen Akademie der 
WiMteneehqften in Wien, mathematieeh-naturwUteruehinftHehe Klaue^ Bd. CXII, Abt. II a (1908), S. 498-585], 
8. 508, 509, 5t2, 519. 

^ d. h. bei gagebenam a unabhftngig tod a and natiirlich (da k nur endUcb Tiele Werta bat) auch yon k, 

* Wann ;t«'(*) ^^^ 'u xm (') konjngierten Cbarakter basaicbnat, ist £« (<r + <0 za X^' {a^ti) konJngiart« 

also 

12,, (<T + H)| a |X«/(<y-M) !• 

12 
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Ich erinnere ferner an den von Herm Carath6odory berruhrenden Satz : * 
Die analytische Funktion F{8) sei fur {s — ^|^^ regul&r; es sei A das 
Maximum von '3iF{s) fur |« — «o| =r und 0<p<;r. Dann ist fur \8 — 8q\ <p 

I F{e) I < I 9f J'K) I + I 9l^(*o) I ^ + 8^^- (3) 

Diesen Satz wende ich folgendermassen an. Es sei 

F{s) = F^{8) = logL^{8) 
die f&r or >^ 1 durch 

definierte analytische Funktion, welche bei Fortsetzung in das G^biet t^S, 
or ^ 1 — 5 — J- auch dort regular ist. Es werde 

gesetzt und t^t^ angenommen, wo die Eonstante t^ so gewahlt ist, dass alle 
Punkte u + vi des Ereises | « — «o I - ^ ^^^^ Gebiet 

angehdren. ^ kann so bestimmt werden, da 



u>l 



2 log" t 
ist und far alle hinreichend grossen t 

'213^1-^' 
bt. Fiir < ^ ^ ist also i^(«) im Ereise \8 — ^o I - ^ regulax, also der Satz von 

• Vergl. meina Arbeit «Beitrftge tnr analytischen Zahlentheorie *' [Bendieanti del Cireclo MaUmatico di 
Ptdirmo, Bd. XXVI (2. Semester 1908), 8. 169-803], B. 19U198, wo der Sats im AnscblnM an eine sohrifUicbe 
Mittellung Ton Herm Caratbdodory bewieaen ist. Icb yerttebe fiir i » ii + «< nnter KU) den reellen Teil «, 
nnter 3 (i ) den Koefflsienten v yon {, * 
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Herm Carath6odory anwendbar, und zwar ist nach (2), (4) und (6) die in ihm 
vorkommende Zahl 

^ = Max. 91 logZ.(^) = Max. log |i. Wl< (log log(< + ^^A) 

= (log logo. (6) 

Femer ist 

I^.K)| = |iogi.(..)| = |2(2^ + akigl)+....)| 

= (log logo, (7) 

da 

^<^0+l-^e)=^(»o«'') 

ist. Wenn 

_ 5 

P ~ 4 log" t 
gesetzt wird, ist 

0<p<r 

und 

3,6 5 

— !— S- = = 11 — s— = — - — == 10 

r — p 3_6 ^*' ♦• — p 3_6 *"• 

2 4 2 4 

Die Formel (3) liefert also nach (6) und (7) fur 

— 0+IS?-<+'0|-4W«. 
also speziell fiir 

* = - + '•. i-il5pe = ^ = ^+i4^e 
|J'.(«)| = |logX.(«)| = 0(loglog<). 
Fur <r ^ 1 + r—fi '^^ jedenfalls 

\K{s)\^\ logX.(.) I <log? (l + ^) = (log log 0. 
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Polglich iflt fiir cr ^ 1 — I j^^ 

logZ.W = 0(loglogO, 
also nicht nur, wie bekannt,^^ 

gilogZ.(^) = 0(loglogO, 
sondern auch 

3f log Z,(«) = (log logo. 
Aus Symmetriegrunden ist ebenso fur t^ — 3, cr^l — - ^ — j-. — r^ 

|logZ.W|<5Ioglog|<|, 
wo B konstant ist. 

Ich babe also bewiesen : ^ 

Es gibt eine absolute Konstante c derart^ doss in dem durch den geraden Schnitt 

von 1 — y — — bis 1 aufgetrennten Gebiete 









jede der Funktionen F^ {s) = log L^ {s) regular ist und fur | <| ^ 3, or = 1 — ? — ^rj-. 

die Unghichung 

|J^.WI<^loglog|<| 
erfmt. 

10 Dass in obigem Oebiet 

d. h. 

91 log L^ (f) s (log log 

ist, batte icb swar aacb ana meiner in Anm. 6 sitierten Arbeit (8. 521) als bekaunt yoraaasetzan konnen; abar 
die yorangebenden Entwickelnngen waren f&r dan neuan Hilfssatc 

3 log X, (f) a (log log t) _ 

notig. 

" Wenn e binraicbend grots gewfiblt wird, liegt ja im Gebiet — 8 < < ^ 8} 1 — > \x <o<l keine Nail- 

1 s 
Stella eines L^ («). e sei fiir einen spateren Zweck gleicb so gross, dass 1 — , ^ > -.- ist. 

10g< o 4 
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Ubrigens ist fur x = 2, , h der Schnitt unnotig ; fiir x = 1 ist die 

Funktion auf ihm (ezkl. « = 1) regular, aber an beiden Ufem um 2n% 
verschieden. 

§2. 
Es werde 

Oder 

gesetzty je nachdem alle v (n) Primfaktoren von n einer bestimmten Progression 
am + b (wo (a, 6) = 1 ist) angehoren oder nicht. Bs sei /(«) die fur a > 1 durch 

1+4 



,)= I ?^=n(n-| + 4i + --) = n— ^~n^l_jnri-4-.), 



wo 5^ die Primzahlen von der Form am'\'h durchlauft, definierte Funktion. 
Die fur «>1 reell definierte Funktion log/(«) ist fur a>l eindeutig; fur (y>l ist 

log/(.) = - 22 log (l -i,) + 2 log (l -^4) 
= 22i-+flri(*), 

9 T 

wo gri («), desgl. in der Folge g^ (»), gr, («), , eine fur or > - absolut konvergente 

Dirichlet'sche Reihe ist, wo also fur <r >- - gleichmassig 

4 

fl^W = fl^(^ + «*•) = 0(1) 

ist. 

Andererseits ist fur or > 1 

log Z.(«) = 2^+ <,,(*), 

also, wenn Z die zu h inverse Restklasse modulo a reprasentiert, 

2x«(QlogZ.W=2 r.(0 2^ + i7,(«) = A2-S + j78(*), 

log/(*) = I 2 ;«.(«) log A(*) + gM' 
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Es sei nun allgemeiner 

an = 2''<^^ 
Oder 

je nachdem alle v{n) Primfaktoren der Zahl n einer von X gegebenen Pro- 
gressionen am + bi, • . • ., am + 6a (wo (a, 6i) = 1, • • • • ist) angehoren oder 
nicht, d. h. es sei 

im Sinne des zweiten Teils der Einleitung. Dann ist die fur or ^ 1 durch 

4'(«)=i^= n (1+2+ 2 +....) 

definierte analytische Funktion 

=/i(0/aW •••• AW, 

wo /i («)y • • • - , /a (^) die den einzelnen & (= &| , • • • • , &a) entsprechenden obigen 
/(«) sind. Die fiir « > 1 reell definierte und fiir a > 1 eindeutige Funktion 

hangt also, zunachst fur or >1, mit den log Z« {a) durch die Gleichung zusammen : 
6)W=| 2 2 xM log L^{s) + g,{8). (8) 

Auf der rechten Seite von (8) hat logXi(«) den EoeflSzienten -7-; (8) schreibt 
sich also kurz folgendermassen : 

h 

o(«)= X e Jog L,{8) + g^{8), 
wo 

ft-2* 

ist und die Werte e^ , , e^^ nicht in Betracht kommen. Nach dem Satz am 

Ende des § 1 ist also in dem dort angegebenen einfach zusammenhangenden 
Gebiete (inkl. beider Ufer des Schnittes bis zum Punkt « = 1 ausscbliesslich) 

Q (s) regular und es ist fur \t\ ^ 3, or ^ 1 — , — ^-r-r 

\(^{8)\<klog\og\t\. 
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Folglich iat 

in jenem Grebiete regular und fiir|<|^3, a^l — ^ — g-ryr ist 

|4(«)| =e«-c)<ei-<«)l <log*|<|. (9) 

In der Umgebung des Punktes « = 1 ist Cmit einem Radius > ? — —j 
w(«) = -^log^— -^ + 5o + ^i(« — l) + ••••, 
'4'(«) = 2A (yo + yi(* — I) + ••••)! 

wo T'o^^O i>t. i^(a) unterscheidet sich an beiden Ufem des Schnittes urn den 
Faktor «"^^(der natfirlich fur A, = ^ und X = A den Wert 1 hat, so dass dann 

« = 1 ein Pol von i^ («) ist). 

Ich bemerke ausdrucklich, dass ich notig hatte, die obigen Satze uber 
^ log X. (s) zu entwickeln, da die e^ nicht notwendig reell sind, also bei 

gi«(^) = 2 91 (6. iogZ.(«)) + giflr5(^) 

die imaginaren Teile der logX«(«) auftreten. 

§3. 
Nach der bekannten Integralformel 

2ntV8— i ? I = 0f(ir0<y<l 
(bei geradem Integrationsweg) ist fur « >■ 



271 

also 



b/::r?*c)*=^.i.-r.r9''''=A->< 
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Auf den Integranden ^ '^ {s) werde nun fiir a? ]> \/3 der 

Cauchy'scbe Integralsatz bei folgendem in verkiirzten 
Dimensionen gezeichneten Integrationsweg angewendet : 
Von A = 2 — a?i geradlinig bis -B = 2 -f- «**' ; geradlinig bis 

^=l- log^(a.») + «^'^? auf der Kurve ^ = i _ -j^ 

1 



+ 3i; geradlinig bis -&= 1— 



geradlinig am oberen Ufer des Scbnittes bis ^=1 — e, wo 1 — e 



irgendwo zwischen 1 — 



log^S 



und 1 gewahit sei ; auf dem 



bis E; geradlinig bis (7 = 1 
+ <i bis5 =1 ^ 



Kreise mit dem Radius e um 1 von F im negativen Sinn 
j^ bis F am unteren Ufer des Scbnittes; auf diesem Ufer zuriick 
1 -. . . , ^ . 1 



log ^3 
x^i; geradlinig bis A. 



3 i ; auf der Kurve « = 1 — 



logM-0 



Nach dem Cauchy'scben Satz ist, da der Integrand auf dem Wege und in 
dem umlaufenen Gebiet regular ist, das in (10) auftretende Integral 

Jf^B pa pD pB pF pv pa pa pm pA 

A Jb Jo Jd Jb Jf Jf Jb Jq Jh • ^ ^ 

Nach (9) ist 

=o(xiog*xjr'»z^^) 

= (x log*./ "^'^-i:^ ^)+ (x log*x^^-Z^^) 

= 0(xl0g*xx ^^^X"''^lf-)+^(«'^°«*«'X3inB^) 

= (x log*x c "15^) + (x log*x g-*^^ 

= 0(xe-'^i5<f^). (12) 
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Ferner ist 

Au8(10), (11),(12), (13)folgt 

2m I a„ log — = (xe -•^'^) — fK ^ («) d « 

= 0(xe-*^^ — J, (14) 

wo der Weg EFFE beim Integral J im negativen Sinne zu darchlaufen ist. 

1) Es sei ^ <[ -^ . Dann bat der Integrand fur 9=1 eine algebraische 

2/1 
Unendlicbkeitsstelle der Ordnung -jr<i^ ', eB darf also der Ereis in den Punkt 

« = 1 zusammengezogen werden, und das Integral ist einfach, . g- = ^ 



•^=Xl^^w*+/"'J^w<«», 



wo zuerst oben^ dann unten integriert wird. Nun ist fur \8 — 1 |<[r, wo r ^S' 
ist, 

'^=;^-^(yo + yi(«-i) + y«(— 1)«+.-..) 



1 



(«-l)T 

also, dafiir 1 — 3'<«<1 

|A(*-l) + /?«(*-l)'+-.--|^B|*-l| 

ist, wenn (« — \y^ den Wert am oberen Rande bezeicbnet, 
13 
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folglich," wenn ^ = v gesetzt wird (0< )7<1) und (l — sy den reellen Wert 
bezeichnet, 

(loga;)>-Vo ^ '' \(loga;)«-Vo " ^ "^J* 

xlToo ^ = yjr%-'r-^cfo = yr(l-^):^0, 

(log*)*-' 
also nach (14) 

lim (logx)*: ' £ 1 _^ ^ __r^(i-v) 

=y. (16) 

Da y iJiO, alsoy^O ist, ist naturlich y reell und >0; die genauere Diskussion 
von Realitat und Yorzeichen, welche dies verifizieren muss, ist unnotig. 

2) Es sei 97 = 1, d.h. ;i = 3. Dann hat '^ {s) im Punkt ^ = 1 einen Pol 

erster Ordnung. An Stelle des Integrals fiber den Weg EFFE tritt also einfach 
das mit — 2 nix multiplizierte Residuum von '^{a) fiir « =1, so dass auch bier 
(15) bewiesen ist. 

3) Es sei ^ <[ % << A, d. h. 1 << 97 <[ 2. Dann wird sich auch das vorlaufige 

Resultat (16) mit y>0 ergebeu; nur muss man etwas vorsichtiger recbnen, da 
nicht in « = 1 hineinintegriert werden darf. Es ist in der Umgebung von 9 = 1 

^=(7irir(yo + ^i(*-i) + /?«(«-i)'' + .--.), 

i« 7 iat nicht Null, da y^ q: war. 
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also, da ffir 1 — 3^ < » < 1 

|/?i(«-l) + i3«(»-l)»+...- UB|«-1| 
ist und 



in « = 1 hineinintegriert werden darf, 

Die Behauptung (16) ist also bewiesen, wenn 

lim {log xy-^f ^' ^d.tO (16) 

gezeigt werden kann. 

NuD ergibt sich durch unbestimmte partielle Integration 

r ^ . dtf = J— , ^,, 1 + -^loga A ^\,-i ^g; (17) 

•/(«—!)'' >7 — 1 (« — 1)'"^ )7 — 1 ® t/ (« — !)'' * ' ^ ^ 

das erste Glied der rechten Seite von (17) liefert zu 

den Beitrag 0(a;^~*); der Quotient des Integrals im zweiten Glied durch 
J-. ^^^ hat wegen 0<>7 — 1 < 1 ^*ch dem Falle 1) einen Limes ::j:0. Damit 

ist (16), also (15) fur 1 <>7< 2 bewiesen. 

4) Falls >7 = 2, d. h. ;i = A ist/' hat '^{s) im Punkte « = 1 einen Pol zweiter 
Ordnung. Es ist alsdann 

also 

I a„ log^ = yo » log » + /3x « + (a:e--''T^*), 

n=l '* 

womit gleichfalls (15) bewiesen ist 

^* VergL Anm. 5. 
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In jedem Fall liefert also dieser Paragraph das Ergebnis 

lim ( log »)--" ' J g ^^ J 

woy>0 ist. 

§4. 
Es sei j>0 gegeben. Dann ist^^ nach (15) 

lim (!og^!r-2"a„log^±i£=y(l+«), 
also durch Sabtraktion 

lim (!?g|)ll'(,„,(, + J) I ^ + 'T a^ log -41?) =yj, 

X — 00 X \ n=l n = a + l « / 

folglich fur alle » i |, = ^i (5) 
Wenn 

X 

2 a^ = A (x) 

n=l 

gesetzt wird, so ist 

log(H-5)^(a!)<log(H-«)2a„+ 2 a„log?^i^<log(l+5)^(z+«x). (19) 

n=l n=«+l W 

Aus (18) und (19) ergibt sich fur xl^i{8) 

log (1 + «) ^ (x) <y5 (1 + 8) ^-j^^ (20) 

und 

r?n (-b^' < ^°« (1 + «) ^ (»= + «-)' (21) 

d. h., wenn in (21) ^ k statt a? geschrieben wird, fiir a > (1 + 5) ^i = ^^{S) 

X 

^ (*) > (T +T)iiiTr+T) A X y- > (i + 3)Mog(i + «) (bg^' • (^^) 

MWegen """ l?Ii?jt_l5> = 1. 

" X a 00 log Z 
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Nach(20)iBtfurx>^i 

Au8 (22) folgt 

lim inf (logxVn A (x) > J /,^tv,f ,, ^,, (24) 

» = 00 X ^ '' "^ (1 + d)* log (1 + 5) ^ ' 

fur alle 5 > 0, d. h., da die rechte Seite von (24) fur i = den Limes / hat, 

liminf(logxrr^^^j , (26) 

au8 (23) folgt 

lim 

also 

limjup(log|)^'^(^).^. (2^^ 



im sup (log x)*-" J / V < . ^(l-H^) 
x = oo i ^(.'>=)-J log(l+*)' 



X = 00 X 

(26) und (26) ergeben vereinigt 

lim Ajx) ^^^Q 

(log a)^-' 
Dies festzustellen war der Zweck der vorliegenden Abhandlung. 

SOHLUSS. 

Gleichzeitig erledigt sich hierdurch ein anderes Problem, von dem ich einen 

mit etwas elementareren Mitteln angreif baren Spezialfall ^^ an anderem Orte be- 

handelt babe.^^ ^(^) ^^^ ^^^ Anzahl der ganzen positiven Zahlen bis Xj deren 

samtliche Primfaktoren einer der X Progressionen am + i^, , am + 1^, 

angehoren.^'^ Dann ist 

B{n) — B{n—l) = e{n) 

» Eb kamen dort nar reelle Charaktere In Betracht, ao daaa der Knnatgriff mit 3 log L^ (<) nicbt 
erforderlicb war. 

» ««tTber die Bintellnng der posltlyen ganzen Zahlen in yier Klassen nach der Mindestzabl der zn Ihrer 
additlyen Zasammensetcnng erforderllchen Quadrate'* [Arehiv dsr Mathemaiik und Phyiik, Ser. Ill, Bd. XIII 
(1908), 8. 805-8121. 

17 Wenn andere Primfaktoren nnter der Bescbrankung zngelassen werden, dass endllcb yiele derselben 
in beliebiger Potenz, die ubrigen nnr in gerader (oder mlndestens In zwelter) Potenz anftreten — wie bei dem 
a. a. O. bebandelten Problem — andert sicb natUrlicb nichts am Brgebnis. Denn ea tritt einfacb bei i^ (<) 
der Faktor 

hinzn. 

14 
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und fur (T > 1 

'<"=J.^=...".,.Oh-^^->h-....) 



wo 



I E, log LXs) + g,{s), 

it"-l 



ist. Also gelten die obigen Entwickelungen mit dem einzigen Unterschiede, 
dass >7 = -T-. an Stelle von 17 = -jr- zu setzen ist, und es ergibt sich 

lim ^(a?) ^ Q 

25 = 00 X ^ 



(log a;)* -IT 

Bbrlih, dm 91. /im< 1008. 
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Rational JReduction of a Pair of Binary Quadratic 
Forms; their Modular Invariants. 

By Leonard Eugene Dickson. 



1. The primary object of the present paper is a study of the invariants of 
a pair of binary quadratic forms under modular transformation. Incidentally, 
the invariants of a single form are given a more satisfactory expression than 
hitherto employed (§7). 

It is shown that the knowledge of a complete set of canonical types of pairs 
of forms is of great service in the discovery and proof of relations between 
certain of the modular invariants and in establishing the independence of other 
invariants (§§ 23, 25). For these reasons and for the purpose of giving inter- 
pretations to the modular invariants, we begin the investigation with a discussion 
of the necessary and sufficient conditions for the equivalence of two pairs of 
quadratic forms. 

Within the field C" of all complex numbers, Weierstrass's elementary divisors 
enable one to state necessary and sufficient conditions for the equivalence of 
two pairs of quadratic forms ; but for a smaller field contained in C^ or for any 
finite field, these conditions are not sufficient, since the formulae of trans- 
formation involves irrationalities. Before stating the additional necessary con- 
ditions, we express the above conditions in the following equivalent form. 
Let d denote the quadratic simultaneous invariant and / the Jacobian of qi^qt] 
and / those for Q^, Qg. If y^O, then must 

But if y=0, so that qt = ifnqi^ then must J=0^ so that Q2 = MQi; and 
furthermore, m and M must be equal. For a field other than C, the above 
equal ratios, as well as certain other specified functions of the coefficients, must 
be squares in the field ; further, the leading coefficient of Qi must be represent- 
able by the form qi. The latter condition, requiring the solvability of a 
14 
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104 Dickson : Modular Invariants of a Pair of Quadratic Forms. 

diophantine equation, is considerably weaker than the requirement that an 
indicated square root shall be rational. 

For finite fields, the criteria become simpler and are expressed entirely in 
terms of the invariants of the two forms. When the modulus p exceeds 2, the 
criteria are that the algebraic invariants \qi\y \q2\9 ^ ^^ ^^^ P*ir of forms shall 
equal the products of those of the other pair by the same square, and that four 
modular absolute invariants have the same values for the two pairs (§ 13). 
For i!) = 2, we again employ three relative invariants, the resultant and the 
coefficients of a:^ (which take the place of the determinants), and three absolute 
invariants (§§ 22, 32). 

Reduction in a Field p not Having Modulus 2, §§2-13. 

2. Consider two quadratic forms with coefficients in p, 

ji = aoa*+ 2aia5y + a8y2, q2 = \^ -{- ^h^xy + h^f, (1) 

having the determinants and simultaneous invariant 

a = aoag — af, 5 = 5o&2 — ^i> 6 = 0062 — 20161 + 0260, (2) 

Consider a second pair of forms Qj, Q^^ with coefficients -4o> ••! ^% 1^ F 
and invariants J., 5, 0. If there exists in F a linear tranformation of deter- 
minant A which replaces q^ by Q^, and q^ by Q^^ the product of the determinant 

l^ffi + Z^ffel =ay? + B^ii + hii^ (3) 

by A^ equals the determinant 

\^Q, + liQ^\=A^^ + Q'^li + Bii\ (4) 

Hence a necessary condition for the equivalence of the two pairs is* 

J.:a=0:d = -B:6 = square in F- (5) 

3. First, let qi and Q^ be irreducible in F? viz., let — a and — J. be not- 
squares. In particular, Oo ::j: 0, ^ ::j: 0. For a = X — Oi F, y = Oo F, 

ji = ao(X« + oI^), 52 = 60-^' + 2cXF+(iF^ (6) 

c=ao6i — Oifeo, rf = 6oOi — 26iaoOi + 62^0- (7) 
By (5), o = ^^-4, < an element in F* For a; = ^ — ^i'>7, y = A'>7> 

Qi = A,{e + an% Q, = Bo^' + 2C^n + Dyi\ (8) 

C=^t{AoB,-A,Bo), D = t^BoA\-2B,AoA, + B,Al). (9) 

* In the sense J. =s A'a, etc., so that a s implies J. = 0, etc. 
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Dickson: Modular Invariants of a Pair of Quadratic Forms. 105 
Then X—al^ + ^Yi^ F = yiJ + 5)7 replaces q^ by Qi , if, and only if, 

Eliminating ^ from the last two and applying the first, we get S^ = a^ In 
every case, we have 5=dba, p=: =fay. The only further condition is 

ao(a« + a/)=A, (10) 

which states that the form q^ must be capable of representing Aq. We assume 
that this necessary condition is satisfied and let a, )^ be a particular set of 
solutions in p of (10). Then 

-r=a£ — ay)7, F=yf + a>7 
transforms the pair of forms (6) into 

^i = A(P + a>7^), 9, = ^P+2/^>7 + S^>?', (11) 

e=bQa^ + 2cay + dy^, /= ca^ + (d — 5oa) ay — cay*, 1 . . 
g = da^ — 2caay + 6o«^y*- J 

Now g'i=d. Hence any transformation T replacing q^, q^ by Qi, Q^ 
must be an automorph of q^ . By the above discussion, T must be of the type 

^ = T^f ^asr/, yi = s^f ±ryi', r* + a«* = l. (13) 

We proceed to express (13) in parametric form. For « =/= 0, we may set 

r — l=pff(p4^0), r4-l= — a s/p. 
The resulting values of r, s are given by (14) for cr = 1 : 

-t+a^* -2p(T , 

The sets « = 0, r = ± 1, are given by (14) for cr = 0, or p = 0. Hence the 
solutions of r* + a«' = 1 are given uniquely by (14) with p and a not both zero, 
so that the denominators do not vanish. Now (13) replaces (11^) by 

q2=B^^+2Feyi'+Gyf^ E = er^ + 2/rs + gs', (15) 

the values of F and O not being required. In fact, since (13) has determinant 
zh 1, we have the absolute invariants 

A=/^ — eg = F^ — Ea, I=g + ea= G + Ea. (16) 

As a temporary abbreviation, set 

k — g — ea, lr=i{E—e). (17) 
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Then by (14) and (15), 

l=\h^<^+f^cf{f^ad^\l{f + a<ff. (18) 

Postponing the cases p = and (T = 0, we may take p = 1^ a =/= 0. Then (18) is 
unaltered when a is replaced by — l/acr. Thus we set 

B = a — 1/aa. (19) 

Then (18) becomes the quadratic equation 

l{a^ + 4) = k/a — fe. (20) 

But by (16) and (17), 

F^—/^ = E{I—Ea) — e{I—ea) = 4llI—a{E+e)'] = 4l{k — 4al). (21) 

Hence (20) gives 

(al6 + i/y=lk-4aP + ^/^ = iF\ 

e = e± = {/± F)/{— 2al). (22) 

By (19) and (20), 

{a—iey={at' + 4)/4a = {k/a—/e)/{4al). (23) 

Inserting the value (22) and eliminating k by (21), we get 

{a-iBy = S^/{16a^P), S^ = {F±/y + a{E-eY. (24) 

Hence one of the S^ must be zero or a square in the field p. The same result 
holds if p = or if (T = 0, since then J=0,F=e, — g,F^ =p. 

Thborem. The necessary and sufficient conditions that a pair of quadratic 
forms (1), of which the first is irreducible in the field p, shall he equivalent in p 
to a pair Qi and Q^ are that relations (5) shall hold between their invariants^ that 
-4o shaV, be representable by the form q^ , and that one of the expressions 

{C:^fr + a{B,-ef (24') 

shall be a square in p, where C7, /, e are given by (7), (9), (10), (12). 

For a finite field, equation (10) is solvable,**" so that A^ is representable 

by qi . Further, the condition on (24') is satisfied if — ^ is zero or a not-square, 

where 

B=4ab — e^ (25) 

is the resultant of (1). Indeed, by (22), (21), 

♦ Linear Groups, p. 46. 
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But by (16), (17), and /=-4o6, A = — Jl§6, 

h^+ 4af*= {I— 2aey + 4a{A+ Ie — a^)= P + 4a A = —AIR. 

Hence by (23), (24), 

S^S^ = — 16PAlR. (26) 

In a finite field the product of two not-squares is a square ; hence if — R is zero * 
or a not-square one of the S^ is zero or a square. 

Corollary. In a finite field a pair of quadratic forms (1), whose resultant R 
is zero or the negative of a not-square^ and the first of which is irreducible^ is 
equivalent to a second pair if and only if relations (5) hold between their invariants' 

4. The case in which — J? is a square 4^ in p, while qi is irreducible, 
may be treated advantageously by a well known method. Then (3) vanishes 
for two distinct values of XJii in p. Hence the family contains two distinct 
forms each a multiple of a perfect square. Thus by a linear transformation in p 
we may replace the pair (1) by a pair 

ft = ao(a^ + ay«), (Z2=&o(a^ + 6A ao*o + 0, a + 6, (27) 

of resultant — aj bl (a — bf. The first form of an equivalent pair may be taken 
to be A^ (X« + A F«), where A=id^a. For X = ^, F = nid, 

Q, = A,{e + an% Q, = B,{e + Bn^), A^B.^^^O, ai^B. (28) 

As shown in § 3, the transformations of qi into Qi are 

x = a^^ayyi, y = y^zba>7, ao(a* + ay«) = -4o- (29) 

This will transform q^ into Q^ if, and only if, 

bo{a^ + by») = B^, ay{a—b) = 0, b^{a^f+ba^)=B^B. 

Now a^b. According as y = or a = 0, we have 

B =:b, A^/a^ = -Bq/Jo = square in p (viz., a*) ; (30) 

B=za*/b, -4o/^<* = -So/60 6 = square in p (viz., y*), iq/bO. (31) 

For the pair (27), the determinant (3) becomes 

ala^^ + a^bQ{a + b)^li + blbfi^ 

and vanishes for ^/fi = — &o/^i — bb^jaa^. For (4), the roots are —Bq/Aq, 
— BB^jaA^. The conditions for the identity of the two sets of roots are (30) 
or (31), apart from the requirement that the ratios be squares. The latter is 

* Then k^ + 4a/s = 0, k »/» 0, so that the second form (11) is a multiple of the first. This is evident 
since the forms have a common root and the first is irreducible. 



Digitized by 



Google 



108 Dickson: Modular Invariants of a Pair of Quadratic Forms. 

therefore a condition additional to those in the algebraic theory. For a finite 
field, it is shown in § 10 that the two pairs of forms are equivalent if their 
algebraic invariants satisfy (6), and if two modular invariants have equal values. 

6. Finally, let qi be reducible in the field, the necessary and suflScient con- 
dition for which is — a = square or zero. Then q^ may be given one of the 
types 2xy, a^^. By (5), — -4 = square or zero. After a preliminary trans- 
formation we may take Q, to be 2xy or A^^. Then let g'g and Q^ have the 
coeflBcients \ and £<, respectively. 

The automorphs of 2 ay are {hx^ ^"^y), (^^i Tr^x). Hence must 

B, = h,, B^ = hn^, B^ = Jc-n^] or B^ = h,, B^ = k-n^, B^ = kn^. (32) 

Necessary and sufficient conditions for equivalence are that -Bi = Jj, -80-82= &o ^2 
(to which (6) now reduce), and that if 6^ q/b (i = or 2) one of the ratios of 
B^y Bz to 6t shall be a square :^ in the field; while if 6q = 62 = 0, then* 
5o = -B2 = 0. For a finite field the last conditions may be expressed by a 
modular invariant (§11). 

6. For qi=^(h^f Ci==A^i ^ necessary condition for equivalence is 
^ = <2 Oq . The general transformation of the first pair into the second is then 
(<x, rx + sy), where 

Bo=hot^+ 2b^rt + b27^, B^= b^st + b^rs, B^ = b2S^. (33) 

For Oj = Og = 0, conditions (6) reduce to A^ B2 : aQb^ =z B : b =^ square. 
These, with Aq/o^q = square, are sufficient if ig =^ or if ig = 0, &i =^ (whence 
^2 = 0, Bi^O), since AQ = t^aQ and (33) may then be satisfied by choice of 
ty «, r in the field. The condition -4o/ao = square may be expressed in a finite 
field by the modular invariant Q^ (§ 1 2). Iff Jj = ftg = 0, (5) give B^ = B^ = 0] 
further necessary conditions are -Bq : 60 = -4© : Oq = square (viz., t^). For a finite 
field the latter conditions may be expressed by the modular invariants Q^ and 
Jfi(§12). 

7. Every binary linear homogeneous transformations with coeflBcients in 
a given field can be generated by the three types 

x = xf + tf/, y — y'] (34) 

^ = y\ y = — a/; . (35) 

« = »', y = ^y'] (36) 

♦ For 5, = ^j = 2a;y, q^ = 26jXy, Q^ = B^x^ + 2\xy + B^y\ the minors of | A^i + fiq^ \ have the factor 
A, + /< &i . Those of I ^ Qi + ;< Q) I ^^^^ the same factor if and only if B^^ B^ = 0. See % 1. 

t Then q^ = ao**» ^a = ^o**» *°^ *^® minors of | ?.?, + /*?, | have the factor Aa^, + /i6<,. For a second 
pair of such forms, the factor is \A^-\- nB^. The relative invariance of this factor leads to the condition 
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where t and A, are arbitrary noD-vanisbing elements of tbe field. Under these 
transformations the forms (1) become g'l, qj^, with the coefficients 

ai = ao, ai = ai + tao, <4 = a^ + 2tai + t'uQ, \ .^^. 

00 = 08, a,' = — Oi, a^=Oo, h(, = bg, b'i = — bi, Jg = Jo; (38) 

a<'=a*a«, b'i = ^*bi (i = 0, 1, 2), (39) 

Let the field be the Galois field GFlp"] of order p", p>2. Set 

r=l(j>»-l). (40) 

If G denotes a binomial coefficient, we have 

(7r = (— 1)*, {k-iy'=^i k'P^-* {modp). (41) 

i=0 

For the invariant a = aoOg — af of q^ we have 

To the first sum we apply 

a^^^-^r-^r (r>0). (42) 

In the last sum we set y = r + L Hence 

a2-—l = (0505 + 1) or, cr= S oX«i'"**— 1. (43) 

<=o 

We may now show that q^ has the absolute invariant 

g = (05 + 05) a. (44) 

Obviously Q is absolutely invariant under (38) and (39). It remains to establish 
its invariance under (37). Let the latter give to al and a the increments h and (jj. 
Then the increments to o^^ — 1 and Q are 

{alal + l)<ri + aih{a + a^) = 0, (o; + oJ)cri + 5 (cr + a^). 

If Oq 4^ 0, we multiply the former by oj and obtain the latter, since al" =•!. 
If Oq = 0, then cr = of ^ — 1, Oi c = 0, so that Q is unaltered by o^ = 02 + 2 ^ Oj . 
Since a< (of" — 1) = in the field, we have by (43), (44), 

(a2^_l)«_(2« = (o§^-l)(or-l)(r2 = «-l)(o|^-l)(o;^-l)«. 

But {k^'—lf = — {h^' — 1). Hence * 

o«^-l+ g«=/=(o§^-l)(or-l)(or-l). (45) 

♦Concerning invariant /, see Tram. Amer, Math. Soc., Vol. VIII (1907), p. 206. 
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Multiplying this by a and applying the obvious relation a/=0, we get aQ^ = 0. 
Hence aQ = 0. 

A complete set* of independent invariants of qi is given by a and Q- 
Let 1/ be a fixed not-square. Then q^ can be reduced by a linear transformation 
in the G^J'Cjp**], JP ]> 2, to one and but one of the forms 

g'l = a* — vy^, 2 xy, sc*, v a?, Identically zero ; 

a = — r, —1, 0, 0, 0; 

g = o, 0, -1, +1, 0. 

Two forms are equivalent if and only if they have the same Q and a". 

8. If we replace each a« by a« + ^i in the determinant a of ^^^ we obtain 
a + kd + Ji?b, where 6 is the simultaneous invariant (2) of qi and g^g- From Q^ 
we obtain similarly new simultaneous invariants Ki : 

Qa^kl. = Qa+J^' Qi^+lk'K,, (46) 

the exponents > 2t of A; having been reduced by A^^^** = iT. We shall be able 
to apply the invariants K^ without obtaining their explicit expressions. 
For the case p^ = 3, we have 

-ffi = &o«2 + *l«o + *!«2 + M^o — *o*2«2 — hh «o — 60 h CLi — bi 63 Oj,] ^ ^ 
Ki and £^ being interchanged when the a's and &'s are interchanged. 

9. We may now readily derive a complete set of non-equivalent canonical 
types of a pair of binary quadratic forms in the GFl^p^'jy P^^f ^^^ various 
types being invariantly characterized. We begin with the case in which qi is 
irreducible in the field, while the resultant jB, given by (26), is zero or the 
negative of a not-square. By § 3, we may take g'l = a?* — ry*, v being a fixed 
not-square ; q^ = fnqi if J? = ; jg = ea? + 2/xy + gy^ if — B is a not-square, 
where, for arbitrary elements b and 6 for which 6^ + 4 vb is a not-square ( — i2), 
c, /, g is a particular set of solutions of eg — /^ z:zb, g — r c = 6. Thus 6 is a 
fixed element for which X = e{Q + ve) — b is a square, / is a fixed square root 
of X, while gr = 6 + yc. In either case, two such pairs of forms are equivalent 
only if they have equal values of the invariants 6, 6 (since the a's are equal). 

10. Next, let qi be irreducible, and — i^ be a square ^ 0. In (27), (28), 
we may set a = — v, ao=lorr, -4o = lorr. Conditions (30) apply only 

* For proof in special fields see ihid.^ §§8, 18. 
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when -4o/«o is ^ square (whence Jo = ^) ^^^ o-re then trivial. Hence equiv- 
alence arises only when (31) can be satisfied. For 6=0, the canonical types are 

qi=a^{7?—vif), q^^h^of (ao= 1 or v, 6o=#=0). (48) 

Consider (31) for 6 :^0, a = — v. If — 1 is a not-square, A^ja^ must be a 
square, whence -4© = ^> ^o = — ^o^h'f ^ = ^/* J t^^ canonical types are 

q, = a,{a?-vf\ q, = bo{a? + by") {a, = l or v, b^^zO, bzfzO, —v\ (49) 

only one of each pair (Jq, b), ( — bQb/v, v^/b) being retained.* 

If — 1 is a square, (31) requires that A^/aQ be a not-square. Taking ao=l, 
Aq^tiv, we have -Bo=— 6o^> B^zv^/b; for these values (27) and (28) are 
equivalent. Hence for — 1 a square, the canonical types are 

qi = ^-vy', q, = bo{^ + by') (6o =#= 0, 6 :#= 0, — i;), (60) 

and no two such pairs are equivalent. However, the pair (50) has the same 
determinants and the same value of 6 as the similar pair with Bq^= — bob/v^ 
B = v^jb^ but not for* any further pairs. Hence new invariants are required to 
distinguish two such pairs. Similar remarks apply to (48) and to (49). 

To this end we determine the value of the absolute invariants K^r andf Ki^ 
defined by (46), for the case Oj = Jj = 0. Then Qa-\.kh becomes 

<3'a + *5 = J^os + J^«o, F^={a, + hb,f^{a, + kb,y- {ao + kboY, (51) 
J^ao being derived from Ffg^ by interchanging Oq with a^ and 6o with b^. By (41), 

{ao + kboY^= 2 {-lyk'blar-'^ 

i=0 

The coeflBcient of A^^ in Fq^ is therefore J 

^lc^biai-']l{-iy'-'br-^ai]. 
i=o 

Applying (02) to the subscripts, we obtain the required terms in F^. Set 

02= ccoa, b^= b^by as in (27). Then the terms free of aj, b^ in Kzr are 

Kl = am^ k {-iyc){a^-n^ + an'^'^). 

*For example, if & is a not-square, we may restrict b^ to the squares; if & is a square it may be restricted 
to the squares /3 for which the pairs (/3, v*/p) yield all the squares q^ 0, — v, 

t In 811 we employ Kj, But for aj = ftj = 0, Kr = a^^ ^ \a^ + (- m (a - br = 0, since (- a)^ + 1 
equals j»^ + 1 = 0. 

X There are no further terms in k*"^ obtained from Ar*^ = A;>^, etc. 

16 
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In the first sum replace j by t —j\ and hence r —J by J. Thus, for 6© ^ 0, 
K^r = al[{-iy + b^]lk {-iyc]an^-r^=ai[(-iy + b^]{b-ay. (52) 
The sum of the coeflScients of k and A;*^+* = A; in J^ob is 

Replace a^ by Oq^; *2 by bob. Let l>'*>3, so that t>1, aj'"^ = a5-^ Then 
the terms free of aj, Jj in -ffi are 

jr/=a5-i6o{'ra'^ — T— a«^-i6-a^+ 2 (— iy-^c;(a^--'6^ + a^-l6«^l~0}• 
In the final terms of the sum replace y by r + 1 — j. There results 

We shall employ JT/ only for a :^ 0, 6^ = (—1)"^^- Then 

K,^=arHo\-a'-n-a^+ i^{-iy-^ {cj + cj^,)a^'n^. 

Since c] + cj.j = c}'^\ we have 

ir/ = - al'' bo a-i (a - by^\ if 6^ = (- l^S T > 1. (63) 

For the forms (48), Kf^= — (— l)^a5, by (52), so that oj and hence also 
Oq is absolutely invariant. Thus 1511= — a^v is invariant. Then by (5), 
6= — dobov and hence also bo is absolutely invariant. Thus E^^, a and 6 
differentiate the forms (48). 

For (49) we have —la not-square. We set r = — 1. Then 

\q,\ = al=l, \q,\ = blb, 6 = aobo{b + l). 

For such pairs of forms, the above are absolute invariants. From 

^=±ao, 5S5 = J§6, AoBo{B + l) = a^bo{b + l), 
we obtain, by eliminating B and Ao^ 

{Bo^bo){bob/Bo^l) = 0. 

We need only examine the sets (± bo, 6), since the other sets (=b bob, 1/b) are 
not retained in the types (49). By (52), (53), 

K^ = al{b^ -l){b + vy; K, = aj"^ h v^' {b + vy^^ if b^ = 1, 

since r is odd and > 1 for 6 a square (6 =^ 0, —v implies 6 = v when jp^ = 3)' 
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When Oo and h^ are changed in sign, so also are K^ and K^^ and at least one is 
not zero for each & q/b 0. Hence the invariants differentiate the forms (49). 
Finally, for (50) we have — la square, r even. Then 

ir^ = (6^ + l)(6 + i;)^; K^z=z-v-n^{h + v)^^ if 6^ = _1. 

Each is changed in sign when \ is replaced by — Jo^/^i 8*^^ 6 by v^jh. Hence 
the invariants a, &, 6, K^^ Ki differentiate the forms (60). 

11. To differentiate pairs of forms of which qi is 2x^, we employ K^y 
defined by (46), for Oq = Oj = 0, Oj = 1. Then Qa^th becomes 

<=o 
Since the constant terms within the brackets cancel, terms in h^ = h^^ are 
obtained only by employing the term of highest degree in the final binomial. 
Hence the coeflScient of h^'' is 

This must equal Q^ + Kl\ where JT/' is the value of K^ for oo -= Oj = 0, aj = 1. 
Hence, by (44), j^^^jj^j.^ 

Hence to the conditions B^^zh^^ BQB^=.h^\ in §6 for the equivalence of 
2xy, q^ with 2xy, Q^j we may add -B; + -^ = *o + *2- From the latter and 
BlBl^=^hlhlj we find that B^^ Bl must equal, in some order, hi, bl. Hence 
the algebraic invariants a, b, 6 and the modular invariant K^ fully differentiate 
all pairs of forms of which the first is reducible, but not a multiple of a 
perfect square. 

For a complete set of canonical types in which qi =: 2xy, we may give q^ the 
forms in the following table, which shows the values of the above invariants : 



9s 


k.l 


e 


K 


26,3!^ 


-6f 


— 26, 





(ta^ + 26, xy (iw = 1 or v) 


-hi 


— 26, 


^' 


x« + 26,xy + 6j/ (6,:^0) 


6,-6! 


— 26, 


1+^ 


vo* + 26, scy + v<?p* (c#: 0) 


r*c»-6f 


-26, 


— 2 



where ftj, ij, c are arbitrary, while i; is a fixed not-square. Obviously these 
pairs are differentiated by the given invariants, necessarily absolute in view 

of 2i- 
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12. Finally, for q^ = 0^0?^ q^ = b^^, the theory in § 6 is readily completed 
invariantively for a finite field. In view of the absolute invariants 

Qa = — aS, ^1 = — TaJ-^Jo, 

necessary conditions for equivalence are Aq = oj, -4;"^ Bq = aj"^ Jq- Multiplying 
the latter by AqOq and applying the former, we get aQBQ=: AqIq. Hence 
5q : 6q = Jq : Oq = square. These, together with conditions (5) on the algebraic 
invariants a, 6, 6, were shown to be suflBcient conditions for the equivalence of 
two such pairs of forms. 

As canonical types, when qi = Oo^*, we may take 

q^ = a^a?{aQ = l or r), g^g = h^ + ht^ {h = 1 or v), 2xy, or 60^:^ 

For 2^1 = 0, the canonical forms of q^ are given by § 7. 

13. As a partial summary of our results, we may state the 

Theorem. Within a finite field of order p^y 1> !> 2, two pairs of binary 
quadratic forms are equivalent under linear transformation if and only if the 
algebraic invariants a, 6, B of the one pair equal the products of those of the other 
pair by the same square and the {absolute) modular invariants Q^, K^j -Kr, K^r have 
the same values for the two pairs of forms^ 

Reduction of two Quadratic Forms in the QF\V^'\ ; Their Invariants. 

14. Consider two quadratic forms with coeflScients m the 6r-F[2'*], 

yi = OoO^ + ajay + agy^, q^ — \7? + 6ia:y + b^y\ (54) 

Under transformation (34), these become forms with the coeflScients 

ai = a2 + toi + <«ao, V^ = b^ + tb^ + f\, a[ = a,,b[=b, (t=0, 1). (65) 
Transformation (36), which now merely interchanges x and y, gives rise to 

{a^(h) {hh^)' (56) 

Obvious (relative) invariants are aj, Sj and the resultant 

ii; = ai&§ + 6|aS + a^{a^b\ + a^b^b,) + b^ {a\b^ + a^a^b^). (57) 

16. We are led naturally to an important invariant (58) of a quadratic 

*Tbeie seyen inyarianti do not, howeyer, form a complete system ; there exist inyariants of odd weights 
I hope to take up this problem on another occasion. For p = 2, see §$ 31-S5. 
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form qi by determining the necessary and suflBcient condition for its irreducibility. 
First, let qi be irreducible in the GF\2'^'\ ; then each a^^O. For 

x = ao'^'X, y = ai^'ar'Y, 
we have 

qi = X^ + XY+ yF*, y = Oq a2/af= aoOgaf"^ or aQO^a^, 
according as n > 1 or w = 1. Let X= ^ + ty^, Y= y^. Then 

qi = ^'+^y! + cy!^ c = f + t + y. 
The latter is solvable for t in the 6ri^[2^] if, and only if 

n-l ^ 

Xi^) = XiY\ where xi^) = 2 «* . 

If ;f(y) = 0, we could choose t to make c = 0, contrary to the irreducibility 
of g'j. But x^ = Z' Hence a necessary condition for the irreducibility of qi is 
X(y) = 1. The condition is also suflScient ; for, if q^ vanishes for X=:rYy r in 
the (ji^[2^], then 7^ + r = yj so that ;f(y) = 0. Bence a^a? + a^xy + a^y^ is 
irreducible in the GF[T''] if and only if JJ^ = 1, where 

n-l ^ ^ 

J7^= 2 (aoaf -^Ojg)* ifn>l, H^ = a^a^a^ M n=l. (58) 

<-o 

This function is unaltered by transformations (39) and (56). We next show 

that it is unaltered by (55). If w== 1, then f = tj so that the increment to Ha, 

under (65) is ta^ai {a^ + Oq) = 0. Next, let w > 1. Since 

(r + «)«* = / + ««* (mod 2), 
the increment to H^^ is 

""lot at^"'-'^^ e' + Vag*""' af^^'^ f'^\ 

In the first sum the term given by i = may be replaced by the summand 
for i = n. In the new first sum we replace i by t + 1 and obtain the second 
sum, since the exponent 2*+^ (2** — 2) of a^ may be replaced by 2^(2** — 1+2** — 3) 
and hence by 2*(2**— 3). Hence* H^ is an absolute invariant of qi in the (r^[2**]. 

A further absolute invariant of ^i analogous to (46), is 

4 = (ao^-l)(ar-l)«— 1) (7n=2"-l). (59) 

The invariants aj, 5^, la of ^i are independent f (§ 20). 



«Cf. TraMoetioM, 1. c, pp. 218-214. 

t Cf . ihid^ S 28 ; in the second table of % 26, K is a misprint for x- 
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16. To obtain simultaneous invariants of the pair (64), we replace each 
a« by a« + kbi in an invariant of qi. Those obtained from JI^ &^^ functions of 
ai, 6i, JS;, JJb, -B (§ 30)- For /^, we set 

/a+*5=/a+ ^J^'^Vr^ (60) 

We shall study the invariants V^ directly from the preceding definition. 
We can, however, obtain their explicit expressions, noting that, as in (41), each 
binomial coefficient C7f is odd : 

F^=(a{r-l)(a3r-l)a?-^65 + (a? + 6?-l)C7, 

+ 2V"*""''&r*^i+ 2 air''h^-''^''0,, (61) 

1=1 I=r+1 

C7i = (a|r-l)ar'Ji+(«r+65r-lX-'6S 

+ 2'ar*JSar'^M~*+ 2 al^'* bj, a\-' b^''''' . (62) 
Thus, for n = 1, 

T^i = (ao-l)(«i-l)6« + (a2 + 6s-l)(6oJi + Jo+^ + ao*i + aiJo)- (61') 

17. We pass to the reduction of the pair of forms (54), of which jj is now 
assumed to be irreducible in the OF [^2^']. Applying the transformations 
defined at the beginning of §16, we get 

qi = ^' + ^V + cyi', q, = e^'+/^yi + gyi\ (63) 

where 

« = Jo/«oi /=&i/«i, 9 = t^bo/a^ + tbJai + b2a^/al, 

c being a fixed root of ;f (c) = 1, t a root of <* + ' + <h<hl^i = c* ^^^ further 
reductions we must apply one of the automorphs of (63x) : 

^:(^r+V+l)^)' «' + «^ + o^' = l;^ = Oorl. 

Since | J. | = 1, A replaces q^ by a form with the same /. Hence it suffices 
to normalize 

The eliminant of qi and r^ + SYi is 

E^ = s^ + sr + cr^. 

Since E^ is the resultant of forms (63), E is absolutely invariant under A 
(a verification is given below). Now A replaces r^ + srj by p^ + orj, 

p = ra + «/3, <r = (rT + «)a+ { re + «(t + 1) } i^. 
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The determinant of the coefficients of a and ^ equals E^. Thus 

a^^.= p{rc + «(T + l)}+<y«, i3^„ = p(rT + «) + <rr, 

Hence if E^ = E^ ^ 0, there exists a transformation A of determinant unity 
which replaces r^ + syj by p^ + Cyi. Next, j&„ = implies r = « = 0, in view 
of the irreducibility of qi. Hence two pairs of forms (63), with the same root c 
of % (c) = ly are equivalent if, and only if, they have the same / and equal 
resultants. To obtain canonical types, we may set r = ; then g^^ +/9i = ^^* 

It follows* that two pairs (54) having JB^o = 1 are equivalent if, and only if, 
the ratios a\:b\: R are the same for each pair. 

18. The necessary (§ 16) and sufficient conditions that qi shall be reducible 
to ^yj are H^ = 0, % :^ 0. To prove them sufficient, set 

x={l +(hk)i + kyi, y = af^(aof + >7)- 
Then 

y, = agZP + ^>7 + Z>7«, l=aok^ + k + a,/i4. 

If JJa = 0, we can determine k in the GF\_2^'] to make Z = 0. Indeed, if ao = 0, 
we take A; = Og/af. If Oq^^O, set < = ao%; then OqZ =<* + < + a© ««/^i- Hence, 
as in §16, < can be chosen to make aoZ = 0. Under the above transformation. 

The resultant of ^>7 and q2 is R = BqB^. If B^^O^ we multiply ^ by Bq^^\ 
Yi by By^ and obtain 

<?i = f>7, ft = f + a^l&l^>7 + l^>7^ 

The case ^o = 0, ^2 q/^ 0, is reduced to the preceding by interchanging ( and 97. 
Finally, let ^^ =: jS^ = 0, necessary and sufficient conditions for which are 
&Q = a^^ Oq &| , &2 == ^^ ^ ^u ^B i^ directly evident or as may be verified by 
eliminating k between Z=:0, B^^^O. Then 98 = af^&i9i. 

The two canonical types obtained when £ = may be differentiated by the 
absolute invariant Vi . For 00 = 02 = 0, 0^ = 1, 

F, = 6,(6-_l)(6-_l), 

by § 21. If 60 = 6« = 0, Ti = 61; if io =#= 0| ^1 = 0- For the special case 61 = 0, 
we distinguish the pairs by the invariant /^ . 

* The trantformation nted to reduce (64) to (08) was of determinant l/a|. Hence the resultant S* of (08) 
equals \/a^ times the resultant fi of (54). It is not difficult to rerify this directly, employing the abore ralues 
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19. Next, qi is reducible to P if, and only if, ai = 0, /a = 0, the latter 
showing that ao and a, are not both zero. To avoid a separation into cases, 
we apply the transformation 

^ = af~^ X + ol"*"^ Vj ri— (^'^'^ a + af ~^-^ {a^-^ — 1) y, 

of determinant oj* {af — 1) — aj* = l, byi^ = 0. Solving, we get 



x = a§""'-^(af-^-l)^ + c^'*"' 



-.s^-^-i^ + ^r^ 



Hence 



>7i y = ai 

?i = P, q2 = P,^' + \^n + My i3l = ^- 

For ^ = X, >7 = ?X + A; F(A; :^ 0), we get 

If 6i :^ 0, jB = 0, we take I = /3o/Ji, A; = l/6i, and have g^g = -^ 5^- 
If 6i = 0, i? :^ 0, we take I = ^y^R-^^^ h = R-^\ and have q^ = F^ 
If 6i q/b 0, i2 q/b 0, set p = R^^^bl, and take A; = l/ij. Then 
q, = BX' + XY+f>T^ pB = pP, + pbJ+{pbJY, xip^)=X{pfioy 

According as ;f (p^o) = or 1, we may take -B =0 or a fixed root of ;f (5p) = 1. 
For q2j H^ is %(5p), so that the two cases are distinguished by the invariant fli,. 
If 6i = -R = 0, the types qi = X*, g'a = -B X*, are diflferentiated by the 
invariant Fj = 5. In fact, by § 21, for Oq = 1, aj = 02 = 0, 

F, = 6o(6r-i)(ir-i). 

20. Finally, jj vanishes identically if, and only if, /«= 1. As to g'g, we 
note that the types for a single form have been distinguished invariantively in 
§ 15, and in the opening lines of §§ 18-20. This fact is shown in the following 
table, which is given primarily for convenience in the computations below : 



Case 


CoeflBcients 




a, 


la 


ffa 


A 


jao = a,= l, 02 = 0, ;k(c) = 
1*0 = 61=/, bt=ie+cf 


i. 1 


1 





1 










B 


ao=zai=0, ai=l 




1 








C 


Oo= 1, aj = a2=0 













D 


ao=ai=ajj=0 







1 






An inspection of the table shows that the invariants are independent : no 
one is a rational integral function of the other two (§ 23). 
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21. For each case A, ••, D, we shall determine the value of la+kh from 
the definition* (59) and then compare the result with (60) to determine the 
value of Vr. We consider the simplest case first. For the binomial expansions, 
see (41). 

(D) /«, = l+*-(/,+ l); F, = 0(r<m), F^ = /5+l. 

m m 

(C) /= ( 2 Af i5)(*"ir- l)(^*r - 1) = 2 k^mhT-l){b^-l), 

K = 65(6r-l)(6r-l). 
(B) / = ( 2 Af 61) {IT 6jr - 1) (A:™ b^ — l), 7, = bl {b^ — 1) (6? - 1). 

(A) I=[[i+kf)'^-iyi{ke + c{l + kf)]'--l2 

= [(1 + k/y — 1] [ife" e~ — 1], since (»'» — 1) » = 0, 

m m 

= (2Ar/')(A!™e» — 1)= 2«f/'-(e"' — 1), F^ = /^(e«— 1). 

In case (D), 7^ = if n > 1, Fi = /^ + 1 if n = 1 (m = 2~ — 1). The 
properties of Fj are essentially diflferent in the cases n > 1, n = 1 ; likewise the 
relations between Fj and the earlier invariants. This diflBculty would be largely 
obviated by the use of F^ in place of Fj as the fundamental new invariant. 
While F^ (like Fj) serves with the earlier invariants to completely characterize 
the various types of two quadratic forms (§ 23, Note), F^ does not, forn >• 1 
form with those invariants a complete set of independent invariants (§ 29), 
whereas F^ is found to possess this important property. Since it is essential to 
preserve Fj if n>* 1, we shall to replace Vi when n= 1 by a modified form Zj, 
such that Fi (n > 1) and Zi have similar properties. 

It will be seen that there results complete uniformity for every n in the, 
properties of the new invariant replacing F^, its relations with the invariants 
ai, JJfli • • I *°d ^it^ *^® ^ri if we set 

Zr = Vr{r<m), Z^ = F^+/a(/.+ l), (64) 

for every n. For w = 1 (61') gives 

Z, = a,b,{a,+ 1) (a, + 1) {bo+l){b, + 1) 

+ (a2 + Ja + l)U«oai + ao + ai)(6oii + io + &i) + ao2>i + ai^o}. (64') 

* We may alto ate (61)-(62). In case (A), each C| s/<. 

16 
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|(^ = 1,-., 



m). (66) 



The above results and those for I^ in § 20 give 
(A) Zr=r{^-1); (B) Zr = bliK-l){b?-l)i 
(C)Z, = 65(6r-l)(6r-l); (D)Zr = 
Since (T*=(r, (f=a if or = s^ — 1, we have* 

Zr = Zl (66) 

for every set of values of the a^ in the field. Hence (66) is a formal equality. 

The importance of Zi lies in the following interpretation. If qi is not 
identically zero, Zi=zt if gi = tqi, Zi = if qz/qi is not a constant. If 
5^1 = 0, then Zi = 0. 

22. The following table gives a complete set of non-equivalent canonical 
types (§§ 17-20) of pairs of quadratic forms in the 0F[2^'\, and the values for 
each pair of a set of invariants completely characterizing the types : 





9i 


?8 


«! 


hi 


h 


n 


B. 


s^ 


R 


^1 


I 


a? + xy + ci^ 


/»»+/By+(e + c/)y» 


1 


f 





1 


Xi 


c« 


A<r-i) 


II 


xy 


7? ■\- fxy -^^ Rf 


1 


f 











Xt 


R 





III 


xy 


/«y 


1 


f 





/••»— 1 











/ 


IV 


7? 


5a? + aBy + p2/« 





1 











1 


p* 





V 


a? 


ay + ffy* 





1 














<F* 





VI 


7? 


y* 




















1 





uVII 


X» 


\7? 











6ir— 1 











h 


oVIII 





a?-\-xy + cf 





1 


1 








1 








,i^X 





xy 





1 


1 

















X 





7? 








1 

















.srfF 














1 


1 















n-1 



aluBi^Here xi^) = 2 «**, w = 2** — 1, c and B are particular solutions of ;f(c) = 1, 

i-«0 

X{Bp) = 1, while p =^ 0. In the following abbreviations 

(^») n= (/»-!)(«'» -1), Xi=r' + Xi/^^e), X^ = Xi/^-^^). (67) 
the exponents are to be replaced by unity when n = 1. 



*SpMial eaiet may be teen by Inspection from (00), since /* = /. Thn* 



(p = 0; r,p = l,a,..,2^-l). 



0*6) J 1=»W.''l-'+p=»V+l 

TIi6 AAine relations hold between the C*b in (62). In fact, d^ enters (61) only with the coefficient C^; hence 

the coefficient of aj* in rj it C* . 



Digitized by 



Google 



Dickson: Modular Invariants of a Pair of Quadratic Forms. 121 

23. Theorem. The invariants Oj, 61, la, /&, JB^, Ej,, R, Z^ of a pair of 
quadratic forms in the G^J'[2**] are independent: no one is a rational integral 
function of the others with coefficients in the field. 

To prove that a given invariant is independent of the others, it sufiSces to 
specify two pairs of forms for which the given invariant has distinct values, 
while each of the remaining invariants have the same value for the two pairs of 
forms. These requirements may be met as follows : 

Oj: //, 7,/=l, i2 = (T = 0; E^: 1,111, e = f=0; 

b,: 7, F/,(r=l; E^: VEI^IX; 

lai F//, -T/, 6o = 0; B : F, (T = 0, (T = l; 

4: II,III,f=B = 0; Z,: //,///,/= 1, i2 = 0. 

Note. In view of (66), the proof holds true if we replace Zi by any Z^. 

24. Of the preceding eight invariants, a^, bi, R are relative, the remaining 
five absolute. In the proof in § 23, ai^bi,R each had the values 0, 1 (and hence 
their ratio is not a power of the determinant of transformation), when the other 
seven invariants were equal. Hence all eight invariants are necessary to 
characterize the canonical forms; in §§17-20 they were shown to be 
sufficient. 

Theorem. TSjdo pairs of quadratic forms in the C?i^[2**] are equivalent if and 
only if the ratios a\:biX R and the absolute invariants 7^, J^,, 5^, JBJ,, Zi have the 
same valu^for each pair of forms. 

26. We shall establish certain important relations between the invariants 
by verifying the relation for each set of values a^, b^ defining types I-XI of § 22, 
and by noting that the relation continues valid when a^ ^^^ ^1 ^^^ multiplied 
by A, R by A*, where A is any mark :^0, so that A*^= 1. The relation 
will then be true for every set a^, bi in the field and hence be an identity. 
We begin with 

x[.{aib,f^B]=zaTH,+ bTffa, E^iE^ + I^+ 1) = H,iSr + I,+ l), (68) 

in which 2^ — 3 is to be replaced by unity if n = 1. We have J^ = except 
for /; aiR = a^Ei,= 0, except for / and 11. Hence proof of (68i) is needed 
only for /and 7/, when it reduces to (eTg), (67^). Note that x^^X^f ^ *^** 
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As to (683), ffa = except for I, ffj,=0 except for /, //, IV, VIII Taking 
these cases in tum^ we give the relation to which (68) reduces and then its proof: 

(I) e'^ + 7t+ 1 = (e*^ + 1) ;t;i ; ^^^ = (^"* — 1)/""* since 6(6"^— 1) = 0. 

(II) = {B^+ l)xt, since {R^+ 1)B = 0. 

(IV) = p"' + 1, since ^4^0. 

(VIII) = 1 + 1 (mod. 2). 

By a similar argument we readily prove that 

Zr = {aT-l){bT-l)\B^ + {Ia-l){Ii>-l)\+a,br'Z,, (69) 

IaZ, = I^Z, = BZ, = 0, ffaZi = Hj,Z, = aT-'b,ffa{^-'i)' (70) 
From the definitions of the invariants, we have by inspection 

aila =h,I, = RIa = Rh = B^Ia = B^h = 0, (71) 

aTHa=Ha = H!, bTH^, = H^, = HS, ^ = la, IS = Ii>, (72) 
while, of course, for any invariant k, 

Jc^+i = k^'' = k. (73) 

26. Other needed relations will be derived from (68)-(73). Multiplying 
(69) by bi Z;, we get b^ Zl = aib'^ Z/+^ . The case s = m shows that 

6,Zi* = ar+^-*6*Zi (& = 1, ..,m) (74) 

is true when Je = m. We prove (74) by induction from & to A; — 1 : 

b, Z!"-' = a, bf Z^ = a^ ^-^*-^^ b\-' Z, . 
Similarly, we multiply (69) by a^Z} and prove that, if n ]> 1, 

a, Zl* = aT"*-'"* tr^*""^ ^1 (& = 1, . . , m), (75) 

in which we may suppress the m in the exponent ofbi if &>1, that of % if A;=l. 
By (74) and (75) for A; = 1, we get, if n > 1, 

bf Z^ = &f -^ (af Ji Z^) — dJ^b'^Z^ — of -^ (ai if Z^ = af Z^. (76) 

This result follows at once for any n from the table in § 22. By (73)-(76), every 
product containing Zi and formed from a^, &i, Zx can be reduced to 

Z,', Z^, .., Zr, oTZi, a{b{Z, (i,y = 0, 1, .., m-1). (77) 

27. For n>l, we multiply (68^) by a^bi) then R^ has the coefficient 
(oi^i)*, where 

& = (2^ — 3) 2* + 1 = (2'^ — 1) (2* - 1) + 2« — 2*+^, 

the first part of which may be suppressed by (73) if i < n — 1 ; while if 
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»■ = n — 1, we may reduce A; to 2" — 1 = m. We multiply the resulting relation 
by Ha and apply (72i), by Hj, and apply (72g), and get 



hTBaB'''-'=HaX(a,hiy"-'*^'R'* + aih,Ea + a,b,ffaS^, (78) 

i=0 

a^H^R^'"'' = ffj,X +a,b,ffj, + a,b,HaH^. (79) 

Multiplying (78) by Hj,, or (79) by H^, we get 

Ha fl, R^""' = Ha H^ia, h.Y'' -''^' B'\ (80) 



28. We proceed to reduce as far as possible the exponent ft of i2 in a 
product formed from a^, Jj, Ha, H^^ R, in which initially ft>0. First, let R^ 
occur. We first eliminate the terms involving Hj, R"^ by (683). Multiplying the 
latter by aj*, and applying (72^), (79), we have H^R^ expressed in terms of 
22* {t < m). By (681), ai b^ R"" is a function of the R^ {t < m). Hence the 
coe£Gicient of -B"* may be assumed to be a linear combination of the aj, J*. 

Next, consider a product involving i2*(2^-^< *< m). By (79), (78), (681), 
(80), a term with a factor a^Hj^R^j biH^R^y Oj&ijB*, or H^Hi^R^y may be 
expressed in terms of R^ (<<]&). Hence the coefGicient of R^ may be assumed 
to be a linear combination of b\Hi,^ a\ H^j a|, bi. 

Let the same reductions be effected in the terms involving R^ in (69) and 
(70). In (77), we suppress Z^^" if n>l, but af Z^ if n = l, by means of the 
reduced form of (69). Employing also (70)-(73), we have at once the following 

Theorem. Any rational integral function of the invariants 

<h) hf h} h} Sa} Shi ^f ^1 (81) 

may be reduced by means of relations (68)-(73), together with (76) for n = 1, 
to a linear function of 

lahi al4, 6I/„ al5,/„ b\H^Ia, 

a\bl, ojilfla, b\ain^, (AHBaHj,, 

a\b\R\ a\blHaR', b[aiHj,R% a\b{HaHj,R' (c = l, ..,2'»-i-l), |^ (82) 

aJi^^ 61+^22^ a{HaR\ b\H^R^ (d= 2^-^ . ., m - 1), 

alR-, b{^'Rr, a\b{Z,, a^^Z,, Z,\ Z,\ .., Zr\ 

where r, « = 0, 1, . ., m; t,/ = 0, . . , m — 1 ; m = 2** — 1, the invariant a^Z^ 
being suppressed t/ n = 1. 



Digitized by 



Google 



1 24 Dickson : ModvJ,ar Invariants of a Pair of Quadratic Forms. 

For n = l, the third and fourth linee of (82) are missing^ while the last line 

includes only 

B, a,R, b,B, Z,; (82') 

and the final relations (70) may b? reduced by (68i) to 

HaZ,= Ej,Z, = H,E^. (70') 

29. For n= 1, 2, 3, we prove below that every invariant of the pair of 
forms (54) is an integral function of the eight invariants (81), which thus form 
a complete system. The proof is so conducted as to show incidentally that the 
invariants (82) are linearly independent. The latter thus form a complete set 
of linearly independent invariants of the pair of forms. 

Although the first seven invariants (81), together with Z^^Z^^ completely 
characterize the various canonical types of two quadratic forms^ they do not 
form a complete sytem of independent invariants. In fact, every product in- 
volving Zfn reduces, in view of (70), to a\ 6f Z^ and a function of -B, We 

may restrict i andy to values < m. For, by multiplying (69) by af — 1 and by 
Jf — 1, we see that af Z^ and b^ Z^ equal Z^, plus a function of -B, . . • . Hence 
the present list of linearly independent invariants is now smaller than (82), 
lacking terms corresponding to af Z^, Z/, . . , Z^'^. 

30. The method of obtaining simultaneous invariatits from the invariants 
of a single form by replacing each a^ by a^ + kbi was applied in § 16 to /„, but 
not to ffa* I^®t 

Sa+ki> = 5a + &"* fib + 2 &* JS, (m = 2^— 1). (83) 

For use in § 31, we note that when n = 1, 

/Si = 02(00 &i + Oi&o + 60*1) + h{(^oh + Oi^o + «o«i)- (84) 

If we interchange the a's and ft's, replace k by k^'^y and multiply the result 
by kk^^''^k = &"*, we obtain the same expression as when we merely multiply 
a by k^. Hence Si and S^-i are permuted by interchanging the a's and Vs. 
Again, since H^ = fl, 

Si' = S,i, Si^^i=S,i^, (i<2»-0. (85) 

In view of the two results, every /Si may be obtained at once from Sx if w < 3 
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from /Si, /%, S^ if* n = 4 or 6. For any n, we shall determine the values of /Si, 
and for n ]> 3 those of /%, and S^ for the four cases enumerated in § 20. 

(D) JJ^ft ^TC^H^,, each /Si = 0. 
(C) H=zk'^H^+ s\fe^-^ &r-« J3)'* , 

i=0 

the exponents of & and bi being replaced by unity if n = l, so that /Si = Jii^. 
For w ]> 1, the only non-vanishing /Si are obviously 

^m-.* = 6r-'*^' 2|* (i = 0, 1, . ., n - 1). 
Thus iSi = Jfil if w = 2, iSi = if n > 2, Sa = S^^O if n>S. 

If n= 1, /Si = &o^«- The binomial coefficient 6^"*~^ is odd if, and only if, 
y = 4 7 or 4 Z + 1. Now » 2*= 1 = 2"(mod m) gives «= 2^"*; thus y + 2 = 2^"* 

makes CJ^^^ even unless n — t=l,y=0. Hence /Si = (ft© &«)**" for every n. 
To determine /^ for n > 2, we note that a 2*= 3 (mod wi) gives «= 3 • 2^"*. 
For i > 1, y + 2 = 3 . 2**-* makes Q"*~* even unless n— » = 1, y = 4. For i = 1, 

y + 2 = 2**-^ + 1 makes Q even. For i = 0, y = 1. Hence Ss = (Jq *2 ^i)^"*"^ 
+ hQ b^ bi . Similarly, the four possible cases for % give 

^5 = ih h W'' + {bo h hf'')\ n>Z. 



= (1 + h/y^-zc^' + 2 [(1 + A/)™-^*c]** 

since 2 c«* = 1, 0^= 1, O;^"^"^ =y + 1 (mod 2). The terms of 8^ have 
y 4. 1 = < 2**"* (mod m). As above, we find that f 

S,=f+e{n>l\ Ss=r + re+/^, /S^ =/* +/*^+/^(n> 2), 

while by a special examination, /Si = 6, if n = 1. 

* If fi = 6, we would need 5|, /9,, 8^, S^^ 8^^ i^w 

t 8j =/» + /•« +/*«« +/M. Note that /», = JTj for « = 3, /S^ = JTj for n »8. 
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We deduce the identities 
S, = (a^ + h + ay^h^)R{n = l\ S^ = {a\—l)hiR + a^E^ + a\h^H^{n=^\ 
S,==af-^B''"'' + af-n,H,{n>2\ 

Ss = af'niE''''' + a^''-n,R + af''blHa{ny.3\ | ^ ' 

S, = of-' b\ R'"^' + af-' b, R' + af "-« &f 5, (n > 3), 
with the additional terms (aj — 1) blR^ in S^ if n = 3. 

Determination op All the Invariants in the (rJ'[2"], n<3. 
31. Let n = ly so that the a^, &< are integers modulo 2. Then 

4 + jg;. + aj + 1 = /« = 02(00 + a^ + 1) + ooai + Oo, (87) 

V, + S, + Ij, + 1 = a =(h{h + h) + 63(^0 + a,) + O061 + o,&o (88) 

are invariants of the second degree defined hy the earlier invariants (68)^ (59), 
(61'), (84). We may also derive a from Ja^uh = •'a + *«4 + *<^- 
Any integral function of the o^, &< may be given the form 

f) = Ea^ &2 + Fa^ + (? ftg + -ff (-2^, • • , functions of Oq, Oj, &o> ^i)- 

Under the substitution (55), with < = 1, ^ takes the increment 

02J^(6i + 60) + hE{a^ + a^) + \E{a^ + a^){b^ + \) + J^(oi + Oo) +G{\ + b^)}. 

If f) is invariant the three parts must be zero (mod 2). Hence 

E = ex{l +6i + 6o) + <%*o6i, «i = «i(l +% + ao) + <iOoOi, 
i^(o, + Oo)=(y(J, + &o), 
where «< and << are constants. Hence the invariant 

^' =^—t2ffa^,— ^zJa^h — h SaJh — H^aJh 

has J?' = 0. Then by (56), no term of ^' has a factor a^b^ or Oq&o* This 
property is true of the following invariants : 

Jay <r, Oi&i<y, 61 <y, Ojcr, 6i(/a + <y)i -S;*, h^af 
in which the coefficient of 02 has the respective values 

«o + «! + !, \ + hj «i6o6i + OiJi, &oii + *i* %6o+«iii, 

Subtracting constant multiples of the preceding invariants from ^^ we obtain an 
invariant ^i having Ei = 0, and such that ^1 lacks the terms 

1, 601 «1^0^1* hy ^l^Oj «l^l> ^«ly ^^l^li 
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no one of which occurs in a later one of the above combmations. Then 

jP\ = cao + dai + ea^b^ +/io*i' 
But Fi (ai + Oq) must vanish when 6^ = 60. Thus F^ = 0. Hence no term of ^i 
contains o^ or Oq. Thus ^^ = ^^ + ay ^^y where the /?'s are functions of the 6< 
only. But a^ is an invariant. Hence /?2 and ^^ must be invariants. But the 
above discussion shows that every invariant involving only the a« is a linear 
ftinction of /^^ ^aj ^- Hence the ^'s are linear functions of J^,, JSj,, h^. 

Theorem. Every invariant of a pair of binary quadratic forms modulo 2 
is an integral function of a and the invariants of the separate forms; every 
invariant is a linear function of the followvng twenty : 

HaHj,, HaJj,, H^Ja, JaJi>, o\Hj,, b\ ff^y a}/,, M^a, «! ^f , a\bia 

(*,y = 0,l). (89) 

If we eliminate H^^^aiJa and Ej, = 61/5, we obtain 

a\bi{l, c, Ja, /z,, JaJj.) (*,y = 0, 1). (890 

The product of any two invariants (89') can be reduced to a linear function 
of the same by use of the relations 

aJa^a^a + Cy cJf, = bia + a, (90) 

and a^ = a^, etc. For the resultant of the forms, we have (end of § 32) 

i2 = (1 + a^b^)a + b^J^ + a^J^. (91) 

Then (861), (93), (87), (88), (64) give the other invariants in terms of (89'). 

In the notations of § 28, it now follows forn = 1 that every invariant is an 
integral functions of the eight invariants (81), and that the twenty invariants 
given by (82') and the first two lines of (82) form a complete set of linearly 
independent invariants. 

32. For any n we set, in generalization of (87), 

Ja = Ia + Sa + ari-h Ji> = Ii> + ffi> + br-l{m=2^—l). (92) 
Then, by (71) and (72), 

Ea = <^Ja, Si>=hTJj,y 4 = (ar-l)(^a-l), Ii>= {b^ -l) {J^^-l). (93) 
The invariants of a single form may therefore be expressed in terms of two. 
Hence the eight invariants (81) may be expressed in terms of six. For n = 1, 
we expressed (in § 31) all the invariants in terms of the invariants of the single 
forms and one additional invariant a. But, for w]>2, there exists no com- 
bination G of the Sx and invariants (81), other than B, in terms of which B can 
17 
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be expressed rationally. Indeed, for the two pairs of forms under 7 in § 22, 
with (T = and <t = 1, respectively, the invariants (81), other than J?, take the 
same value, while Si = by (86). When n = 1 or 2, Si=a or a^ for forms V. 
The exceptional nature of the case n = 1 is due to the relation (86) : 
R = Si + {ai — 1) (Jj — l)B which, by (69), enables us to express B in terms 
of Si, Zi, ai, 6i, /«, Ij,. For n = 2, (86) gives 

{Si-albtHJ = {a\bl + al + bl)B\ 

so that, by (69), B^ can be expressed in terms of /Si, Z^, etc. 

33. Next, let n = 2. Let the general polynomial 

0,1,2,8 

4» = 2 A>^l H (^'s functions of Aq, aj, &o, i^) 
become ^' under transformation (56). The coefiScient oft in f)' — ^ is 

with r + * > 3, the values of the E^g not being required in the treatment here 
employed. The divisons by 2, r! el are to be performed algebraically and the 
quotients alone interpreted in the GF[2^']. A second* annihilator of an 
invariant ^ is given by the coeflBcient of t^ in ^' — ^; it may be obtained from 
(94) by applying the substitution (eio^i) {hh)f *s follows from (65) for n = 2. 
We shall designate by {k') the relation derived by applying (ooa,) (6o*i) to a 
relation {k) deduced from (94). 

The coe£Gicients of a|i|, a|2|, a^&l, afig in (94) give 

ttj Z)88 = hiDm= a§Z)88 = *§ ZJgB = 0. 
Hence 

J988 = c(a|!- 1) (a?- 1) (6?- 1)(6?- 1). 

After subtracting clalj, from 4), we have ZJggZzO. Then, by (56), no term of 4) 
has a factor oS&J. For Z>88 = 0, the coefficients of a|&|, af&g, a,&|, of, &|, Ogi, 
in (94) give 

«i-D« = 6iZ>28, aiZ)8i = 2^0^28, &i^i8 = «o^88, (95) 

hiD^ — ^Dfa, «iA8 = aS^», og^ai = *o-0i8- (96) 

Let ^ij be the coefficient of 6J 61 in /)»• By &o (96i) + 61 (96{), 

(^0 + ^1) -^88 = 0, 5io = ^20 = ^01 = ^08 = 0, 5o8 = ^80 = ^00 • 
* That gWea by t' is a consequence of the other two. 
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By (963), a§ Z)8B is a multiple of bi . Hence 

aS8oo(l+6§) = 0, 
so that 5oo has the factor aj — 1. But in ^, 5^0 = ^ is multiplied by 6J. Since 
a factor oIqIq can not occur, ^qq = 0. Hence 

Df^^^^ijblbi {i,j = 1, 2, 3). (97) 

By Jo (96i) + h (96i)i ^® h*^^® (^ *i + ^1 *o) ^sz = 0. Hence 

«o«ii-i = ai «i-ii (<,y = 1, 2, 3), (98) 

in which a subscript is to be replaced by 3; note that in (97) each subscript 
take distinct values modulo 3. Since 8sj is free of a©, (98), for » = 3, requires 
that OqSsj-i ^^d hence each S^j be a multiple of a^. Then by (98), for < = 1, 
aii^jy and hence also ^gji is & multiple of Oq. Thus 

8 8 

5jy = a? 2 c;* aj' + oo 2 dj^ of (y = 1, 2, 3), 

*=i jfc=i 

the o's and d^B being constants whose subscripts may be reduced modulo 3 
without causing ambiquity. Then by (98), for i = 3, 

^zj = 4i c^-ik at' + a§ I dj_,^ ai"' + (of - 1) 2 p^< oj. 

Now aj 5i^ = Oq 52j_i , so that the latter has no terms free of a^ . Thus 

P«1 = 0| P«8 = ^.-U> pa8 = P»o + Cs-11 (« = 1, 2, 3), 

^3^ = oS 2 c^.i* af-^ + a§ 2 rf^_i* o*-^ + p^o (oj - 1) (af - 1). 

Now the coeflBcients of a| 6| in jETb ^ and jET^ -SJ, i2 are 

(a2-l)(af-l)6§6f, Ooajio Jf + «S^6S&? + aS«!^ii. 
Hence by subtracting from ^ constant multiples of 

b\S,I,, a\b{H,H^R (t,y= 0, 1, 2), 

we may delete from D^ the terms og Z^Jj, ojijaf Jf («, r = 1, 2, 3). Then each 
$2r is free of ag, so that each c^i = 0, p^ = 0. In the simplified form of ^, let 
&= Z+ 1, then 

8 8 

^ = Oo 2 d^fcoj, 5„ = a§ 2 d^_i,+,ai 0' = 1. 2, 3). 

*=i 1=1 

By (98), for t = 2, Oi 5y = Oq^^.i, so that 
5y = aS I rf^,,+i ai-» + K- 1) J,' = ai| 2 d^,^,at^ + ^-1) J,, 

1=1 1=3 
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where A^ and A are functions of a©. Replacing Ihy 1+ 1 and applying (98) for 
♦ = 1, we see that a^A^i = 0, so that, by (97), 

8 8 8 8 

J=l l"il /"-l 1=1 

where A = {al — 1) (aj — 1), and the Cj are constants. Then by (963), 

A8= 2 h^' ]6?a§2 + blaoX + 6o«§2H- (*!- 1) G^y 

the sums being the same as in D^. By 00(963) + Oi(95g), 

(a§6o + af6i)A8 = 0. 
Hence ao &o ^ = 0, so that 

G = {bl—l)Xha',+ c,{al-l), 

where the k^ are functions of %; Cj, a function of Oj, Jq- By (963), 6§/?i3 is a 
multiple of flo- Hence 60^8 = 0, C8 = ^(&o — 1)- The total coefl5cient of aj 6? 
in /?i3 must vanish; by the terms free of ftj, ^13 = ; by the terms in 61, each 
dji = 0. By (962), ao/?i8 and hence each k^ is a multiple of a^. By (962), ai As 
and hence aiG is a multiple of Oq, whence aj Atq = 0, A\) = 0. By subtracting 
from f) constant multiples of a^j^a^ (^== ^i ^9 ^); ^^ i^^y delete from D^^ the 
terms 

ao^"(iS- !)(*!— 1) (r = l, 2, 3). 

Then k^ = in G, bo that 

Z)32 = &o-4l&i(T^, D^-{bl-l){bl—l)k,a^, k,= k gja{. 

By (95i) and (950, />88= (&§— 1) (6?— 1) JF*, where ^ is a function of a^ 
and Oi, free of oj. By (962), alk^ = alF. Hence A:8 = 0, /?i3= 0. By (962), 
aojP=0, i^=0, 2)28 = 0. By (963), (95^, D^ = AKy where, as above, 
A = (al — l){al — l), and iT is free of 6J. By (96(), b^K = boX b^^Cj, 
so that fi'=2 6{^^(T^. Then (96i) gives 

2 b{aj = 6g2 Moj, or> = (y = 1, 2, 3). 

We have now proved (99) and hence by (56) also (100) : 

D^=D^ = D^ = D^ = As = 0. (99) 

No term 0/ ^ has a factor ag6g, aj&§, ag&g, aj&o; «o*o- (100) 
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In (94) the coefficients of of, J|, Oj, 6g now give 

«i^80 + ii^a = &o^02, &i ^08 + ai^iB = «o^«, (101) 

a§Z)8o + 2^i>i2 = ii/>u, 6o^oB + fl^ Ai = «i -Du. (102) 

The relations derived by applying (oo^) (^oM *re designated (101'), (102'). 

Applying the result (100) to (lOlj), we see that Djg does not contain 

ajj «o*oi ^o^Of lior at)6J, &g by (lOlg). Applying (102') similarly, we get 

in which the d^ (and the e^ below) are functions of o^, hi. 

By (102), D^ must be free of a^h^ and Oq, since neither agJo i^or oj occur in 
Z^Z)i3 or ftjAi- I^ tl^ifi manner (102) and (101') show that D^ is free of ao6o; 
«o, «o*o, «o; -Ooe free of Oo&o, *oi Oo^o, *§; ^12 free of Oo^o, hj «o*oi «o; Ai free 
of a^\j ao, ajftoj ^o* 

We shall simplify ^ by subtracting constant multiples of certain invariants 
satisfying (99). By (57) and (61), the coefficients of a|6j in Z? and Zi are 
obviously 1 + af 6f, af Jj. Multiplying the former by 1, a*, 6* (&= 1, 2, 3), and 
the latter by a\h{ {ifj^=^ 0, 1, 2), we obtain 16 linearly independent combinations 
of ojaj (r, tf = 0, 1, 2, 3). Hence we may assume that D^ is free* of 6g. Em- 
ploying 6J^, we may assume that the coefficient of ogao is a multiple of Oj. In 
S^R, the coefficient of a| is ao«i*i + ^o^i^o^i + «o«i*o; ^^^.t in jETa-R*, the 
square of the latter; that in (a? — 1) Z^ ia alb^ {al — 1) (if — 1). Employing 
a* Ha i?, aj&{ fl^^ i2, (af — 1 ) -Zi (i, y = 0, 1, 2), we may assume that the coefficient 

8 

of agio in D^ is 2 c^fti. The coefficients of of in aj(&i — 1) JB^-B and 

Z\ + a\hiZi are 

ao&gal+i (&?-!), ao6S(«i- (*?- !)• 

Hence we may take the coefficient of Oo^ft? to be zero. 

We next subtract invariants satisfying (99) and lacking a\. Employing 
a\ /^ (r = 0, 1, 2, 3), a{h{Hi,R (i, j = 0, 1, 2), we may reduce the coefficient of h\ 

in /?0B to 2 hh\. The coefficients of (a\— 1) H^R and J3;,i? + af JfjU^i? are 

aWhi{a\—l)^a^hlh\{a\—l). Multiplying these by &{(i = 0, 1, 2), we may 
assume that in D^^ the coefficients of aWc^ and a^V^d^ are constants. 

*The InyariantB used Uter Uck t^^J. At each stage the invariants nsed lack all terms previously deleted 
in ^. 
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Without introducing a| or 6|, we subtract constant multiples of a\b{EaHf, 
(i,y=zO, 1, 2) and eliminate the terms aJ6J(r, « = !, 2, 3) multiplying a§6g 
in Dfg^. Hence 

8 

D^ = alei + a§&o 2 c<6J + aoble^ + 6§€b + &o«4 + «6, 

8 

i?o8 = «o<?6 + *o 2 *<61+ a§ Jo^ + «o*8^8 + «o«9 + ao^io + «Uf 
where 6^ is a multiple of a^, e^ lacks if, while the coefiScients of af in ^7 and ^g 

8 8 

are constants, and c^= S r^al + 2 «i&i. From (101'), 

i=0 i=l 

8 

D^ = ag 2 c<&} + aoio(«8 + 6f rfi) + ao&o^8 + «o«4 + ^o*!^* + ^<^6 + (*o — l)«i8, 

8 

As shown above, D^ is free of Oo&oa ^oJ -^a ^^^ of Ooio* ^o- Hence ^3, ^4, eg, e^o 
are zero. In relation (lOl^) the coefficients of a§ and o^Iq give 

8 

By the first, each c^ = 0, aj^i = 0, e^ = 0, since ei is a multiple of aj- By the 
second and the above properties of 62,^1, we get c^ = 0, di^szQ. The 
coefficients of bl and a^bl in (lOl^) now give 

8 

i=i 
In e^ and Cg the coefficients of af are constants. Hence A;< = 0, eg=0, e7=c(af — 1), 
c a constant. By the coefficient of ajftg in (102i), 6^ = 0. The further conditions 
from (101) are now 

(ij = (4=^4= ^6 = 0, ^5 = 6i«i8 = &i«7; ai^6= «1^13= &ien = 0. 

The earlier conditions now give e^ = 0, Cj^ = ft^ aj e, = 0. Hence 

D2Si = bobie^y -^80 = 0, /)oB = a§&o<?7, -^12 = «0*0^ + («0 — 1)^18; 

-Da = (6g— l)«i8 + 6i^7, C7 = c(af — 1), 6iei8 = 6i€7, aiei8 = 0. 
Then (102^) gives ^^ = 0, dy a multiple of &i, whence ©7 = 0. Then (IO22) 
gives ei8 = 0. Hence JoAi = ^Ai=0 by (102'). But no term has a factor 
ogJJ. Hence 

D^ = Al = /)80 = ^08 = ^12= ^81 = 0, (103) 

No term 0/ ^ 7ui8 a factor a§J§, a^b^y og, 6§, ao^oi «o*o- (104) 
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In view of (99), (100), (103), (104), we have 

<^ = Z)oo + a» Ao + «l^«o + 6»^oi + 6i^(», (105) 

where each D^^ is a linear function of a^^ a*, h^y &§> with coeflficients involving 
Oj, hi. Subtracting af 6ji2 (r, «< 3) from 4>, we may assume that D^ is free of V^. 
In a{h\H^y h\^^{R^ + a\b\R\ for i = 0, 1, 2; r = 0, . ., 3, the coefficients of 
a|a§ are af 6J {k = 1, 2, 3), &{+*; hence in /?ao the coefficient of a§ may be made 
a constant I. Thus 

D^ =r ?a§ + Cioo + C^a&o + Q (C^'s functions of aj, h^. 
Next, fiJb and a? i? + aj JJ i2 + 6^ Ha are free of a| and have 6§&f and JJaJ 
as the coefficients of i| . Multiplying the former by h\ a[ and the latter by 
a\ (t < 2, r < 3), we may assume that the coefficient of hi in D^ is a constant X. 
Thus 

Z)og = Xig+CiaS+ CiooH- <76*o+Ci (:i constant), 
Ao = a§q, + aoa + i§Cio + 6oQi+Ci3, Ai = «§CiB + aoQ4 + 6SQ6 + 6o^i6+ Ci^. 

For 4> given by (105), the terms free of Og, h^ in (94) give 

oi Ao + 6i Ai + «o^s» + 6§^flB = 0. (106) 

Prom this and the relation derived by {a^a^ (*o*i)i we get 

Ci=:0(i=l, .., 8,10,12,13,15,17), G^ — la\y On=Gi^, GiQ = Xhl, 
ai09 + *i<7i4 = if (^iGu + hiGi^ = X. 
By the last two, ?= X = 0. Then J^Cu = a^Gu = 0, 

Ci,= Q, = C7<, 7t = (a?-l)(&J-l). 
From f) we subtract o times the invariant 
nR*z=n{a^ho + ha^) = (af + &f + l)ii? + af &f 22 + ai6i(ir^ + A,), 

and have every Oi = 0. Then 4) = />oo is free of Oj, &2 and hence of Oq, &o by (56), 
so that f) is reduced to zero by subtracting multiples of a\ hi (r, s<zy 

The invariants which we have subtracted from ^ are seen by inspection to 
be linearly equivalent to the invariants (82). 

Theobem.* Every invariant of a pair of quadratic forms in the QF [2*] 

* In an earlier proof, I first determined the linearly independent invariants of weight = 1 (mod 8) ; then 
those of weight = 2 by squaring the preceding ; finally, those of weight = by noting that if J denotes the 
aggregate of the terms free of a^ and 6j in ^, then ^ = tt/ + JT, where Jr= (a,» &/ + a,» + b^)I \% found by 
multiplying the invariants of weight 1 by a^ and &,*, in turn. Those of type tt/ contain only D,,, 2)„, D^,, 
Ai> Att -^00 ^^^ ^^^ found very easily. 
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is an integral function of the 8 independent invariants (81) ; indeed^ a linear combi- 
nation of the 144 linearly independent invariants (82), /or n = 2. 

34. For the GF[2^'\^ the general polynomial 

4> = 2 /?„ a; J| (r, « = 0, 1, . . , w = 2^ — 1) (107) 

receives under the transformation (55) an increment in which the coefiScient of 

/fP ly^ iQ 

i=0, ..,m-p 

the C7's being binomial coefficients and the accent denotes that i and j are not 
both zero. Let T^p^ denote the coefficient of t^ in (108), n^ij that of ^* in P<y, 
after the exponents have been reduced by means of <"*+^ = t. Such a reduction 
occurs only for t+y>2""^ For n>l, we have* 

^ip. = (p + l)aiZ)p+i. + ((T + l)&i^p.+i + XTtujOr^Cf^D,^,^ (109) 

(i = 0, .., wi — p; y = 0, .., m — c; i+y>2^-^), 

the final sum being absent if p + <t ]> 2 iw — 2^"^; 

^2P. = (p + 1) «o ^p+i. + (<y + 1) 6o /?p,+i + <^ Gt^D^^„ + 6? (7^^ /)p.+3 (110) 

{i<m — pyj<m—a, i+y>l + 2**-^), 

the final sum being absent ifp + (T>2m— 2""^ — 1. 

In this modular theory, it appears to be sufficient to require the vanishing 
of the coefficients T^,„ of <* for * = 1, 2, 2«, .., 2^*-^ (cf. Transactions, 1. c, 
pp. 210, 213, 214, etc.). For n > 2, 

T,,. = al Gt' />p+2. + 6§ Gt^ />p.+2 + oo 6o (p + 1) (<y + 1) A+i .+i 
+ aoafQf+»Z)p^8.+af&o^r'(<T+l)/)p+2,+i + ao6fQ'+«(p+^ 
+ 6oi! Q'^'^p.+a + a\ Cr'D,^,. + alb, Gt'{c + l)Z)p+8.+i (HI) 

+ af &f a^' C;^^ D^, .+3 + «i 6? Q'^' (p + 1) /?p4-i .+8 + h\ G:^ D,^^, 
+ 2^4p,<7r*C;'+^A+i.+> {i<m-p,j<m-a, i+y>2 + 2--i). 

If we write p and i to the scale of base 2, C7f^ is odd if each coordinate oft 
is less than or equal to the corresponding coordinate of p, viz., if the partition of 
p + 1 into p and i takes place in the coefficients of the various powers of 2 

* H«re and below, termB preceding the summation signs are to be suppressed if tliey contain a 2> with 
subscript > m. 
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separately. In the contrary case, (7f+* is a multiple of the modulus 2. For 
example, since m = 2** — 1, we have when n]>l, 

(7jr+* = 0, CS"-^^ = 0, 0?*+» = 1 (mod 2). 

Hence we have, by inspection, 

For an invariant 4), these must vanish. Thus 

Dmr. = d{al^-l) (b^-l) (ar- 1) (tf- 1). 

Hence ^ — dlalb has Z?^^ = 0. For n>3, various Z?'s are now necessarily 
zero, so that the above T^& simplify materially. In fact, the special relations 
discussed at any stage may be chosen so that the coefiBcients of the Z>'s involve 
tti and 64 only in the combinations aj\ bl\ af ', if. Thus the eflfective parts * of 
the conditions (108), when used in a convenient sequence, are given by t = or 
y = and so may be determined by inspection. 

35. Let next n = 3. As in § 34, we may set D^^ = 0. By (56) no term 

of 4) has the factor al JJ . Thus Oq /? = 60 ^ = imply Z) = 0. In Ti^j , t = 0, 

y= 4, 5, 6; but /= 6 leads to Z)„, j = b gives (75^+* = 0, while y = 4 gives 

6j/?^5 = 0. Similarly, 7^35 gives aj 2)75 = 0. Permuting the a's and Vb, 

^n7 = «o^6T, ^168=60^67. Hence As = At = 0. For Z)„ = 0, 

^272=^0-^78* 2a(j3= aoX?78, ^227=^ ^0-^871 ^28§ ^=^ ^0 2)37 , 

whence D^^^^ D^=^ 0. In view of the latter, 

^178=^0-^701 ^l« = ^0-^«7> ^=^-^871 ^188 = ^ -^76 > 

whence D^^ = D^ = 0. Next, 

^61 = ^0-^66* ^=^0-^88* ^=^0-^68; 

thus 7ii5 = oj D^y etc., so that the three D^s vanish. Hence 

A7 = A8 = A5= ^78 = ^87 = ^68 = ^7=^66= ^87 = ^88 = 0. (ll2) 

The remaining 54 D's have non-vanishing values in R^ or S^R'^. By (56) 
No term of ^ contains ajftj, albl{i = 7, 6, 5, 3), ajftj, a§6g, ogftj. (113) 

* In the final snmB in (109), . ., certain of the tt's yanish for n > 2. For example, if » = 8, khj = for 
ij orji = 50, 41, 54, 64; ttj,^ = for < + j = 6 (i;^ 3); tt* <y = f or < j = 60, 43, 24, 06, 62, 44, 26. Bat at 
the stage at which the relation is used the coefficient of such a factor n is zero, so that there is no gain in 
employing that fact that certain of the k vanish. 

18 
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After deleting the I^b in (112), T^ for «= 1, 2, 4, p,<T= 70, 61, 52, 43, 
64, 62, 54, 51, 32, 31 give binomial relations* involving only the following 
twelve Dtj : 

Ai, ^«, i>n, I>e6, ^ffl, D«, ^B, At, D„, D^, D„, D„. (114) 

6,Z)„ = JSA4, ai2)„ = JS2?„, biD„=l^Du, a^D^ = hiD„, (116) 

aiDn = biDn, aiD„=biDti, ci^D^ = h\D^, a^Dn = btDn; (116) 

boDn = MD„, a„2)„ = 6fZ?„, 6o^B8 = %'i>«, ao2)„ = afZ)„, (117) 

a,D,^-b^D^, a^D^ = b,D„, a\D,^=^D^, a^Dri = ^D„; (118) 

6SZ)„ = 6}2)„, 6§2>« = J}D„, a§i)„ = 6*Z)„, alD„ = b\D„, (119) 

a§A* = ^o^«, aSi?„ = i§2)„, (^«D„ = 6*2)„, a\D^ = b\D„. (120) 

The binomial relations 7„p, with the same p, a, may be derived by inter- 
changing the a' a and i's (and hence permuting the subscripts of Z>^); they will 
be designated (115'). 

By 6o(116,) + ii (118,) and 6S(115,) + J§ii(117i) + b\{119,), 

(ai 5o + oo *i) Ai = 0, (65 + &I) A* = 0. 
The discussion of these is similar to that in §33. By the second and (II64), 

A4 = 25«^*JM (»,i=l, ..,7). (121) 

Then the first gives (98) for i,J< 7. But, by (113), ^^ is free of oj, oj, oj, aj. 
Then (98), for t = 7, t = 1, shows that i^j is a multiple of a, Oq : 

T 7 T 

5,^ = aS2c,*af + a§2d,*af + ao2e^*«^ (y=l, .., 7), 

k=l k=-l k=:l 

the 0, d, e being constants whose subscripts may be reduced modulo 7. Then 
(98), for » = 7, gives 

8tj = a^Gj + a^Dj + <^Ej+{a\-l)Tj, Cj = Xcj.i^at\- ■ • • 
We may introduce a term from Tj into Cj and set 

Oj = X cj^ut at^ = 2 c^i ,+1 ai (& = Z + 1 ). 

A similar modification may be made in I),, E^. By (98), for i = 6, Oq 5e^_i and 
hence Oor^^i is a multiple of aj; thus a^Tj_i^=^0. By (113), S^j lacks oJ, 
Hence T^i = for every j, so that 

7 7 7 

^ej = «o 2 Cj^ii+ia\ + ag2 (?^_n+i ai + a§ 2 e;>.i ^-i «i • 
1=1 1=1 1=1 

• Of these !;„, r«,, ^16,, Ti.,, r,„, T,,, give identities. 
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By (98), for • = 6, 5,^ = oj Cj + oj Z),' + oj Ej + (aj — 1) F}, where we may set 

1 8 1 

C'i = 2c,_8;,+,c^-» + c,_a(al— 1) = 2 c^-g*+,<^-* = 2 c^jt+,ai, 

and similarly for Dj^JEj. By (98), for t=6, Oois^.i and hence aoTJLi is a 
multiple of a^. But T' lacks oj by (113). Hence r'= 0, 

7 7 7 

^6j = «o2 c^2i+2ai + aj2 d>-.2 H-2«i + «o2 e^-a z+gaj, 

7 7 7 

By (98), for t = 4, Oq Sij^i and hence Oq e^_i is a multiple of aj. Thus 

sj = ey (aj — 1), ^i a constant. 

Now the coeflScients of aoalb\ in J3J, /« and HaHf,!!^, which satisfy (112), are 

(aJ-l)6S6;, aJ6j65. 

Multiplying the former by tj and the latter by <3tJ 6/ (i, y = 0, .., 6), and sub- 
tracting constant multiples of the products from ^, we may delete the terms 

oSJJftl, aJJSoJtt (r,« = l, ..,7), 

from Z>74. Then ^4,. lacks Oq. Hence the total coefficient of oj in the above 
expression for S^j must vanish. Thus 

cjk=0, €j=0 (y, A=l, .., 7). 

Since S^j lacks oj, by (113), the earlier argument gives 

7 7 

7 7 

1=1 l«l 

7 7 

where J. = (aj— 1) (aj — 1), 8 and < constants. Since the subscripts of d and e 
are taken modulo 7, (121) may not be written in the form 
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where B^ = 6g «^ -f 6^, t^ . Then ( 1 1 5i) gives 

/>86 =x\b{'' {af-" 2 dj^ ^,a\ + aj«"* 2 Cj^, ,., a\) + {b]- 1) G^, 
ij 1=1 1-1 

where (? is a function of Oq, Oi, 6o- N<>w 

After a simple change of summation indices, this reduces to 

a^blG=0. 
For O = Xcioi^ the latter gives JqCj = (t = 1, . . , 6), &o (^o + c?) = 0, 

G = (6S- 1) 2 A:,aJ + c,{a{,- 1), 

i=0 

where the k^ are functions of Oj; c^ a function of ai, &o> free of 65 • By (12O2), 
agZ>86 is a multiple of 60 • Hence og 2 Aj^o^ = 0, Aj<= 0. By (11 64), fto-^ss aiid 

i=0 

hence ijc, is a multiple of Oq. Thus C7 = 0, G^ = 0. By (113), Dgs lacks ojij, 
aSio- Hence every d and 6 vanish. Thus 

^86 = 0, D,, = ^A, ^=ibi{bl8j + botj), A = {al-l){al-l). 

By (115^), (II81), OoD* = boDti = 0, whence i)„ = by (113). By (1180, 
biD„=0. Then by (1150, (120i), co /)«, = ^o ^« = 0, 2)« = 0. Thus (lio/), 
(1190, i>8« = 0- By (1160, JiA7 = 0. Then by (I19g) and (1190, I>«8 = 0. 
By (1160, ao2>„ = 0. Then (1200 and (1170, /?«, = 0. By (1160, (H^*)* 
D.a = AQ, where by (113), © lacks 6J, iJ, 6§, ig. Then (1190 requires that Q 
be independent of Jq- By (H^O* &i i>ra = *o -^n = 0- Hence Q=:c(b\ — 1). 
As above Co 2>n = 0, whence Z)„ = 0. Then ZJ^* = by (1 1 50, !)« = by (1 1 9i). 
By (116'), (llBg), (1150. At, -Dot, D„ are multiples of 5 = (iJ — 1) (6} — 1). 
Then by (113) and (1150, (H^O, (H^i), ^^ get D„ = atrL, D„ = <4raiL, 
D„ = a^r<4L, where r is a function of Oj such that r{al — 1) = 0, and hence 
a multiple of a^ . Hence after subtracting constant multiples of a{ Ha h > ^^ 
have r = 0. Hence all the D^J in (114) now vanish. Then by (56), ^ has no 

al 6S, oS 6S (t = 4, 2, 1), oS 68, aS *S, aS 2»S, aS &S, «5 &§, a? 6S. (122) 
Since the 22 Z>'8 in (112) and (114) vanish, Tin {h, ? = 1, 2, 4) give 

aSAi = 6SA6, «i^6t = Ji^«, aii)»i + 6ii?a. = aS^« + &J^», (123) 
a^D^ = hD^, a\D^ = ^Da, alD^ + b\D„ = aoDu + b^D^, (124) 

aSD« = ^2>«, atZ>«e = 6t^2., af^n + ^t As = aS Ai + ^S^ia, (125) 
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while Tiio, ^48, 2ijo, ^i4i» ^» ^i» ^ao* ^> ^» ^> ^'iao, TJai give 
aii)TO+6,Z>„ = 6j2),t, a,D« + &,Z)«=6Si)«, 6,Ai = *o^m, «iAi = *o-D45, (126) 
fl^2)ro + 6!-D„=6oAi, afi)„ + 6?Z>« = aoZ>„, 6fi)a8 = *o^8i, 6f2)«=aoAi, (127) 

a}2)TO+&}Z>»4 = 6§I>(B, «lA + 6*^26 = ^^28, 61I>64 = ^^«2, M^« = <"^^«- (128) 

The relations derived from the latter by interchanging the a's and Vb, Dij and 
A,, will be designated (126'), etc. In any A^ certain factors are lacking by 
(113), (122). Then by (126), (126'), Z)« and D„ lack also the factors 

am, ij OT Ji = 70, 62, 61, 52, 61, 43, 32, 31, 

Applying also (125}), we have the first two of the relations 

i>a4 = ^Z?, D„ = <4D, Dfa = h{D, D„=za\D, (129) 

D=diC^l^+dia^bl-\-d,at+di<4ll + dial+de<i^bl+d,ao+dihl+d,l^+diobo+da, 

the d, being functions of Oj, Ji. By (1283), (128^), 

2>„ = 6fZ) + (65— l)m, Dtt = a\D + {di— 1)1 

By (128g) and (I284), aol=a^m^O, 2 = m = 0, whence the final relations (129). 
By (127), (127'), Da and A, lack also the factors 

am, ij OTJi = 70, 64, 62, 61, 54, 52, 43, 32. 

Applying also (123i), we have the first two of the relations 

Dn-h'^E, Du = aiE, Dt^^zb^E, Dt^-a^E, (130) 

the literal terms being the same as in Z)'. By (1269), (126,), 

Z)«=Ji^+(5S-l)e, i>« = ai^+(63-l)e,. 

By (1260, (1 260, aofi = «o6 = 0, Cj = c = 0, whence (ISOg,*). 
Similarly, by (128), (128'), D^ and D^ lack also the factors 

a\bi, ij or Ji = 70, 64, 61, 54, 52, 51, 43, 31. 

Using (124,), (1278), (1270, (1270, (127,), we get 

D„ = boF, D^ = a^F, D^ = l\F, D,t = alF, (131) 

F=fi(4bo+fs<^il+Aal + Aooio +/,ao +/,aoi§ +/X +f^bl +/, Jo +/io*J +/u, 

the literal terms being the same as in E' or 2>*. 

In terms of r = Oo&i + Oi^o, conditions (1233), (1243), (1250 hecome 

rF=r*D, rE=r'D, r^E=r^F, 
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of which the last follows from the first two. The first two are satisfied if and 
only if c?4, e<, /« {i = 3, 4, 5, 8, 9, 11) are constant multiples* of 

n = (al-l)(61-l); (132) 

<hA + 6i/i + a\d^ + h\d,^ = 0, ai/i + hj^ + h\d, = 0, 

ai/e + 61/10 + 6}c?2 + aj^ = 0, a^f^ + &,/« + ajrfe = 0, ]^ (133) 

a\d.i + 6i<ii + ai6i + 61C10 = 0, af^^i + ^1^2 + &i<?i = 0, 

In the following invariants, having the D^^ in (112) and (114) zero, 
H^R\ H^,R\ H^H^R, R\ H^R\ n,R\ H^H^R^ H^R', n^R\ 
the coeflBcients of a| h\ are, respectively, 

Oo^o^^ + Ooio^iM, «o*o*i + ^oaffti, ama\h\, OoJg&i + igaj, 

agftjali} H- alh^a^ + aJJgaf 6? + aoJgof 6J. 

Subtracting the products of the first by a}, the second by 6J, the third by 
a*frj(i,y = 0, . . , 6), we may assume that the coefficient d^ of a\hl in D^ is a 
constant. Subtracting a\R^y ail^Hi^R^ (^S 6, ^^7), we make the coefficient c?io 
of hi in Z)e4 a constant. Subtracting a\h\nal^ and 51+^ P, where f P= Jjii^ 
+ ai h\ Ely R^ has Og 6§ if as the coefficient of a| i|, we make the coefficient ^ of 
ao 60 ^^ ^u * constant. The coefficients of oj 6J in 

S=n^H,,R^ + amn^H^R, H,,R^ + a\h\n^R\ 

H^R^ + a\h\HaR^ + a^h^S 

are aj ij aj ft? + a§ 60 «i *i i «o *o *i + «o *o «i *i ; «o *o «i (*i — 1 ) j respectively. Sub- 
tracting the products of S by aih{ and the second by h\{iyj<Q\ we make the 
coefficient di of aJ5o a function of ai alone. Subtracting the products of the 
third by a\{i<Q\ we make the coefficient of alh^^hX a constant, so that in d^ the 
coefficient of 61 is constant. Then by (133i), 

di=-hi {a\ — 1), c?e = ^6 (ftj — 1) (^1, h^ constants). 

* Aj d ss &i d SB imply that d is a constant multiple of tt. 

I In the last line of (82) occurs also oJJT, which we may here replace by (a{ + b{ + 1)R^ and then, in yiew 
of (68x), by (a{ — 1) {h\ — 1) R^ The latter is used in the next paragraph ; see (140). 
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The diy other than these and the constants d^^^ df, diQj were seen to be 
multiples of n, defined by (132). But, by (126i), b^D^ has every term a mul- 
tiple of Oj or ftj. The same is true of each d<, since a^ and 60 ^0 not enter the 
same manner in two terms of b^D^, by (12 9i). Hence every d^ = 0. Then a 
simple discussion of conditions (133) shows that the e^^f^ occurring in them are 
all multiples of n. Hence every c^,/t {i< 11) is a constant multiple of n. But 
by (127i) and (1282), aoZ^ag and 60^61 are multiples of aj or b^. As above, 
each e< = /< = 0. Hence 

= A6 = A8=0, (134) 
No term of^ has a factor ojio; • • > ^o^o- (135) 

With the vanishing Z)'s deleted, 7\ao, Tigi, T^^ T^j Tiw, T^i give 

aJZ)TO = 6J^w, aSAi=6o^86, 00^70= *oAi, (136) 

a,D,,= b,D^, a^D^-blD^, a^D,, = blD^. (137) 

The possible factors alb{ are now those in which i,y are 

70, 61, 60, 52, 50, 44, . . 40, 34, 30, 25, 24, 22, 21, 20, ) ^^gv 

16, 14, 12, 11, 10, 07, .. , 00. ) ^ ^ 

By (1363), Z>TO cannot contain aj b^^ V = 60, . . , 10, 44, 42, 24, 22, 14, 06, 04. 
By (1372), also 41, 21, 11, 01, 05 are absent; by (136i), also 12, 03, 02. Hence 

J^TO = 2 gr* oj-^ bl +go{al—l) {g'a functions of a^ , 61). 
Then by (1363), 

I)^=^i9i(^bt'' + gsibl-l) = kgj^ialr^bi + g,al-g,. 
i=i i=i 

By (1373), og {gM—g,) = 0,g, = g,. Then (137,) gives 

D^=igiai-'bl^ + g,{bl-l) = Xgj+,at^bi + g,al-g,. 

By (1370, ao(sr3ag — sr9) = 0, sr, = grg, and 

7 7 

^48 = 2 flr<+8ag-*6S"i + giQ{bl—l) = 2 sr^+8«o"^*o + gsol — gio- 

By (136{), gio = gs . Similarly, by (1360, 

^81 = 5 gia^-'btr' + gnibl- 1) = 2 S>+4«5"^*o' + gi^l-gn. 
1=1 j=i 
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By (137i), gn — Qi, and 

^« = 2 S'i+««8-'6r + S'i8(65- 1) S 2 gs^iolr'H + g^al-g^. 
Then (137^) and (137^) give ga = gt and 

7 7 

A« = 2 fl'i+ioS-^i*-'' + sri8(6S — 1)= 2 sr^aJ-^J^ + gM — gu, 

7 7 

^07 = 2^fl'i+B«r*6o"* + 5^14(60 — 1) = 2 sr^+7«o"^ 6^ + 9i(A — 9ii' 

By (ISGg), 5^18 = fiTe. Thus g^^,, = flf^ (A; = 1, . . , 6). All the conditions (1 
(137') are now satisfied. By (126i), (1260, . . , (128i), (1280, 

(ii9i = ^i9i^if <49i=^9i+2f <49i = ^i9i+if (139) 

for every i making no subscript > 14. Conditions (I262), (1260, • • 1 are satisfied. 

By (139), 

oj flf 1 = aj 61 flfg = 0^ 61 . if flf4 = 6f . 6} ^1 , (alH- 61) y 1 = 0, 

1,..,7 

gfi = 2 c^j aj bi + Cqo (1 + aj + ftj) (c's constants). 

In Zi = Fj and Zj^ = 72, given by (61), the coeflScients of ajaj&o are 
1 + ^1 + ^1 and al h^ . Hence by subtracting constant multiples of Z^ and 
a{h{Z\j we may take 3^1 = 0. Then by (139) for t = l, 1x9^ = 0^ g^ = A{h\ — \\ 
where J. is a function of aj alone. By a^g^^:^ ^igzj flti-4 is a multiple of fej 
and hence zero. Thus J. = ^ (aJ — 1). Proceeding similarly, we find that 
(139) gives 

gr< = Z<n(t=2, .., 7), flro = ^(aJ — 1), g^ — a{h\—\\ 

where n is given by (132), ^ a function of 61, a a function of aj, ?| constants. 
Subtracting ^5/^, in which the coeflScient of a5(aj — 1) is ^(oj— 1), we have 
^0 = in 2)70 • Subtracting a/^, in which the coefficient of 62(60 — 1) is 
a(6J — 1), we have <7i4 = in D^. In 

nR"^ = 71(0360 + 6,00)^ (140) 

the coefficient of al is nhl. For r<[7, Zf=Z^ = F^. Hence, by (61), the 
coefficient of a^ in nZj** (1 <[ r<[ 7) is naj"**65. By subtracting* constant 

* Tbo mnltipleB of Z^, .., ttZ^ used in this paragraph are linearly independent combinaUons of the 
invariant! (77), with Z^-* deleted. 
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multiples of these and nB\ we have gr< = (i = 2, .., 7) in Z)^. Hence 
every g^ = 0, 

J9to= />« = /)«= 2>48= ^84 = ^25 = ^16=^01 = 0, (141) 

No term of^ has a factor aJ-*6S (*= 0, .., 7). (142) 

Prom the latter and (138), the possible factors am now have 

i,y= 60, .., 00, 06, .., 01, 44, 42, 41, 24, 22, 21, 14, 12, 11; (143) 

while D^j vanishes unless i, J is one of these pairs. Then TkiQ{kJ= 1, 2, 4) give 

«J2>«)+6JA4=&i^u, ai^6o+6i^4i=6oA4, ai^8o+*i^2i=«S^eo+6J^»4, (144) 
ao2)aD+6oAi = *!^«, cj^'i>8o+6!^i«=6o^u, afZ)ao=6!^« = «o^60+6o^4i, (145) 
alD^+blD^=b\D^, a\D^+b\D^=z^D^, a\D^+b\Du = alD^+blD^. (146) 

We subtract from ^ constant multiples of invariants containing only terms 
(143). Subtracting aj &J B^ (r, s < 7), we delete &g in D^. The coeflBcients of a| 
in HaB and ^^ + a}6}^' are a^l^al, a^b^. Subtracting the product of the 
first by oj 6J and the product of the second by &i+^ {i < 6, r < 7), we make the 
coe£Bcient of aj bl in /)(» a constant. The coefficients of a§ in A = Ha ^* 
+ aJ6f JJ«i2 and p = i2* + of 6f i2» are ojajfe} + ajftjaj and ajif + a§6Ja}6i; 
subtracting a} J/ A and tj^^p (»,/< 6), we make the coefficient of oj in Dao 
a function of a^ only; subtracting a\ (ftj — 1) A, we make the coefficient of aj JJ *i 
a constant. 

The following invariants, free of a§, have the indicated coefficients of 6|: 

H^B: aSJJJf; r = H^B^ + alb\H^B: a^blbl + bla\bl; 
al{B^ + a\b\B^) + b^HaB: a§6jal; a^p + alb^h: 6gaf + aJ6X ^i- 

Subtracting the product of the first by afij, the third by ai(i<6, r<7), we 
make the coefficient of ag b^ in Z>05 a constant. Subtracting the product of the 
second by a\b{, the fourth by a{{i,j<6), we make the coefficient of JJ i^ -^os 
a function of 6i. Subtracting 6f(aJ — 1) r, we make the coefficient of ajio^j 
a constant. 

The following invariants are free of a? and &| : 

E^Ht,, HaB' + a\b\h, H,B' + a\b\r, 

and have aj&gaj&f, aj^o^, oJ&J&J as coefficients of a|&J. Subtracting their 
products by a\b{f oj, 61(^/^6)^ we make the coefficient of a^b^ in D^ 
a constant, necessarily zero by (1442). 
19 
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By (1442) and (144^), feJiJ^^ and 0^2)44 involve only the oji^ given by (143). 
Also Oq &o ^^ ^6^^ deleted. Hence 

Then, since Dqq lacks bly (146i) gives 61^3 = and 

Z>„ = 61 A4aS+diaJ&J+(i2a§6j+d8agig+6}7i2a2+d4ao6§+d5 6S+^ 
/>i8=e«iaS+d2aS2^+d8a*+ci4ag+ci5a§^+c?eaS6o+<'7^+6iA6*^ 
Similarly, (146i) gives a^h^^O and 

^06 = <5iaS+egaj6J+C8aJ+«4ao+<?6«o*o+«6«o&o+«7«o*o+^^ 

In view of the above simplification of D^ and D^ by subtracting invariants, 
bih^ = 0, af A7 = 0, (ii and e^ are constants, the coefiScient of b] in (jg and that of 
a] in 62 are constants. The second members of (1443) and (1443) must involve 
only the oji^ in (143). Hence 

^1 = ^ = ^4 = ^6 ^= ^7 ^^ 0, C^ =: C?4 = ^5 ^ dg =^ 0, ^ = 61^7, C^jg = Cl^ A4 • 

Since &J.A4 = 0, A4 = -4(&J — 1), A being a function of aj only. Then 
(^2 = a} J. (5i — 1). But the coefficient of b] in c^ is a constant. Thus a} j1 = 0, 
so that J. is a constant multiple of a] — 1. Hence ^4 = 071, n defined by (132). 
Similarly, hizzikn^ where c and A; are constants. Thus 6^=0, c^ = 0. Also, 
h^^:zln, Z a constant. Since the terms of left member of (1 443) are multiples of 
ai or &i, the constants di and e^ vanish; in fact, each enters a single term on the 
right. Hence 

2>flo = 6t*2«o + ^*S + 61A3, I>^ = d^al + b\h,bl + b{h,, 
I>2i — o\h<4 + ^8bl + aifhf -Doe = e8aS + a}AB6g + a}Afl. 

Then (146^) and (146^) give 

Hence i)jjg = (r + tw(aj — 1) (6© — !)• But albl does not occur. Hence 
Z>jgg = (r. The terms of the left members of (145i), (146() are multiples of 
ao or &o- Hence &i2)a8=0, aiZ)a5 = 0, Dgg = c^ti, where (2 is a constant. 
Then a = dn gives d = 0. 

In view of (143) and JD22 = 0, (145|) and (146iO show that Z>80 and D^ are 
linear homogeneous functions of oj&o; ^o^oi <h^l) ^0^09 ^o^ ^o^ ^oi ^o! ^^^ 
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-0(18 J -Oa of Oofto, flo^^o, Oo^o, «o&oj «o, ^) «o> «o- But the right members 
of (HBg) and (146^) must involve only (143). Hence 

Djjj = /? a§ 6o + /^ 2>g + V &o i -Dos = i3 fl^ + /[^ Oo 6S + V «o • 

The left members of (1448) and (1443) are now of degree <3 in Oq, \\ their 
right members of degree > 4. Hence each member is zero. Thus 

(iy = eg = 0, a, /?, y, /i£, r, ^2,^8, ^6, \ 

are constant multiples of n. 

In particular, Djo, Z)42, 2)354, ^05 ^ow vanish. By (144^), every term of JJZ)^^ 
must be a multiple of a^ or 61 ; but each h^ is a constant multiple of n. Hence 
-D44 = 0. Similarly, by (1463), a, y, f^, v vanish. After subtracting /85*, we 
have i3 = 0, since 

7ti2« = 7t(a|6g + 6|a§)(et8&o + 6200)- 

Thus Dao, Ai, ^12, ^ob now vanish. Then Ai = by (1462), (1450. In view 
of the eleven Z^s just proved zero and (143), the possible factors aJ6^ are now 

ij= 50, 41, 40, 20, 14, 10, 05, 04, 02, 01, 00. . (147) 

Hence by (144^) and (1440, D^ and Ai involve only 41, 14, 05, 04 ; A* ^^^ ^on 
only 60, 41, 40, 14. Applying also (I453) and (145^, we get 

Z>(5o = sbl, Ai = ««o 60, A4 = ««o *oi A5 = ««o- 

By (144g), « is a multiple of 7«. But 

nR^ = 71(05560 + f>2<^) (««*o + *2«o)- 

Hence by subtracting sE^, we make s = 0. Thus by (147), 

i,y=40, 20, 10, 04, 02, 01, 00 (148) 

give the only non-vanishing Ai and the possible factors ajft^. Then ^^oo, 
Aj = 1, 2, 4, give 

aiAo + 6i^oi = ao^4oH-6o^o4, a?^2oH-6i^02 = «oAo + *oAi, , .g. 

al^iO + 6!^04 = ^^20 + 6S^02. ^ ^ 

The second members must involve only the ajfrj given by (148). Hence 

D4f^=pa'o + qbt + r, Ao= ^«o+ 0*0 + ^T", D^ = pal + abl + X, 
Doi = q(4+ «io + «, Ai= e«o+^6o + ?; D^ = aal + iibi + v. 
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Then relations (149) are satisfied if^ and only if^ 

r = t=U=T=X = v = 0, p = a^P + biQ, 8 = aiQ + biS, (150) 
P = ajp + &f(y, S=ai(y + blfi, f = a\p + b\q, ii = a\q + b\8. (151) 

Subtracting oj 6[ 5^ , 6J"*"^ J?* (i < 6, r < 7, we have p = constant. Subtracting 
aj b\ B^j we have g = 0. In a^ (i2* + a\b{IP)'\-(4 fti H^ and JJ^,, the coefficients 
of a| are zero; those of b^ are b^c^ and &J5f. Subtracting the product of the 
first by a\, the second by ajij, we make « = constant. Subtracting a[6j-B, 
which is free of a|, ftj, we make cr = 0. Then (151) becomes 

p=pa\, ^ = ^6}, P=P<4f S=8b\. 

The final conditions (150) give 

b,Q = p{al + l\ a,Q = s{bl + l). 

Since p and « are constants, we have p=zs=^0, Q=:cn. Hence 

^ = 071(0260 + *2«o) + -^00. 

We make c = by subtracting C7«i2*, since 

Hence ^ is now Z)oo and therefore by (56), a function of aj, fej only. 

In view of the last two foot-notes, it is readily seen that the invariants, 
which have been subtracted from 4^ to reduce it to Sai&i, together with the 
latter, are linearly equivalent to the set (82). 

Theorem. Every invariant of a pair of qtuidratic forms in the G^J'[2*] is an 
integral function of the eight independent invariants (81); indeed a linear com- 
bination of the linearly independent invariants (82), for n = 3. 

Thb Uniybbbitt ov Chicago, Octdbw^ 1008. 
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Surfaces and Congiruences Derived from the CuMc 

Variety Having a Double Line in Four- 

Dimensional Spa<^. 

Bt Virgil Snyder. 



Twenty years ago Professors Castelnuovo* andSegref published a series 
of memoirs on the cubic varieties of oo ^ points in space of four dimensions S^ 
which have been the foundation of many important researches since.;]; 

The most important ideas are those of the apparent contour (section of the 
enveloping cone from a given point by ordinary space) and the systems of lines 
contained upon it which project into bitangents of the apparent contour. The 
treatment in Segre's longer paper is entirely synthetic ; many particular cases 
are mentioned, but they are not considered in detail. The purpose of the 
present paper is to extend the results given in the second part of Segre's memoir 
and to show the connection with a number of known configurations. Part of 
the results of every article of the present paper except the last are given by 
Segre, but the method is analytic and no knowledge of the previous papers 
will be assumed. 

§1. One Double Line. 

1. The most general cubic variety F in /S^ having a double line d defined 
by sci = 0, aij = 0> ^s = t^^Y 1>® expressed in the form 

r = aa^ + hxiX2 + hai + gxiX^ + /x2X9 + ca^=0, (l) 

* <• Sopra nna congraenza del 8° ordine e 0* classa dello spazio a qnattro dlmensioni e BuUe sae proiezioni 
neUo spazio ordlnarlo," AM del litUuto VeMto, Ser. 6, Vol. V (1887), pp. 1249-1281, and Vol. VI (1888), pp. 
626-679. 

f t« Salle variety cnbiche dello spazio a qnattro dlmensioni e sn certi sistemi di rette e certe snperficie dello 
spazio ordinarlo,'* Memorie di Torino^ Ser. 2, Vol. XXXIX (1889), pp. 1-48, and <«Snlla Tarletll cnbica con 
died pnnti doppi dello spazio a qnattro dlmensioni," Atti di Torino^ Vol. XXII (1887), pp. 791-801. 

t Particularly by G. Fano, in the Atti 1st, Veneto (1896), and Atti di Torino (1904); A. Dragoni, in BatU 
OiomaU (1902) ; and H. W. Richmond, in Quar. Jour, (1908). 
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in which a^Xa^Xi^ and similarly for the other coeflBcients. The tangent S^ at 
any point as (0, 0, 0, t^, t^) on d is indeterminant. The second polar J^ has 

theequation <,(„,a^ + .•.•) +«5(«6«^ + . •.) = 0, (2) 

which always contains d. When the point describes rf, J^ forms a pencil, the 
four basis planes passing through d. Three polars of the pencil break up into 
pairs of spaces, corresponding to those values of ^4 : ^5 for which the discriminant 
of (2) vanishes. These points are bispatial on d. The six associated tangent 
spaces define by proper pairs the basis planes of the pencil 

A general S^ will cut F in a cubic surface having a double point where S^ 
cuts d. Through this point pass six lines lying on the surface, which contains 
16 other lines. The plane formed by joining any point P on F to d will cut F 
in d counted twice, and in a line through P. The lines of F cutting d define a 
(1, 6) system. The S^ tangent to F at P will have a double point at P and 
another at the intersection of S^ with d. The line joining them is counted twice, 
hence through P pass 4 lines not cutting d. The residual system of lines on F 
not meeting d is (4, 15). 

The apparent contour from a point on F will have d for a double line ; it 
will also have a double plane containing four other double points on its conic of 
contact. The surface F^ is focal for a (2, 6) congruence having a focal line, and 
a congruence (8, 15). Any plane through the projection of d will cut ^4 in a 
conic. The two tangents to this conic from any point of its plane are the lines 
of the (2, 6) congruence. Any plane n not containing d will cut c2 in a point TI. 
Through n in tc can be drawn six tangents to six dififerent conies of the system. 
On d are three cusps, images of the three bispatial points in S^, and a fourth, 
image of the point of intersection of d with the polar S^ of the center of 
projection. 

When the center of projection is not on F, the apparent contour will be a 
surface F^ of order 6, class 12, with a cuspidal sextic c^ and a double line. The 
congruence of lines tangent to the surface and meeting d is (3, 6). Any plane 
through d cuts F^ in a quartic curve having three cusps. The point 11 is now a 
uniplanar triple point on F^. It is a double point on Cq, with d for a nodal 
tangent. If the center of projection is in one of the tangent planes touching F 
along dy the cubic covariant 6^ is a ruled surface having d for double directrix. 
The Hessian will also contain d] hence, from the equation 

F^ = 4W+ G» = 0, 
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(2 is a triple line on the surface. The residual cuspidal curve is a rational C4 
lying on H^ having d for trisecant. Any plane through d cuts F^ in a cuspidal 
cubic. When the simple directrix of G lies on H^ c^ breaks up into this directrix 
and three generators. In this case 

r = a^ + JBi 0^X4 + 0:5(25 + a|— a|) = 0. 

The four singular tangent planes are Xi = 0, scg =t Xs = ; x^ = 0> ^1 =t ^ = 0; 
and the three bispatial points on d are (0, 0, 0, 1, 0), (0, 0, 0, 2, 1), (0, 0, 0, 2, — 1). 
The apparent contour from (0, 1, 1, 0, 0) on its polar /% or Xg = is 

27 [a;iar2X4 + x^{qi^ + of)]^ + 4 [x^x^ + ^x^x^^ — 0. 

The triple line is Xi = 0, Xg = J ^^d the four cuspidal lines are X4 = 0, X5 = ; 
Xj = 0, X5 = ; Xj + Xg = 0, X4 = 2x5 ; Xj — Xg = 0, X4 + 2x5 = 0. Of these the 
first is the simple directrix and the last two are torsal generators of O. The 
triple line is inflexional tangent for the cubic curve in every plane through it. 

2. If the entire plane Xi = 0, X2 = lies on T, then c = 0. The point 

Xi = 0, X2 = 0, /= 0, gr = is now a double point on T. Let the plane be Tti 

and the double point D^. The pencil Xg = A;xi through tCj will cut T in tc^ and 

a pencil of quadrics 

(a + 2AA; + 6A?) Xj + 2x3 (^/+ flf) = 

which contains d and a variable line passing through D^. Conversely^ if T 
contains a double point not lying on d^ the plane containing it and d will lie 
entirely on T. 

The plane Xj = 0, Xg = is now one of the basis planes touched by all the 
tangent hypercones having the entire line d as vertex and belonging to the 
points of d. Such hypercones are called hypercones of the second species. 

The lines of T form three systems : the first (1, 5) composed of the lines 
cutting d] the second (1, 5) composed of the lines cutting n^^ but not cutting d) 
and a (3, 10) cutting neither. The second consists of the generators of the 
quadrics^ of the same system as d^ while the first is composed of the generators 
of the other system. 

The contours F^^ F^ are now of class 10, have a double point, and are focal 
surfaces of congruences (2, 5), (3, 5). 

3. If r also contains the plane Xi = 0, X8=0, or n^, then 6 = 0. We 
may write /=X4, g = x^ without loss of generality. The point A = 0, X4 = 
or Z>2 ^s ^1^0 ^ double point. The space Xi = cuts T in the planes tci, n^ and 
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the plane ^4= or a^^ passing through both double points and meeting d in 
(0, 0, 0, 0, 1). The pencil hxi = x^ through Tig cuts T in the system of quadrics, 
whose section by (Vx = is the pencil of conies 

These conies all pass through D^, D^ and touch each other on dj the common 

tangent being Ag xg + ^ = 0. It is a bispatial point on d. 

The lines of T are now the (1, 4) meeting c?, the (1,4) meeting iti but not <?, 

the (1, 4) meeting Ttg, the (2, 6) meeting a^. T can be generated by the trilinear 

system 

axi — /3a:8=:0, 

aaJs + i^a + yoTj = 0, 
a«4 + ^{fh «! + A) — yi = 0, 
and its conjugate, where a-^^a — a^x^. 

4. If r also contains the plane ar2 = 0> ^8= or 7i«, then a = 0. There 
is also a double point D^ at A = 0, ars = in 7i«. The variety now contains six 
planes 7I1, Ttg, 71^, cXi, (Xj, a^ and three double points Z>i, Dg, A- Each plane 
Ci cuts c2 in a bispatial point and contains two double points. T has just one 
proper tangent plane touching it throughout d. 

The lines of T are arranged in five systems, all of form (1, 3). The first 
is composed of the lines cutting c2, the next three cut n^ (Xf, and the last cuts 

From a point P on T the apparent contour is a surface of order 4, class 6, 
having a double line with four cuspidal points, four double planes with four 
double points besides the intersection of each with e2, and three other double 
points. It is complete focal surface for four (2, 3) congruences, and the double 
line is focal line for another, the surface being the other sheet of the focal 
surface. 

From a point not on T the apparent contour will be of order and class 6, 
having a cuspidal sextic, a double line and three other double points. If the 
point be taken in the plane D^ Dg D^ = r, the double points will be coUinear. 
The only proper tangent plane containing d is 

The equations of r are 

Ai«i + \x^ — 0, h^x^ + h^x^ = 0. 
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From the point of intersection of these two planes (— ^1^4, — ^Wj ^f ^y ^f^y 
h\h^ F^ will have a triple line and three collinear double points. If the center 
of projection be taken in r on F, a double point becomes uniplanar, and one 
conic of contact in a double plane is two coincident lines. 
5. Finally, it is possible that 

r= AxxXj + «8«8aJ4 + aaXs^B = 

contain another plane passing through d. Its equations may be taken 

It will lie on T if A4 = — 1, Ag = — 1> ^i + Ag + ^-s = 0, and there will be a 
double point (1, 1, 1, Aj, A2) or D^ lying in n^. 

r = x^{xi — Xs) {hix^ — x^) + x^{x2 — xs) (Ajja^i— «6) = 0. (3) 

The four double points are : 

A = (0, 0, 1, 0, 0), A = (l, 0, 0, Ai, 0), 

D, = {0, 1, 0, 0, A,), 2)4 = (1, 1, 1, Ai, A,); 

they all lie in the plane r 

«5 — *2»8=0, X4 — AiJCi = 0, 

which from (3) lies on T. 

Besides the planes r,7ii^T contains 6 planes a^^ defined as the residual 
intersection with T of the space containing the planes TCf, 9<a.. The equations 
of the complete set of eleven planes are : 



«,: 


«, = 0, 


x,= 0. 




n,: 


xi = 0, 


a«=0. 




ntt 


Xt = 0, 


a:s = 0. 




«,: 


ari — »8 = 0, 


a, — 368 = 0. 




(Tb: 


x, = 0, 


854 = 0- 




a a-. 


X8=0, 


x^=0. 




Ou-. 


aa— «s=0, 


hiXi-\-fliXs — Xt — 


- ac6 = 0. 


On- 


a^ = 0, 


hiXi + hsXt — x^- 


-X5 = 0. 


<r«: 


«!— «8=0, 


ht asg — ^5 = 0. 




<r„: 


«8-aii=0, 


hi»i — 864= 0. 




T .: 


hiXi—Xt = 0, 


h^Xg—Xt = 0» 





The planes Tti contain each one double point D^ and (2; the planes a«jt 
contain two double points D^, Dj^ and cut d in bispatial points ; the plane r 
20 
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passes through all four double points and does not meet d. Thus, through each 
point Z>( pass five planes r, nt, a^^. {h ^ i.) 

6. The variety T may be generated by the following trilinear systems : 



III 



««« +^(xj — arj) =0, 

P{^ — «i) + y(*8 a* — a?8) = 0, 
rihiXi — Xt) + axi =0. 

OUCj + /?»! =0, 

^(«i — «») + y ( V» — «t) = 0, 
. y(Ai!r,— xj +a(x8 — ajs) = 0. 



II 



IV 



/?(«! — «%) +ya:i =0, 

.y(^«i — a4) + a(aii — as) =<>• 

axg + ^{h,Xi — Xt) = 0, 

^(sB, — a%) + y{x, — xg) = 0, 

,'y{hiXi — Xt)+axi = 0. 



V- 



axij 

^(»l — JBg) 






= 0, 
Xg) =0, 



y{hi Xi—Xt) + a(AaX8 — x,) = 0. 

The system V consists of lines cutting d and <r. The pencil of spaces 
through T will cut (7 in a projective range. The quadric surface in the residual 
section with F will have a double point on d; hence every surface of the system 
will be a cone. In case of the three spaces through <r : 

A,xi — X4 = 0, 

AjXg — X5=0, 

*i *i — a;i — (*8 a* — »6) = 0, 
the quadric cone breaks up into a pair of planes. These are 

respectively. The points on d on the lines of intersection of these planes are 
bispatial points: 

(0, 0, 0, 0, 1), with the tangent spaces x^ ^ 0, a^ — ^ = 0, 
(0,0,0,1, 0), " " " " xg = 0, x,-X8=0, 

(0,0,0,1,-1), '« " " " xg = 0, x,-xg=0, 

respectively. The four pencils rCt A do not belong to Y . 

The lines of I cut 7ti, a^, ajg, Ow A pencil of spaces through ni will cut T 
in a series of quadrics, whose section by ni is d and a line through 2>i. The 
lines of I do not cut d, hence belong to the same system of generators of these 
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quadricB as d. In general the pencils a^, D^ belong to (i). There are no 
proper quadric cones on T with vertices at Di. The sextic cones at the double 
points break up into plane pencils. All of these systems are (1, 2). 

7. The apparent contour from a point on T will be a surface of order and 
class 4y having a double line^ two double planes and four double points. It is 
the general complex surface of Pliicker, formed by the lines of a quadratic com- 
plex which cut a given line not belonging to the complex. Its symbol is 
[21111].* 

If, however, the center of projection be taken in r, all the four double points 
will project into coUinear points, and the line joining them will be a double line. 
The lines of V now project into lines cutting two skew double lines, hence F^ is 
a ruled surface contained in a linear congruence. From (1,2, 3, Aj, 2^,) on 
Xs = the contour becomes 

[2(a^— xj — Xg) (hiX^—Xi) + fhMx2 — ^ — ^)Y 

+ 4[aJ8(a:i — Xg) {hiX^ — x^) + ^«iX8(a:,— x,)] [4{h^ a^i — xj + AaOj] = 0. 

The double directrices are a^ — 3a:i = 0, Xj — 2xi = ; x, = 0, hiXi — x^ = 0. 
The symbol is [(11)1111]. 

8. The apparent contour from a point not on r is a surface of order 6, 
class 4, having a double line, a cuspidal sextic curve and four double points. 
An interesting case arises when Ai = Ag = 0. If we project from (0, 1, 1, 1, 0) 
on the polar space xi = a^g + ^ + ^4 the equation of the focal surface becomes 

4[(«« + x,y — ojjcj' = 27[x^x,{xt + «*) + xix^i^x^— ^ + a:*)]*. 
The double line becomes Xi = 0, 2x^ -f X4 = 0, and the cuspidal curve is com- 
posed of the two plane cubics 

x, = oaj4, a| = aa»6((2+o)iC8— xi), [o^=l 
each of which has a node at (xi, x^, x^^ Xg) = (O, 0, 0, 1) on the double line. Any 
plane section through the double line will consist of a quartic having three cusps, 
one of which is at (0, 0, 0, 1). There are but five distinct double planes : 

7«i=7ta= 0^8= 01=0, 

7i:8=7t4= (r84=2Xg — Xj + X4 = 0, 

<'^18 = <^«4= '^ = »6 = 0, 

(Ti4=»l— «2+ «4 + 356 = 0, 

(ra=X8+2x4+ ajfi — Xi = 0. 



•A. Weiler: *«Ueber die verschiedenen Gattungen der Compleze Eweiten Grades/* Math, Ann,^ Vol. VII 
(1874), or the corrected list giTcn by Jessop, TreatUe on the Line Compin, p. 280. 
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Three double plaaes pass through each double point. The sections made 
by the double planes Oi^} <iu} '^ consist of three concurrent lines, each counted 
twice. Thus, through (0,0,0, 1) pass the double line and four simple lines of 
the surface, the latter having fixed tangent planes throughout. 

The bitangents of the surface can be readily arranged in four systems of 
quadrics, each of index 3. Thus III becomes 

§2. Tux> Intersecting Dovhle Lmea. 

9. The variety V may have the line d' defined by aji = 0, x, = 0, 274 = 
for double line, as well as d. The general equation is 

r = aa^ + AaJia:i5 + 6a^ + jBi 0^8*4= 0- 
The tangent /% to V at any point (0, 0, ^s; f** ^s) lyii^g ^^ the plane Xi = 0, 
ar^ = or 7C has the equation Xi = 0. The residual intersection of xj = with 
r is the plane a defined by & = 0, cutting d in the point (0, 0, 0, — 65, h^ and 
c2' in the point (0, 0, h^y 0, — h^. The polar M^ of the first point is 

*6(«4a5 + Kx^x^ + 640! + aia^s) — 64(«6ar! + Kx^x^ + 65 a|) = 0, 
which factors into Xi and another linear factor; hence the point is bispatial. 
The point on d' is also bispatial, a^ = being common to both. The M^ of 
(0,0,0,0,1), the point of intersection of d, d', is a^^ + h^XiX^ + \Qi!^=z 0. 
It consists of two spaces, both passing through n. The spaces of the pencil 
a;, = A»a passing through n cut T in a series of quadrics 

Xi{a + *A + l^h) + x^x^ = 

cutting n in c2, d'. The systems of lines cutting d, d' are each (1, 4). 

A pencil x^ = X& through a cuts F in a series of quadrics whose section 
with (T is a pencil of conies touching each other at the bispatial points on c2, d'. 
This system is (2, 6), the class being obtained as follows. Any S^ cuts T in a 
cubic surface having two double points, containing 16 lines made up of the line 
joining the two double points, 4 others through each, and 7 not passing through 
either. Of the latter, one is the intersection with a. 

« For a simiUr particular case of a Tarlety haying nine distinct double points see my paper in the Tram, 
Amer, Math. Soe.y Vol. X (1909). The necessary and sufficient condition that the cuspidal seztic breaks np into 
two plane cables is that the Hessian is the product of two spaces. This will happen when the center of pro- 
jection lies on a definite curve of S^ . 
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10. Now suppose T has a double point not lying in n nor in a. 
Z>i = (l| 0, Oy 0, 0). The plane determined by Di and d must lie entirely on T. 
This is a^s = 0, are = 0; hence a = 0. Similarly, the plane of i>| and d' lies 
on r, but X2 = 0y X4 = already satisfies the equation. 

r = AaJiXB + 6a| + XiX8a:4= 0. 

The system of lines cutting d is now (1, 3). Its equations are 

ax2—^xs=0, 
ax^+ hp + yh = 0, 

The (1, 3) system cutting d' has the equations 

asca — ^x^ = 0, 
aaj8+/?A + y6 = 0, 

P«2— yoi = 0. 

The conjugate of the first system cuts a and the plane Di d'. The conjugate 
of the second cuts a and the plane Z>i d. 

11. If r has another double point D2 at (1, 1, 0, 0, 0), and b = x^, 

r = (sCi — Oj) OjlTs + ai«8«4 = 0- 

The plane a and the line Di D^ lie in the space Xs = which cuts T in a and 
two new planes 

T : Og = 0, Xfi = ; T^ : aj^ = 0, Xg = 0; 

which intersect in the line A A- ^^^ ^^^^ passes through the bispatial point 
on dy the second through the bispatial point on c2^ The eight planes on V are 
now the following : 



d,d' 

Did 
Did' 
Did 
Did'' 




Xi — O, ag = 0, 

Xi = 0, xt = 0, 

a^ = 0, »« = 0, 

X, — a%=0, 08=0, 

»,— a5,= 0, X4=0, 


a 




x, = 0, a% = 0, 


T, 




X8=0, «5=0, 


Tg : 




354 =0, ajg = 0. 


There are now four systems (1, 2) : 




I cuts Did, Did', a. 
II " T„ d'. 

III " Ta, d. 

IV " Did, D^d', <s. 


The first and third are conju£ 


;ate, as are the second and fourth 
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12. The apparent contour from (0, 1, 0, 0, 1) on its polar S^ is 

It is of order 6, as Xi appears as a factor. Any plane x^ — Jc a;|= will cut the 
surface in the line fl^ = 0^ ^2 = and two conies which touch each other at 
(0, 0, 0, 1), (0, 0, 1, 0), the common tangents being X8= 0, 0:4 = 0. The planes 
2^= Oy X4 = are double planes, the conies of contact breaking up into two lines 
intersecting at the point of contact of the conies, which are both triple points on 
the surface. The plane a^i = contains the line joining the triple points as a 
threefold line. The points (3, 2, 0, 0), (3, 1, 0, 0) are both double. The planes 
Xi=:kiX2f Q0i = Jc2X2 cut thc surface in conies which are cuspidal on the surface, 
kiy &2 being roots of the quadratic equation 3A? — Zk+ 1 = 0. 

The planes {dd') and a project into Xi = 0. 
" D,d, D^d, r, " " a:8=0. 
" B^d^B^d^t^ " " 0:4=0. 

The congruences II, III have focal lines; the other two interchange by the 
transposition {x^x^^ an involution which leaves the surface invariant. 

13. If the center of projection be taken upon T, the apparent contour is 
the Plucker complex surface with one more double line, having the symbol 
[1122]. The usual form of equation results when the center is at (2, 4, 2, 2, 1), 
and an interesting particular case from (l, 0, 0, 0, 1). 

§3. Three Concurrent Double Lines. 

14. If r has three double lines d, d/, and d", the last defined by a?8= 0, 
fl^ = 0, X4 = 0, its equation becomes 

r = (aa8 + 6x4) XiXjB + a|x6 + («Ci + d«s) x^x^ = 0. 
The tangent Ss at every point of the plane tc^^ containing the first two lines is 
cXi + dx2 = 0. It cuts r in the residual plane a^ : d{ax^ + 6x4) — cxs = 0. The 
tangent S^ at points of 7«i8 : Xg = 0, Xs = is ixj + cxg = 0, and the residual 
plane is o^ : h{axi + dx^ — cxj = 0, For n^ : Xg = 0, X4 = the tangent is 
ax^ + CX4 = 0, and the residual plane is Oi : a(6xi + dxg) — 0X5 = 0. The point 
(0, 0, 0, 0, 1) is unispatial, Xa = being the tangent 8^. On d', the planes a^ 
and (Tg meet in the bispatial point (0, 0, 0, c, hd\ the tangent spaces being 

<^\P^i^ + a?8(«*i + <^)] + ^A = 0- 
The lines of T form three (1, 2) systems, cutting d, c^] d', a^i d", (Tg. 
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15. From a point not on T the apparent contour becomes an F^ with a 
cuspidal Cg, three concurrent double lines and seven triple points. It is the dual 
of the cubic surface cut from T by a tangent S^. Each of the three (3, 2) 
congruences has a focal line. 

From a point on T, the contour becomes the Steiner surface of order 4, 
class 3, and symbol [222]. By taking the center at (0, 1, 1, 0, 0), the section by 
a;^ = is the canonical form 

afal + alaS + a^a!— 235108 0:4(2x6 — as) =0. 
If the center of projection be taken in Tt^jt, [42] results. 

§ 4. One Double Line of the Second Spedee. 

16. A double line on T is said to be of the second species when the 
tangent M^ at every point upon it breaks up into two spaces. If a;i= 0, X8=0, 
org = be the double line, then 

8 

il = 2 -4<ai. The tangent Mf of (0, 0, 0, ^4, fg) is 

^«4 a:f + A4»ia?2 + h^) + U^5^ + h^^ + h4) = 0. 
Thus, the pairs of spaces have the plane Xi = 0, sBg = in common, and 
form an involution projective with the point of tangency. The points on d 
belonging to the double elements of the involution will be unispatial. The 
section of F made by the space x^=zkxi through the basis plane n will be 

4Hj(ai* Ob) + [«4(«4 + K^ + h^) + M(^6 + Kk + 65*^ a?= 0, 
hence a cubic cone with vertex at (0, 0, 0, a^ + h^ + 65^, — {a^ + h^ + 64A?)) 
having d for cuspidal edge, and n for tangent plane. The lines cutting d form 
a (1, 6) system; the residual system on V is (3, 9). 

17. The apparent contour of V from a point upon it is a surface of order 4, 
class 6, with a cuspidal line having a fixed tangent plane and two triple points. 
The surface has a double plane, the conic of contact passing through two double 
points besides the cusp on d. It is focal surface of a (2, 6) and a (6, 9) con- 
gruence, the former having a focal line. 

From a point not on V the contour is of order and class 6^ having a cuspidal 
line and a cuspidal sextic with a point in common. This and the projection of 
the two unispatial points are triple points on the surface. The cuspidal line has a 
fixed tangent plane which cuts F^ in three lines meeting at the uniplanar triple 
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point. In particular, if P be taken on n^ its polar iff will be a hypercone 
having d for vertex, and its polar 8^ will always pass through d. Its equation 
is A+ 2A^Q^'=0^ independent of P. Hence every line of the (1, 6) system 
cutting d will go into a line lying entirely on the focal surface, a ruled surface 
of order 6, having d for multiple directrix. Its equation is of the form 

[♦«(«!, ^)Y + ^[?6 A + x,^ + hx^x^ + ^(«i, x^)Y - 0. 
Any plane x^ = hxi through the fourfold line contains two generators which 
intersect upon it, the point being the same for two values of h. The generators 
passing through the images of the unispatial points are cuspidal. The surface 
is rational and has no other double line. It is form 101 in my enumeration.* 
An interesting particular case is that in which the double elements of the invo- 
lution approach coincidence. The ruled sextic now has a tacnodal generator. 
Its equation is 

18. Suppose r contains a double point not lying on d. This requires that 

ii = 0. Now any space x^^i^lcxi passing through n will contain n as a squared 

factor, the other being 

a + A* + 6A? = ; 

hence F contains an infinite number of planes, each lying in an 8^ with n. 
Every point (0, 0, ^si ^4; ^s) of tc is bispatial, the tangent M^ being of the form 

k%{<h^ + A8ai«2 + isOS) + ^4(^4 «! + ....) + ^6(^6 «! + ....) = <>• 

The two spaces become coincident for points satisfying the equation 

4(0,1, + a^e* + «.^.) (i.l3 + 64^4 + hd,) = (^^8 ■\-KL + KhY' 
Thus, if r has a double plane^ there is a conic lying in the plane, locus of unispatial 
points. 

Since a space x^^=:Jcxi is uniquely determined by a point not in n, it follows 
that no two planes of T 

Xg = &i , a + hl +bP =0 
can lie in the same 8s, except when A = 0; but in this case F is a hypercone, 
projection of a ruled cubic surface of 8^ from a point outside. Excluding this 
case, it is seen that through any point (0, 0, ^^9 ^a ^5) of n pass two lines, 
a + AA + 6A? = 0, intersection of the generating planes with n. The envelope 
of these lines is the conic of unispatial points c^. 

« JouBHAi., Vol. XXVU (1906), pp. 76-102. Sea p. 96. 
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The tangent space T'at a point P of c^ will cut n in the tangent ^ to c^ at P. 
It will cut r in a generator plane a and in a quadric surface. The quadric 
passes through t and another line of a. The generators of one system will cut <, 
those of the other not cutting 7t. There is just one tangent space at each point 
of C3, hence V contains a (l, 1) system of lines not lying in the generator planes. 

19. The apparent contour from a point not on F, 

say (0, 1, 0, 0, 1), is 

4(xia;4— 3a|)» + 27 [xgOi + OiiCgaJi— ^^^— 0, 

which contains a^ as a factor. The other factor is the envelope of the plane 

Ifixi — Zl^oc^ + A»4 + Og = 0, 

the projection of a generating plane. 

From a point on T, the apparent contour consists of n counted twice, the 
generating plane through the center of projection and the point which is the 
projection of the transversal through it. 

20. In the preceding case, the tangent spaces formed an involution. Now 
suppose one factor x^ is fixed while the other space turns about n projective 
with the point of tangency on d. In the equation of F, a, 6, A, c can contain 
only Xi, Xg, Xs, while /, g are general. The equation of the variable tangent S^ is 

The fixed space Xg = cuts F in 

(aiXi + a«X2)a^ + (AiXj + 1h^)x^x^ + (61X1 + hx^)7^ — 0; 

L e.y in three planes ^1, n^, tCs passing through d. The section made by any S^ 
through Uiy BBLy 

will be a quadric 

whose section with 9C4 is 

Xi{Bxi + (/4X4 +/6X5)a< + (^4«4 + fl'ft 0:5) ^i) = 0, 

thus the line d and a variable line, meeting d in the fixed point of contact of 
the space 7t(7C. 

21. If F has a double point D not lying on c2, the plane Dd will lie on F, 
hence D will either lie in 7t or in n^ = 71^^ . 

21 
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Let Til = TCg and P^ be the point of contact on d of the space Ttin. A space 
passing through 7ti will cut T in ni and a quadric, the section of the latter by 7$^ 
being d and PiD; hence this line must be a double line. If ni be cci = 0, a^ = 0, 
then ij = fejj = Ag = 0. The point on d associated with ari = is (0, 0, 0,/e, — /O, 
and the equations of the new double line are 

ai = 0, b^X2 +/, a-jB +Ax^ +/^x^ = 0, Xg = 0. 
This is the most general F having a double line of the second species and another 
double line of the first species. There are evidently three (1,3) systems of lines, 
one cutting d, one cutting the other double line, and the third cutting n^. 

22. Now suppose D = (0, 0, ^8> ^iy ^s) i^^ ^- This requires that c=0, 
9b = 0, /a = 0. 

r = n (a* ^1 + ^i ^2) + ^ (A2 + ^a:i) = 0. 

The space nTii cuts T in <Ti=//(?< — gra, = 0, which passes through Z), and 
cuts (2 in the point belonging to tctEc F now has four systems (1, 2), of which 
the first cuts d, and the others cut n^ , Ci^i , Ci^^ • 
The general equation of F is 

r = Xi Xg (oTi — Og) + X3 (Xj ^4 + «8 a^s) = 0- 

n: «! = 0, Xg = 0. (Tj : Xi = 0, X5 = 0. 

Til : Xj = 0, Xg ^ 0. (T2 • a^g = 0, a?! = 0. 

Tig : «:» = 0, Xg = 0. (Tg : Xj — x^ = 0, X4 + X5 = 0. 

Tts : Xj — Xa = 0, Xg = 0. 
The equations of the four systems are 

aX8 + /?Xi = 0, aX8 + ^X4 = 0, 

a»4 + y (xg — Xi) — ^Xfi = 0, ^ Oi — y a^ = 0, 
j3xi— yX8 = 0, axi — ^X6 + yC^g— a:i)=0, 

axj + i3x5 = 0, ax, + ^X4 =0, 

axg — /3x4 + y (xg — Xi) = 0, axi — ^Xg + y Xi = 0, 

/?X2 — y Xg = 0, /? («i — ««) + y Os = 0. 

23. A double line (xi = 0, Xg = 0, Xs = 0) and a double point (0, 0, 1, 0, 0) 
both lie on F, when its equation is of the form 

F = a5x8 + Xg(XiX4 + X8XB) = 0. 

In the preceding table, ng coincides with tCi, and Cg with Ci. There are therefore 
three systems of lines (1, 2), the first cutting d, the second d^, a^y the third 91^, otj. 
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24. In 19-22 the fixed basis plane n did not lie in the fixed tangent space. 
Now let Xi = be the fixed tangent space, n as before. In this case T can have 
no other double point nor double line. It has four (1, 3) systems. 

26. The apparent contour from a point on r is of order 4, class 6, except 
when r has a double point, in which case it is of class 4. The general one is 
[3111], formed by the lines of a quadratic complex which meet a line belonging 
to the complex. If T has the double point and a double line we have [123], 
wherein c{ is a line of the complex and is tangent to the Eummer surface which 
is its surface of singularities. From (1, 1, 1, — 1, 0) on arj = the equation is 

[aia?4 + «8a:6 + x^x^^— 4 [x2 — x^ + x^ + aj x^x^x^ — 0. 

The line a^ = 0, a^ = is the cuspidal line, 0:3 = 0, 0:5 = the double one. 
The projection of Z> is (0, 1, 0, 0). The plane a:^ = cuts F^ in the cuspidal line 
and touches it along the line o:^ + 0:5 = 0, projection of <Ti . Xe = passes 
through the double line and touches the surface along x^ = 0. The plane 
a^ — 0^ + ^4 + ^ = touches it along the conic 

{x^ — x^ {x^ + 0%) + a^aj = 0. 

The other double point is at (0, 1, 1, — 1). 

If the center of projection be taken in tc, the double line becomes tacnodal. 

The equation is 

(a^ + Xa^sf— 41x1 0:4 = 0. 

(0, 0, 1, 0) is a triple point on the tacnodal line. 

From a point not on F the contour F^ is of class 6, has a cuspidal Cg and a 
cuspidal line intersecting in a triple point of F^. It is focal surface for four 
(3^ 3) congruences, one of which has the cuspidal line for focal line. If F has 
a double line, F^ will have a double line intersecting c^ in another triple point 
on the surface. One of the (3, 3) congruences has the new double line for focal 
line. If F has a double point, F^ will be of class 4. It has four systems (3, 2). 
If F has both a double line and a double point, F^ is of class 4, has a cuspidal 
line and an intersecting double line, and a double point. The cuspidal c^ has 
two double points, d being tangent to a branch at one node, d^ being tangent 
to a branch at the other. 

If, however, the center of projection is in the plane 71, the contour will be 
a ruled surface having a triple directrix, the three generators issuing from any 
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point lying in a plane containing the directrix. It has three cuspidal generators, 
and is contained in a special linear congruence."*" 

But if r has a double point, n lies on T, and the contour becomes a ruled 
quartic contained in a special linear congruence. From (0, 0, 1, 1, l) it becomes 

{xi x^-itx^ x^^ — 4 (ajf — a|) aji a:^ = 0. 

It has the symbol [(21) 111]. 

If r has both D and d'^ the corresponding contour 

(xi x^ + agaBr— 4 (a:i + ccg) of «2 = 

has the double generator a:i= 0, x^= 0. Symbol [(12) 12]. From (0, 0, 1, 0, 0) 
we have an F^ with a triple line. It has the symbol [(31) 11]. 

§ 5. Two Doxjihle Lines of Second Species. 

26. Let d (aji = 0, a^ = 0, Xg = 0) and d' {x^ = 0, Ob = 0; x^ = 0) be 
two lines on F, each of the second species. Along d^ Xg = is a fixed tangent 
space, the other one describing a pencil projective with the points of c2, the 
basis plane being x^ = 0, Xg = 0. Similarly, cc, = is fixed for points of d', 
the basis plane of the variable tangent space being Xi = 0, X4 = 0. The equation 
may be written 

The tangent space Xs = cuts V in the plane x^ = counted three times. The 
section of F by Xi = is 

aJ8(/4a2a;4 + C8a|)=0, 

i.6., the fixed plane containing the double lines and a quadric cone containing c?, 
tangent plane a^i = 0, Xg = ^^ ^^^ contaming rf', tangent plane Oi = 0, 0:4 = 0. 
If Cg = 0, the cone breaks up into these two tangent planes. The space 7^ = hx^ 
cuts F in a quadric whose section with Xi = 0, Xg = consists of d and the 
variable line g + */* X4 + ^i Xg = passing through the fixed point X4 = 0, 
fl' + <^i ^ = 0* Let g = x^. To avoid duplication of terms we may write 

aj = 7*8 = /; = ci = 1, /g = 0. 

* This is Included in type IX of my ennmeratlon of sextic scrolls of genus one, Joubnal, Vol. XXV (1908), 
p. 87. If r has d\ F^ is of genns zero. It is now type XXVIII of rational surfaces. See p. 74. 



Digitized by 



Google 



Variety Having a Double Line in Fawr-Dimensumal Space. 163 

r has an additional double point at (0, 1, 0, 0, —1), and can be generated by the 
two conjugate systems 

a Og — j3 «! = 0, 

acci — yx8 = 0| 

aa^ + ^aji + y (a% + ajg) = 0, 
— aaji + /(«! + 0:4)= 0, 

/?aJ8 + y(a5l + 0808) = 0. 

The first system cuts d^ the second cuts d'. Each is (1^ 2). 

27. The apparent contour from a point on F is an F^ with two coplanar 
cuspidal lines. When the double point exists, it becomes the Plucker complex 
surface of symbol [33]. If the center of projection be taken in the plane 
Xi = 0, ^8 == ^i ^h^ result is a cubic with 4 double points, with symbol [222]. 
From any point in either basis plane the contour consists of two quadrics 
touching each other along the projections of the cuspidal lines. The symbol 
is [(21) (11)1]. 

From (1, 0. 0, 0, 0) not on T, the contour becomes a double plane and a 

surface of order 4 having a cuspidal conic. If a8 = 0, the cuspidal conic reduces 

to two straight lines intersecting in a triple point on the surface at (0, 1, 0, — 1). 

The equation is 

4X8(08 + Ob + a:6)^+ 27a|a^ = 0. 

28. The two basis planes may lie in the same space. The equation may 
now be written in the form 

r = afa5 + Xaia| + aJ + Xia8«4 = 0, 

Xi = 0, 0^8 = being the basis plane for the variable spaces belonging to points 
of €?, and «! = 0, 054 = being the plane for d'. From any point in a?i = 0, 
not on r, the apparent contour is a quartic surface with a cuspidal conic. From 
(0, 1, 0, 0, 0) it becomes two quadrics having two generators in common. From 
an arbitrary point not in Xi = the contour is a surface of order 6 having three 
cuspidal conies passing through two common points, at which they touch the 
same planes, and two cuspidal lines, the latter passing through the points of 
intersection of the conies and lying in the tangent planes. 
From (1, 0, 0, 0, 1) the surface is 

4 [x^x^ — 3a^)» + 27(Xxia| - 2 xf + Xa| + a:iX8a;4)* = 0. 
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The cuspidal lines are »3 = 0, ^ = ; x^ = 0, ^4 = 0. . The three cuspidal conies 
are cut from the cone oaa?*— 3a^ = by the planes 03= Jfaci, wherein 

AJ5? (* + 1) = — 1. 

If one of these conies be regarded as the absolute, a number of types of 
cyclides and other related surfaces can be obtained. 

§ 6. Depiction of T en S^. 

29. Any cubic variety containing a plane can be birationally mapped on 
ordinary space. Let a plane n and a non-incident line d lie on F. From any 
point of S^ can be drawn one line cutting d, n. Thus, any point P of F is 
uniquely associated with the point in S^ in which the line through P cutting d, 
n cuts 8^ . Since any six spaces in 8^ can be projected into any given ones not 
having an /% in common, we may define 71 by cci = 0, a% = 0; d by a:8 = 0, »4=0, 
X5 = and >% by Xj + Xg + Xs + *4 + »6 =0. The equations of the line connecting 
(0 = (^1, h%j ^8, £41 ^ft) on F with d, n are 

^« aJl — ^l «2 = 0, ^4 ail — ^8 «4 = 0, ^8 X6 — ^6 358 = 0, 

and the corresponding point in 8^ becomes 

'r«i = -li(l8 + e* + f6), tx,^-Uiz + ii, + !i,), 
•r a* = ^8 (^1 + it), » »* = ?4 (f 1 + ^2), fxt = ^s (^1 + f g). 
The equation of T may be written in the form 

in which a=^Xai^^. and similarly for the other terms. By means of the 
equations of the line we can now solve for ff, giving the following results: 

(Tfi = xi[x8 2'— a5i2], 

<^^8 = ar8[-AlXl + -Al2«l«2+ ^Xf], 

<t5, = x,[ - ], 

wherein 

A = ^i ^ + ^t *4 + ^4 »5* 

A^ — ((h — a{) x, + (6ft — 61) X4 + (ct — ci)x6, 

2 = -is «8 + -^4 «4 + A «6i 

with similar expressions for A!i , :S{ . 
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Any line of T which cuts both n and d will go into a point ; one cutting d 
and not n^ or n and not d will go into a straight line ; one cutting neither will 
go into a conic. The line d and the plane n are principal elements in the 
depiction. The lines cutting two transversals of d, n can be depicted on a 
system of circles with common absolute points. 

A linear transformation which leaves r invariant will define a Cremona 
transformation in S^f and any other variety left invariant by the same trans- 
formation will define an invariant surface in Ss . Conversely, corresponding to 
any linear or Cremona group in S^ there will be a group of birational trans- 
formations leaving r invariant. 

An interesting application can be made to the varieties given in Nos. 
19, 22, 23, 28, when we consider the one-parameter groups 

under which T remains invariant. Any function of ifj , ^21 ^81 ^1 ii + ^2 ^6 ; 
together with T, will define a surface in S^ which will become a surface in S^ 
invariant under a continuous Cremona group. But the resulting suface will 
contain only Xi, x^, x^ and hence defines a cone. From the theory of birational 
transformations of plane curves it now follows that the genus of this cone can 
not be greater than one, whatever function be chosen. 
Another illustration is furnished by the variety 

a^z^ — six^ + XiXsXt — O^ 

a particular case of that considered in No. 19. It was shown by Fano* that it is 
invariant under the four-parameter continuous linear group defined by 

x[ = xi, 

x's = pHx,+ 2ax, + {a'-P)x,), 
xi = aff^{x^ + fixt;), 
xi = ax^. 

* <«8aUe varleU algebriche dello spasio a qnattro dimentioni ,** AM lit. Vmuto^ Ser. 7, Vol. VII 

(1896), pp. 1069-1108. 
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The corresponding birational transformation in IS Xf = becomes 

T Cti = — »i -4, 

Ta^= — p(x2 + ax^A, 

rx^= fBx^{G— 2axix^x^— {a? — ^) Q(^x^, 

rxi=zaf^BG{x^ + Pxf), 

rx'^^=zax^BG. 

• A = p^x^G-2ap^x,x,Xf,x,-p^a^—l)a?,XsXs+Ga{p^x,+ {f^^ + l)x,\ 
B = px^ + {pa + l)x2, 
<7 = ajfa;4 — a|x5. 

The pencil of quadric varieties a| — Xix^= ^ and the pencil of spaces Xi = (ix^ 
remain invariant under this group. In particular the form 

(i-p')a!-^i^8)-p^i3|! 

is multiplied by p^, and gi^g is multiplied by <t. Various functions of these two 
forms will therefore preserve their form when an appropriate relation between 
p, o is given. Thus, if a = p^, we obtain the quartic surface 

a^ Ob [( 1 — p*) ^4 — p« /? 0:5] + a;^ (ajf a;^ — a| x^) = 

which has the three-parameter group. It is of type [2211]. This surface can 
be obtained by the method of Cremona.'*' Another form of quartic is obtained 
when ap*= 1. When 0*= p*, we obtained the surface of order 10 

All these surfaces can be mapped birationally upon an arbitrary plane. 

CoBNBLL UviTBBBiTT, December, 1908. 

« « Rappresentatione plana di alcune snperflcie algebriche dotate di cnrre cuspidali/^ Sologna Mem,, 
Ser. 8, Vol. II (1872). See also Cremona's note In the Gottinger Naehrichten^ 1871. 
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Finite Groups Which May Be Defi^ned by Two Operators 
Satisfying Two Conditions. 

By G. a. Miller. 



§ 1. Introduction. 



In the present article the expression, "condition satisfied by two operators 
{/Sly ^j)/' will be used exclusively for a relation which may be represented in the 

form 8l s^ alsl =1, where a, i^, y, 5, • • • • are positive or negative integers. 

Unless the contrary is explicitly stated, the operators ^i, ^2 are supposed to be 
distinct and neither of them is the identity. It is clear that a single condition 
between these operators is insufficient to define a finite group ; for, if ^1, ^3 

satisfy the equation 8le^s\8\ =: 1 but are not restricted in any other way, 

we may replace *i, ^« respectively by two commutative operators ti^t^ which 
have been so chosen that ^•+t^+- • is the inverse of t$^^^^"' . As this condition 
does not fix an upper limit for the orders of ^, ^, it results that the order of the 
group (6r) generated by ^i, s^ can not be limited by a single condition imposed 
upon 81, 8^. 

Since it is necessary to have at least two conditions between two or more 
operators to limit the order of the group or groups which may be generated by 
them, it is of interest to inquire what groups may be defined by the least 
possible number of conditions between two operators. Such a study appears 
especially useful in the application of group properties to other subjects. 

The two conditions can not be of the form ^J = 1, ^ = 1, since the order of 
the product of two operators is not limited by the orders of these operators. 
If the conditions are of the form 

the order of O has an upper limit when n and a are relatively prime, or when 

* A defining equation of the form 9^ ss 1 Implies that the order of «| is exactly n. 
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^ = 1, and only then. When one of these conditions is satisfied, (7 is a cyclic 
group and its order divides fin. Moreover, every cyclic group can clearly be 
generated in this way. For instance, the cyclic group of order 40 is completely 
defined by the conditions *}®= 1, 6f = tf|. On the contrary, the two conditions 
^}®=:1, ^} = ^ are satisfied by two operators which generate a group whose 
order exceeds any given number, which is in accord with the general theorem 
stated above. 

It may happen that a pair of conditions which does not impose an upper 
limit on the order of O is nevertheless very useful in exhibiting properties of G. 
While such pairs of conditions do not lie within the scope of the present paper, 
it seems desirable to consider briefly one such pair, in view of its usefulness in 
what follows. This pair is 

As tf|, 8^ are commutative, O is an abelian group, and the following theorem 
is evident: If two commtttative operators satisfy the condition s^^s^^ they generate 
the direct product of two cyclic groups whose orders are respectively the lowest common 
multiple of the orders of these operators^ and a divisor of the highest common factor 
of a, ^. The latter group may he tlie identity^ and it must he the identity whenever 
a, ^ are relatively prime. 

Two operators which have a common square are known to generate a very 
elementary category of solvable groups.* By adding to this condition the order 
of their product there result the pair of conditions 

(*i *2y ^ 1| *i ^ ^ • 

These are satisfied by the generators of only a finite number of groups for a given 
value of n, as may be seen from the following developments: 

{s, s^^Y = {s, 8, . s^Y = is, 8,r . Si'- = si'\ 

since ^ is invariant under O. As s^'^ is both invariant under O and also trans- 
formed into its inverse by each of the operators ^i, s^, it results that the order 
of S2 divides 4 n, and that the order of s, ^f^ divides 2 n. If these operators have 
the highest possible orders for a given value of n, the cyclic groups which they 
generate have two common operators; and hence it results that the order of G 

• AfM9 dtr MmUmMUik wimI PAyttt, VoL IX a905), p. 6. 
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is a divisor of An\ An interesting illustrative example is furnished by the 
non-abelian group of order 16 which contains two cyclic subgroups of order 8.* 

8i = ahgfedcb . iponmllq^ e^ = ajgpencl . bohm/Jcdi, 
$1 82 = am .bj .CO .dl .ei .fa . gk . hp, 81 s^^ = aoek . bifp . cigm . dnhj. 

In this example n = 2 and the order of O is exactly 4 n*. On the other hand, 
the two conditions 

(^l«2)'=l| «i = ^ 

can not be satisfied by the two generators of another non-abelian group. If Q 
is abelian, it is either the four group or the group of order 8 and of type (2, 1). 
Hence the theorem : If the tioo generatora of a group satisfy the conditions 
(fii s^^ = 1, «} = tf|, t?ie group is one of the following three: the four group, the 
ahdian group of order 8 and of type (2, 1), the non-abelian group of order 16 
which contains two cyclic subgroups of order 8. 

In a similar manner all the possible groups may be determined for any 
given value of n. Since the second condition is sufficient to restrict (7 to a very 
elementary category of solvable groups, it seems of little value to determine all 
the possible groups for special values of n. The theorem that the number of 
these groups corresponding to a given value of n must be finite is, however, 
useful. A much more interesting set of conditions is 

Si S^ 1, Si s^ ^^ ^ ^ . 

When either a or j9 = 0, or when a = 1 = /9, these conditions reduce to those 
which were considered above. These special cases will be excluded in what 
follows, and we shall therefore confine ourselves to non-abelian groups in con- 
sidering the groups whose generators satisfy such conditions. A large number 
of interesting cases arise when either a or j9 =: ± 1. These cases will be com- 
pletely investigated, as regards the number of possible groups, in what follows. 
A number of these cases were considered recently under the heading '* Generali- 
zation of the Groups of Genus Zero,'' f and the present article completes this 
generalization along certain lines, especially when fi => — 1. 

* QwirUrly Jtmmal of Maihematic%, Vol. XXVIII (1896), p. 869. 

t Tronmetunu of ths American MatkematUdl BocUty, VoL VIII (1907), p. 1. 
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§ 2, Conditions of the Form s^ = 1, a^ «2 = ^S^f i u)hen a = ± 1 or when /3 = 1. 

As observed above, it may be assumed that neither of the two numbers a, ^ 
is 0, and that they are not both equal to unity. If both of them are equal to — 1, 
the second condition implies only that the order of 8182 is 2; and hence it does 
not limit the order of ^g. That is, the two conditions «?= 1, SiS^^^s^^Si^ are 
not sufficient to fix an upper limit for the order of (r, and hence do not come 
within the scope of the present paper. In what follows we may therefore 
assume that a and ^ are not both equal to — 1. 

With the restrictions noted in the preceding paragraph, we proceed to 
determine all the possible groups when /?=: 1. Since ^i^s^f^ = ^29 i^ results that 
^r^s^r^ = *8 = *r- That is, the order of 9, divides a** — 1 and is completely 
determined when this number is a prime, and only then. In this case O is com- 
pletely defined by the given conditions, and in all other cases they restrict G 
to a limited number of groups. For instance, when al = 1, 8182 = ^«i, it results 
that ^2 ^s of order 31 and that G is the subgroup of order 156 in the holomorph 
of the group of order 31. On the other hand, the conditions ^f = 1, 8182^8^81 
are satisfied by two generators of the group of order 378 obtained by extending 
the cyclic group of order 63 by means of an operator of order 6 transforming a 
generator of this cyclic group into its square, and also by two generators of each 
one of its four subgroups of orders 18, 42, 64 and 126 respectively. When 
a = 1, the order ofG has no upper limit; for, if ^i, 82 satisfy the given conditions 
^1, ^^2 {h^^^E ^^7 operator which is commutative with ^2) must also satisfy 
these conditions, since the second condition takes the form 82^ 8182=^ sf. Hence 
the theorem : The conditions 9]^ = 1, 91^ = ^2^ are satisfied by the ttoo generators 
o/only a finite number 0/ groups when /? = 1 and a ^ 1, but they are satisfied by 
two generators of each one of an infinite system of distinct groups when a = 1. 

Having considered all the possible cases when at least one of the two 
numbers a, ^ is unity, we may assume, in what follows, that neither of these 
exponents is unity. When a = — 1, the conditions assume the form 

8^ ^^ 1, S'y 82 — - 82 Sl\* 

From the latter it results that tfitf2 = *2"^*r*-^'*'^i or (*i*«)* = ^"*^^- Since s{^^ 
is a power of 9|«2 ^^^ commutative with Si, it must also be commutative with ^2! 
and hence it is invariant under G. As it is assumed that /S^^ — 1, it results that 
G contains cU least one invariant operator besides the identity wJienever a = — 1 . 
When n and /9 + 1 are relatively prime, G must be abelian, and hence the second 
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condition becomes «| = *f"^ From this it results that the order of O is either 
n or 2n and that G is also cyclic whenever n and fi + 1 are relatively prime. 
When n is even, fi + i and fi — 1 are odd, and hence Q is of order 2 n in this 
case. That is, O is completely determined by the two conditions *? = 1, s^s^ = «i"'«? 
whenever n is even and also n and ^ + 1 are relatively prime. If these conditions 
are satisfied, G is the cyclic group of order 2n. For instance, G is the cyclic 
group of order 24 when s^^ = 1 and «, ffg = s^^ si, or when «}* = 1 and s^ s^ = s^^ s\ ; 
but when si =1, S1S2 = «i"^«i, G is either the cyclic group of order 9 or the cyclic 
group of order 18. 

When n and fi + 1 are not relatively prime, the order of G has no upper 
limit. This fact results from the following considerations: Since Q is generated 
by S1S2, Sly the second of the given conditions may be replaced by (*i^2)* = *i"*"^- 
Hence it results that if SiS^, s^ satisfy these conditions, they are also satisfied by 
tSiS2, tiSi (where t, ti are commutative with S1S2, Si); and t is of order 2, while 
the order of ^ is a common factor of n and /? + 1. As t, ti may be so selected 
that they satisfy these conditions and that also the order o{ tti is an arbitrary 
number, the theorem under consideration has been proved. It has therefore 
been established that the conditions s^^zl, siS2^=S2^sf can determine a finite 
group only when n and fi + 1 are relatively prime. If, in addition to this, n is 
an even number, G is the cyclic group of order 2 n, while it is either this cyclic 
group or the cyclic group of order n when n is an odd number. 

§ 3. General Considerations as Regards Conditions of the Form ^J^ = 1, ^i «2 ^^ ^2 ^f^- 
These conditions may be represented as follows: 

Hence aS"*"^ is invariant under G and (^itfg)*=(if2«j)' = ^;+^ Moreover, if *i, 9, 
satisfy these conditions and if ^, ^ are commutative with each of the operators 
Si, S2f and satisfy the additional condition <f = ^+^= 1, (<i^)'= 1, it is possible 
to replace ^i, ^2 respectively by tiSi, ^^g in the given equations. Unless n and a 
are such as to restrict the group j^i, ^2} generated by ^, fg to a group of finite 
order, it is possible to select <i, f^ so as to satisfy these conditions and also to 
generate a group whose order exceeds any given number. Hence the conditions 
s^=:l, SiS2^=slSi^ can not fix an upper limit for the order of G except possibly 
for a few small values of n and a. That is, in order that these conditions come 
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within the scope of the present paper it is necessary that n, a + 1 have one of 
the following pairs of valaes: 2, k; 3, ± 3; 3, ± 4; 3, ± 6; 4, ± 3; 6, ± 3; 
3,-2; 4,-2; 5,-2. 

The first of these pairs does not require consideration, as the second con- 
dition would become el *i, since Si = «f ^ when Si is of order 2. We also excluded 
the cases when a = — 2, since these conditions would imply that Siy e^ are 
commutative and hence the resulting conditions could be written in a form 
which was completely considered in § 1. It will be found that each pair of 
conditions corresponding to the given separate sets of values of n, a + 1 ^iH 
give rise to a small number of groups of comparatively low order. These 
groups are closely related to the groups of genus zero. In fact, they have these 
groups for quotient groups, so that many of their fundamental properties may be 
directly deduced from those of the groups of genus zero. 

§ 4. Groups Defined by tlie Conditions ^ = 1, ^i^g = ^l ^f^. 
The following pairs of conditions require consideration when n = 3 : 

g^ = 1, Si S^ ^^ ^ ^1 5 ^ ^" ^1 ^1^2 ~" ^ ^1 } ^ "" * > ^1 ^8 ^" *8 ^1 I ^ ^ * > ^1 ^2 "■ ^2 ^1 J 
^ S^ 1, Si S^ — • S^ Si f Si ^ 1, Si S^ ^ *2 ^1 5 ^ ^ *i ^1 ^2 ^" *2 ^1 • 

The first set of conditions may be expressed as follows : 

4 = 1, {sis^y=z4. 

These conditions have been considered in an equivalent but slightly difierent 
form,* and it has been proved that there are Just two non-abelian groups which 
may be generated by two operators satisfying the conditions «i = 1, 9i«8 = ^tff^. 
These are the tetrahedral group and the group of order 24 which does not involve a 
subgroup of order 12. When «i, ^g are commutative^ the order of G is Z. 
The second set of conditions is 

^ := 1, (^1*2) ^^ ^2« 

To find an upper limit for the order of s^ we may proceed as follows: Since 
SiS^ and ^^i have a common square, the product of one of these operators into 
the inverse of the other is transformed into its inverse by each one of them. 
By taking such a power of this product as to arrive at an invariant operator, 

* IVofUMtlofu (^ th4 American Mathsmatical SocUiy, VoL VIII (1907), p. 5. 
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this operator is either the identity or it is of order 2. In the present case 
we have 

Hence the order of 62 must be a divisor of 24. When this order is 2, O is the 
symmetric group of order 6 ; when it is 3, Q is abelian ; and when it is 4, 
Q is the symmetric group of order 24 according to a well-known definition of 
this symmetric group. If the order of S2 is 6, it is clear that {si^ ^[ = the 
symmetric group of order 6, since (sisff = 1 ; hence ^^l, Si^e^\ =G is the direct 
product of this symmetric group and the group of order 3 when the order 
of 82 is 6. 

If the order of ^2 is 8, the given conditions may be written in the form 

<! = «J, {tit,y=l, <| = 1. 
It is known* that these conditions define a group of order 48 involving the 
group of order 24 which does not contain a subgroup of order 12. When the 
order of ^2 is 12, it is easy to see that ]«^', «i«2'*f = *be symmetric group of 

order 24, since (*2'"®)* = 1 , («i «r*f = 1, (««"' ^1 ^jT*)* = (^iT^ *i)* = i4 *i)* = 4 («« «i)* = 1- 
As G is generated by this symmetric group and s^, it results that G is the direct 
product of the symmetric group of order 24 and the group of order 3 whenever 
the order of ^2 ^s 12. Finally, when the order of ^2 is 24, it results that 
{4f *«"^ *!*«"*[ = to tb® group of order 48 noted above ; for 

{fi$ ^1^ / ^"'^8 ^1/ "^ \^8 ^1/ ~~ ^8 ^1^8 ^1^8 ^1"^^8^1 ^8 *8^1 ^8 '^^1 '^8 ~" !• 

By adjoining ^ to this group of order 48 we clearly obtain G. As the group 
generated by si is composed of invariant operators and has only the identity in 
common with {^, ^i^^i^r^fi ^ is the direct product of the group of order 3 and 
the group of order 48 given above, whenever the order of «2 is 24. Combining 
these results, we arrive at the theorem: If two generators of a non-abelian group 
satisfy the conditions «J = 1, 9j ^2 = 4^7^ f ^^ must be one of thefoUowing six groups: 
the symmetric group of order 6, the symmetric group of order 24, a group of order 48 
involving the group of order 24 which does not contain a subgroup of order 12, or tJie 
direct product of the group of order 3 and one of these three groups. When G is 
abelian, it is the cyclic group of order 6 or the group of order 3. In the last case 
(he two operators Si, S2 can, however, not be distinct. 



Digitized by 



Google 



174 Miller: Finite Qroupa Which May Be Defined by 

The third one of the given sets of conditions may be represented as follows: 

^ ^ 1, (^1*2) = ^• 
To find an upper limit for the order of ^ we may proceed in the following manner: 

^1 *2 ^1 *2 ^" ^2 *1 ^ ^ *2 *1 ^2 I 
\^2 ^1 ^2 / "~ ^2 ^1 ^ ^1 ^2 ^" ^ ^1 ^2 ^1 ^2 ^^ ^2 ^1 ^2 ^1 ^2 f 

(*2*i*r) =4 *i*2^i^*i*r =4^*r *2*r *2*r ^r =4^*r ^^i*r ^^*r *2*r *2 ^ 

\^2 *1 ^ / "" ^2 ^1 *2 *1 % • ^2 *1 ^2 ^1 *2 ^" ^2 • 

As 4*^ is invariant under G and is also transformed into its inverse by «i^2i 
it results that the order of 82 divides 90. We may also assume that it is a 
multiple of 6, since we may confine ourselves to the consideration of non-abelian 
groups. 

When 82 is of order 5, O is the icosahedral group according to a familiar 
definition of this group. When this order is 10, the conditions may be expressed 
as follows : («i ^2)* == 1| 4 = (*i ^zYf 4=1- Letting ^^ = «j «g, ^ = s^^^ these con- 
ditions become <i==l| tl^tl, (^1^2)^= !• The latter conditions define a group 
known as 0^* and hence this is the group defined by 4 = 1» «i«2 = «2CS 
when the order of 82 is 10. When this order is 15, the icosahedral group is 
generated by ^1, «2i since («?)• =1, 4 = 1| («i 4f = 4" (^1 ^2)* = 8l^=i. Hence 
it results that O is the direct product of the icosahedral group and the group of 
order 3, when 82 is of order 16. If this order is 30, it is evident that 6^120 is 
generated by «i 4i «2"*i since (si 4)* = 1 , {^I^T = («i 4^, («i «^^)' = «i 8^ 8^ 82^ 8^ sj^ 
= 81828^^8^. 4C^*r* = 1- Hence Q is the direct product of O^ and the group 
of order 3, when the order of ^2 is 30. The next possible value of this order 
is 46. When ^2 is of order 46, ]4i *i4*[ = icosahedral group, since (4)*^ = l, 
{8i4^f = {8i82y8f=l^ {8i8l^f = {8i82^f= I. In this case G is therefore the 
direct product of the cyclic group of order 9, generated by 6|, and the icosahedral 
group. Finally, when the order of ^2 is 90, O^q is generated by 8i6f, ^Ji since 
(«j41)*= 1, («S)* = (^l«?)^ (8i8ff= 1. Hence O is the direct product of the 
cyclic group of order 9 and (j,20 when 82 is of order 90. These results give rise 
to the following theorem : Tico non-commutative operators eatiefying the conditione 
^ = 1, 8182 — 8^81^ mu8t generate one of th^. following eix groups: the icosahedral 

• TrafuaetUm* of ths Amtriean Mathematical SoeUty, VoL VIII (1907), p. 10. 
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group, (7i2o, or the direct product of one of these groups and one of the two cyclic 
groups of orders 3 and 9 respectively. Each of these groups is completely determined 
by adding the order of s^ to the given conditions^ and hence it is compUtely defined 
by three conditions. If two commutative operators satisfy the conditions d| = 1, 
S1S2 = «j*rS ^f^^y generate the cyclic group of order 9. 

The set of conditions «} = 1, ^i^g = s^^sj"^ implies that s^ is invariant under G 
and hence G is abelian. As («i«2)* = 6ff ^ = ^jf^, it results that ^ is of order 3, 
and hence the conditions «f = 1, «i«2 = ^t^^T^ define the cyclic group of order 9. 
The next set of conditions is equivalent to ^= 1, {8iS2)^=zs^. Since SiS^ and 
s^^ have a common square, SiS^ is transformed into its inverse by each of these 
operators. An upper limit for the order of *, results from {si^f^^sl, si being 
invariant under Q. As si both is invariant under G and is also transformed 
into its inverse by S1S2, its order can not exceed 2. From this it results that 
the order of s^ divides 12 and that the order of SiS^ divides 6. If both of these 
operators have the largest possible orders, the order of (r is 36. The remaining 
properties of this group of order 36 may easily be deduced from the fact that SiS^ 
may be represented by the following substitutions : 

Si:=ace. bdf. Tdm^ s^ = afedcb . ghij . hn. 

When ^2 is o^ order 6 and s^^ is of order 3, G is of order 18 and may be 
generated by 

Si^=zace. bdf. klm, s^ = afedcb . km. 

If Si4 is th® identity when ^ is of order 6, G is clearly the cyclic group of 
order 6, and if Sisl is of of order 2 when ^2 is of order 12, 6^ is the cyclic group 
of order 12. When ^2 is of order 4, Sisi must be of order 6, and hence G is the 
associate-dihedral* group of order 12. When s^ is of order 3, G is the group of 
order 3, and when a^ is of order 2, G is the symmetric group of order 6. 
Uniting these results we arrive at the theorem : There are exactly seven groups 
which may be generated by two operators satisfying the two conditions ^ = 1, 
Si Sf = s^ Si^ ; these are the group of order 3, the two groups of order 6, the cyclic 
group and the assodate-dihedral group of order 12, a group of order 18, and one of 
order 36. This theorem illustrates the general theorem of § 1 as regards groups 
generated by two operators having a common square. 

* Ambrioah Joubval or Mathimatios, Vol. XXIX (1907), p. 801. 
23 
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The remaining three sets of conditions are respectively equivalent to the 
following: 

The possible groups that may be generated by two operators satisfying these 
conditions were determined in Vol. VIII of the Transactions of the American 
Mathematical Society^ pp. 4, 6 and 1 1 respectively. Hence all the cases which 
may give rise to only a finite number of groups when n = 3 have been 
considered. 

§ 5. Oroupa Defined hy the Conditions «* = 1, *i «2 = ^5 *r^- 
When n == 4, the following three sets require consideration : 

The first set can be satisfied only when the order of ^2 divides 1 2, since 

[Si ^2 ^1 % / ^^ \^ ^ ^2 / "~ ^ ^ ^2 *1 *2 ^ ^2 ^* ^ ^1 . ^1 ^2 • ^1 • *1 ^2 • ^ ^2 "^^ ^2 • 

As the order of ^2 is & multiple of 3 when O is non-abelian, it is necessary to 
consider the cases which arise when the order of ^2 ^^ one of the following 
values: 3, 6, 12. In the first case G is the symmetric group of order 24. 
When S2 is of order 6, {«i«2» ^[ = t^® tetrahedral group, since 

\^/ ^" * I vfl ^/ "~ ^1 \^ ^2/ "^ ^ ^2 ^ ^2 ^ ^2 ^" ^1 • ^1 ^2 • ^1 • ^1 ^2 • ^ ^2 "^ ^1 ^2 ^1 ^2 ^~ ^2 ^" ^* 

This group is invariant under O, since it involves 

^2 ^ ^ "^ ^ ^ ^ ^" ^ ^ ^2 ^" ^ • ^1 ^2 • ^ I 
^1 ^ ^1 —^ ^ • ^1 ^2 • ^ ^1 "■" ^ ^ ^ ^ "■ ^2 ^ • ^2 • ^ ^ • ^2 I ^^U ^2 * ^ ^2 * ^1 ^" ^1 ^ ^1 ■" ^ ' 

By adjoining ^ to this invariant tetrahedral group there results the direct 
product of the group of order 2 and the tetrahedral group. This direct product 
is also invariant under O, since si is invariant under G. The group of order 24 
just obtained involves s^ and ^. Hence G is the group of order 48 obtained by 
adjoining Si to this group of order 24. When the order of 9, is 12, G involves 
the quaternion group as an invariant subgroup. This subgroup may be generated 
by «ffif, «;r^.^«5.«2 = «r^«i4- The fact that these two operators generate the 
quaternion group results from the equations 

^ • ^2 ^ ^2 • fl "~ *2 ^ ^2 ^ ^2 ^ ■" *2 ^ ^2 *1 ^ ^1 ^ ^ ^ *2 ^1 • *2 ^1 ~" ^2 ^^2*1 ^ 

2 

"~ ^2 ^1 ^ ^1 ^ "■ ^ ^1 ^ ^1 *2 ^ ^ ^ ^2 ^ \^2 ^ ^2/ • 
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This quaternion group is invariant under s^, since 

S2 ^ *2 = *2 ^ *2 J 

and 

SiSf^ • S^ Si 82 — - ^ ^ ^ ^ "~ *^ • ^ ^1 • ^] ^t ^" ^ ^2 ^1 ^2 "" ^1 ^ • ^S ^1 • ^2 
^" ^ ^2 ^1 ^2 ^" ^ • ^ ^1 • S1S2 ^^ ^2 ^1 ^ • 

Hence {4i «i^i *2"X4f = t^© group of order 24 containing no subgroup of 
order 12. By adjoining the invariant operator si to this O^if we obtain a C?48 
whose properties are evident from these conditions. The given O^i is invariant 
under s^, since 

Si ^3 81 ^^ ^ ^ I ^1 ^2 ^ ^2 ^1 "" ^1 ^ ^ ^2 ^1 "^ ^1 • ^ ^1 • S^* S1S2 • Si ^2 ^2 ^ ^ I 
^1 ^2 ^1 "" ^ ^ • ^2 ' ^2 "" ^ ^2 ^1 ^1 ^2 ^ ^ ^2 ^1 ^2 ^" ^ ^2 ^1 • 

The first two of these equations also complete the proof of the fact that the given 
quaternion group is invariant under G. As O^i is invariant under Si , G^ must 
also have this property, and the latter contains s^. Hence G is the group of 
order 96 obtained by adjoining Si to the given G^. The quotient group of G 
with respect to 6^,4 is cyclic. These results may be expressed as follows: 
If two non-commutative operators satifify the conditions «i = l, ^1^2 — ^^fS '^^ 
generate one 0/ three groups 0/ order 24, 48 and 96 respectively. The first of these 
is symmetric^ and the other two have this group as a quotient group with respect to the 
invariant operators generated hy ^. If two commutative operators satisfy these con- 
ditions^ they generate the cyclic group of order 4. 

The second and third sets of conditions are equivalent respectively to 
«} = 1, {sis^^ = {8j^f\ ^1 = 1, («i «2)' = (^r^)*- The latter of these has been 
investigated.* The former implies that the order of S2 divides 16, since 
(«j^)* = fi|, S2 being invariant under G. If ^g is of order 16, the cyclic group 
of order 8 generated by Si^ has two operators in common with the cyclic group 
of order 16 generated by ^^i ^^^ ^^^^ operator of the former is transformed into 
its inverse by a generator of the latter. Hence G is of order 64 when S2 is of 
order 16, which is in accord with the general theorem stated in § 1, as n = 4. 
When S2 is of order 8 and «|^ is of order 4, the cyclic groups generated by those 
operators have only the identity in common, since {6i^^=is\ implies that Si is 
of order 2. In this case G is therefore of order 32. If S2 is of order 4 and Si^ 

* TrantactUmM <if ih4 American MaOumatioal SoeUty, Vol. VIII (1907), p. 8.^ 
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is of the same order, O is the quaternion group when these operators have a 
common square, otherwise the order of G is 16. If the order of 8i4 ^^ ^i ^ ^ 
evidently abelian. Hence we have proved the theorem : There are exactly four 
non-abelian groups which may be generated by two operators satisfying the conditions 
s\ = 1, Si «8 = s^Si^. The orders of these groups are 8, 16, 32 and 64 respectively. 
The only abelian groups whose generators satisfy these conditions are the cyclic group 
of order 8, and the group of order 16 and of type (3, 1). 

§ 6. Groups Defined by the Conditions ^f = 1, ^^ ^j = ^J sj'K 
The following three sets are the only ones which require consideration : 

If the first set is satisfied, the order of ^^ divides 30, since 

{s^s^sY^^y = (^«r*0* = 4«r'«2«r'*r^ = 4444^7\ 

\^ ^1 ^2 ) "~ ^ ^ ^ ^ ^8 ^1 Sf^ ^S ^SiS^S^S2SiS2 ^^ S^ ^ S^ Si S2 Si 9J| Si S2 

■^ ^2 *1 *2 ^ ^2 ^1 *2 "^~ ^ ^1 ^2 ^ ^ *1 ^ I 
V^ *1 ^2 / ^ ^ ^1 *2 ^1 ^2 ^ ^2 "~ ^2 ^1 ^ *2 ^1 ^2 ~" ^ ^1 ^2 ^1 ^2 ^" *2 ' 

As the order of «2 ^^ ^ multiple of 3, when O is non-abelian, and a divisor of 30, 
it has one of the following values: 3, 6, 16, 30. If this value is 3, G is the 
icosahedral group. If the order of ^ is 6, we can readily prove that G iba 
group of order 120, known as G^gf^* by letting 

ti:=SiS2, <8 = sj 4» 
and observing that 

t\ = 1, tl = <f , {ti ^)« = («, tif = ^ = 1. 
When the order of ^^ is 16, it may be observed that 

{si s^)' = 1, {sir =1, (^1 sir = (^, .3)* ^2" = 1. 

Hence \siSj^y sf\ = the icosahedral group and G is the direct product of the 
cyclic group of order 6 and the icosahedral group. Finally, when the order of 6^ 
is 30, it is evident that 

{sislY = h {h^' = {4sT')' = sl', {4sT'.Sislf=li 

* Tramaetiom of the Amerioati Mathemaiical BocUty^ Vol. VIII (1907), p. 10. 
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and hence {^i^, 4^T^\ = 6^120- Moreover, \sisl, 4^T\ 4\=^f since it involves 
*i*« = 4^^^ ^^^ hence also ^s^^ .Si8^ = s^^. From this it results that G is the 
direct product of the cyclic group of order 6 and O^^ when the order of ^2 is 30. 
This proves the following theorem : If two non-commutative operators satisfy the 
conditions «i = 1, «| ^ = ^ ^f^, they generate one of the following four groups: the 
ioosahedral group ^ G^jgQ, the direct product of one of these groups and the cyclic group 
of order 6. If tuH) commutative operators satisfy tliese conditions^ they generate the 
cyclic group of order 6. 

As the third of the three given pairs of conditions is equivalent to t\ = t\^ 
{tit^^ = 1, the groups which may be generated by two operators satisfying these 
conditions are known.* It remains therefore only to consider the possible 
groups when 

*i = i, («!««)' = *r'. 

In this case the order of ^ divides 20, since (0l^)^ = 4^ ^^^ hence sf is both 
invariant under SiS^ and also tranformed into its inverse by this operator. 
If the order of s^ is 20, the order of Sx^ is 10, since O is not abelian. The 
order of O is therefore 100 when ^2 is of order 20. If the order of s^ is 10, that 
of s^d^ must be 5, and G is the group of order 60, which may be obtained by 
extending the group of order 26 and of type (1, 1) by means of an operator of 
order 2 which is commutative with one of the two independent generators of 
this group, but transforms the other into its inverse. If the order of s^ is 4, 
that of «i^ is 10, and G is the associate-dihedral group of order 20, while G is 
the dihedral group of order 10 when ^2 ^^ of order 2. As we have considered 
all the possible values of the order of s^ that may give rise to a non-abelian 
group, there results the theorem: There are exactly four nxm-altelian groups which 
may he generated hy two operators satisfying the conditions 6j= 1, SiS^ =«ir'C^- 
The orders of these groups are 100, 60, 20, 10 respectively. The abelian groups 
which may be generated by ttjoo such operators are cyclic and of orders 6, 10 and 20 
respectively. 

§ 7. Groups Defined by the Conditions Si = 1, S162 = e^^sY^; «? = 1, SiS^ = «5^. 

If two operators satisfy the condition ^i«8 = *ir*«r*i they are either of the 
same order or the order of one of them is three times that of the other. 

• Trama^iotu of Vu American Jfaihemaiical SoeiHy, Vol. VIII (1907), p. 18. 
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Moreover, the operator 8182 generates a cyclic group of odd order which is 
invariant under G, and the following relations exist for all values of m : 

From these conditions it results that the order of O is finite for any finite value 
of n in the conditions «? = 1, 818^ = ej^ej^^. As G is also a solvable group of a 
very elementary type, it is easy to determine the possible groups for a given 
value of n. For instance, when n = 2, (7 is the cyclic group of order 6 or the 
group of order 2 ; when n = 3, G^ can be non-abelian only when it is of order 27 
and involves operators of order 9. If G is abelian when n = 3, it is either of 
order 3 or it is the non-cyclic group of order 9. Hence the theorem: I/tioo 
generatare of a group satisfy the conditions «J = 1, «j ^g := s^^ «f *, the group is one of 
tJie following three: the non-abelian group of order 27 which contains operators of 
order 9, the non-cyclic group of order 9, or the group of order 3. 

The merits of this theorem consist mostly in serving as a type of theorems 
which may be established for the different values of n. The fact that deserves 
emphasis in this connection is that for every given value of n the number of the 
possible groups is finite, and that these groups have such elementary properties 
as to make a complete determination of the possible groups for a given value of n 
an easy matter. The conditions 

tfj = 1, *i*« = ^^ 

present much greater difficulties. These have been solved only for a few values 
of n. The latter condition implies that the orders of s^^ s^ are either the same 
or that the order of one of these operators is odd and that of the other is the 
double of this odd number. When n = 3, 6^ is the alternating group of 
order 12, the group of order 24 which does not contain a subgroup of order 12, 
or the group of order 3. When n = 4, G^ is either the cyclic group of order 4 
or the holomorph of the group of order S.f 

§ 8. Conclusion. 

The pairs of conditions which have been completely investigated, in the 
present paper, as regards whether they may be satisfied by two generators of 

•BtOUHn of the AfMriean Mathwiatie<a SocUty, Vol. XV (1909), p. 162. 
t Netto, OrtlU, VoL CXXVIII (1905), p. 255. 
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only a finite number of groups^ are as follows: «? = 1, ^J^ = 1 ; «? = 1, *? = ^; 
{siS2)^ =1, ^ = ^; «? = 1, «!«« = *2 ^, where either a or ,5 is ± 1 ; «?= 1, 
«j«g = «j-*«f*. A few pairs of conditions of the form *?= 1, «i«8 = «S«i have 
also been considered. The latter of these conditions was partially investigated 
by Cayley as early as 1878, who observed that all the operators of a non-abelian 
group generated by Si, s^ can not be written in the form ^ ^. Among pairs of 
conditions which have been examined previously are those in which each one of 
two generating operators is transformed into a power of itself by the other. 
The fact that the two equivalent pairs 

^1 *S *1 ~" ^1 ^2 *1 ^2 ^ ^ J *2 ^1 ^2 ^~ ^1 f ^1 *2 ^1 "^ ^2 

are satisfied only by the generators of the four group and those of the quaternion 
group, has been especially emphasized. 

As a negative result it may be added that an abelian group of finite order 
can not be defined by two conditions when one of them is of the common form 
^^92=^^1- This follows directly from the proof given in § 1 of the fact that a 
single condition between two or more operators is insufficient to fix an upper 
limit for the order of the group generated by these operators. Two conditions 
of the form «r^«2^i = *2> «r^*i^« = ^ ^^y> however, be sufficient to restrict G 
to abelian groups whose orders are less than a given number. In fact, it is only 
necessary to select a, /8 in such a way that a — 1, fi — 1 are relatively prime, 
in order to attain this result. * If, moreover, a — 1 and fi — 1 are prime 
numbers, G is uniquely defined by these conditions, and only then. 

When the two operators Si^ s^ satisfy two conditions, these conditions may 
be sufficient to restrict 6^ to a particular group, which may be abelian or non- 
abelian; for instance, the conditions 6i = l, ^ = « | are satisfied only by two 
generators of the cyclic group of order 26, while the conditions ^ = 1, ^i^^zs^^^ 
define the symmetric group of order 6. On the other hand, these two conditions 
may restrict 6^ to a finite number of groups (varying from 2 to a number 
dependent upon an exponent), as is the case in most of the pairs of conditions 
examined above. Finally, the two conditions may not restrict (? to a finite 
number of groups, but they may be sufficient to determine some fundamental 
properties of G. 

* QuarUrly Journal of Math$matie», VoL XXXVII (1906), p. 387. 
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It is of interest to observe that when the two conditions are suflBcient to 
restrict (? to a particular abelian group, this group is necessarily cyclic. In fact, 
these conditions may be reduced to the form «f = ^, ^Js^l* If one of the 
exponents a, ^, y, h is zero, the possible groups were considered above. If this 
is not the case, it is necessary that the numbers a, ^ are relatively prime, as Q 
would evidently not be uniquely determined if they had a common factor. The 
fact, that a, ^ are relatively prime implies that s^ is generated by s^ and hence 
Q is cyclic. Hence the theorem : If two conditions imposed upon «i, s^ restrict Q 
to a particular abelian group, this group must be cyclic. From this theorem it 
results that a non-cyclic abelian group can not be defined uniquely by less than 
three conditions. It is evident that some such groups may be defined by three 
conditions. 
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Symmetric Binary Forms and Involutions. 

By Aethue B. Ooblb. 



§ 1. Introduction. 



An involution determined hy h+1 linearly independent binary fonns of 
order n, 

is an aggregate of sets of n points in the binary domain^ any Jt of which may be 
chosen at random^ the remaining n — i being then uniquely determined. We 
shall say that such an inyolution is of order n, of freedom k, and of extent n — b] 
and indicate it by the symbol /*,ti-*-* 

According to Gordan^f every combinant of the given Jc+ 1 forms is a 
comitant of the so-called '' fundamental combiuant " 



F= 






a form in A;+ 1 variables, Xi^ oc^^ 9 ^k+i- l^^is theorem is fairly evident 

from the interpretation of F. For, on the one hand, a combinant is by definition 
a comitant of the involution itself, rather than of the particular forms which 
determine it. On the other hand, the form F, equated to zero, is an analytic 
statement in invariant (t. e., symbolic) form of the given involution. For it is 
the condition that the k+ I points a^i, a^, . . . ., x^^^^ belong to a set of the invo- 
lution; or if the k points Oii a^si . ...^ xj, be given, it is the equation of order n 
satisfied by the k given values and the n — k which they determine in the 

involution. 

■■ " til. >.piiip«..iip 

* Rather than by the usual nniymmetTie symbol i*.;|. 
f Math. Annahn^ Vol. V. 

24 
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Since F vanishes when X| is a?^, where i,y = 1, 2, , A; + 1, and i^j^ 

it contains every factor of the type {x^x^. The other factor can be expressed 
sjrmbolically as 

H^,n^j,^{a^x^''-\a^Y'\a^f-K . . .(a^+iJc^+ir-*, 

the symbols o^, , a^^i having a meaning only when all are combined to the 

degree n — h. In the identity, F=E'j^n'-k •^{^i^j)) ^ ai^d 11 each merely 
change in sign when x^ and x^ are interchanged. Hence Hjc^n-k is & symmetric 
form in the A; + 1 sets of variables. 

The symmetric form Hf^^n-k thus determined by and determining an In^n-k 
is not the most general form of its type. It will not usually happen that, when 

h points XiyX^j ^Xj^ are given and n — k points determined by the equation 

^*,n-* = of degree n — A; in a^+i, of the n points any set of h points will deter- 
mine the remaining n — h points. If, however, such a set of n points occurs for 
a given symmetric Hj^^n-kj it will be called an involutive set of Hf^^^-k* Evi- 
dently the extreme cases are, (a) the form Bu^^^k ^^^ ^o involutive sets; (&) the 
form jHi- n-* has qo * involutive sets. In the latter case, the involutive sets con- 
stitute an /^.n-** aiid the special form fi^^n-* ^iW ^Iso be denoted by /*,!»-*• 

In many problems of projective geometry it is desirable to know how many 
involutive sets the given form Bif^n-k possesses, and to find the conditions on 
the form that this number should increase until it attains its maximum, go''. 
These questions are answered in part in this article and the results are inter- 
preted geometrically. Two distinct geometrical representations of the form 
-HJfc^n-jt will be given first. 

§2. The Apolarity"^ Spread of Hk^n-k- 
Let 

(1) {cxr = {cix, - c^r = (- ind?^ - {'i)(^''c,x^''x, + ....] 

represent symbolically the binary form of order m 

(2) (- irCooaf - (Tha:?-^ + {'S)c^''4 - mcff^''^- • • •]• 

* A eonspleaoas example of the representation here employed is contained in the memoirs of Study, JIfath. 
AnnaUn^ Vols. XXVII and XL. There the ternary quadratic is taken as the element, rather than the binary tn-ic 
as above. Mnch of the content of this paragraph is implied in Stndy*s Temfire Formen, where (p. z) also 
there is found the notation for binary forms. 



Digitized by 



Google 



Coble: Symmetric Binary Farms and Involutions. 186 

By the equations 

(3) Xo = Co, Xi = -(TM, ••••, ^« = (-im)om-<,...- 

the form is represented by a point X in S^^ and conversely. All m-ics^ {^Y^f 
apolar to a given tw-ic, {dx)^j satisfy the linear condition, (cd)^ = 0, or, from (3), 

(4) .i;^ + X^d^_i + Xgd^.g + ..-• + -Zm^ = ; 

i. 6., the m-ics, (cx)^, are represented by points X on an S^^if J7, in /i^, whose 
coordinates are 

(5) J7o = {i^, Ul = <^m-lf 9^m = ^' 

Thus the m-ic, (dx)**, can also be represented by an S^^i, J7, and conversely. 
Wherever it is necessary to avoid confusion, we shall suppose that U represents 
{cx)^ and X represents (c5)"*. The incidence condition for point X and space U 
is the apolarity condition for the corresponding binary forms. 

To perfect m-th powers, (yi)*^, correspond points on the fundamental norm- 
curve, iV^, whose parametric equation in point form is 

(6) Xo = y?, Xi = -(7)y?-Vi, -l2 = (?)2^-«y!, 

The parametric equation of the norm-curve in reciprocal form, iV^, is 

(7) J7o = yr, U, = yT-%, U.^yT^'yl 

The space 27 of i^ osculates i^ at a point X with the same parameter. The 
equation (cx)^ = determines the parameters of the m points X where the space 
(cx)^ cuts N^ and also the parameters of the m spaces 27 of iV^ which pass 
through the point (ci)"*. 

Just as the form (ex)"* is represented by an /S^-i, J7, the locus of points X 
which represent forms (dx)^ apolar to (cx)*^, so the symmetric form 

(8) fii, m = {a,x,)'^{a^)'^ = {a^x,)'^{a^)'^ 

is represented by a point-quadric. The points (c^)"* and {dx)^ are an apolar 
point-pair of the quadric if (aic)*^(a2d)"* = ; and the point (cx)"*=(c'5)"* is on 
the quadric if {aic)^{a^y*' = 0. In particular, if Xj and xg are values that satisfy 
J^,m= 0, they are the parameters of two points on iV^, apolar to the quadric. 
The equation {aix)^{a^y^ = gives the parameters of the 2m points in which 
the quadric cuts N^. 

The same symmetric form can be considered dually to represent an Sn^i- 
quadric and will then be written with dashed variables. Evidently the 
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point-quadric {aiXi)^{(ijfc^)^ and the i^_i-quadric (ai5i)"*(a25i)"^ are apolar if 
{aiaiy{(hfi2T = 0. 

The quadrics determined by the special symmetric forms 

are important. To characterize them we observe that the condition 

(cc/f (aic)"^-»*(cv')'^-« = 
is satisfied when 

(cxr = {<^xr = M . {s,x) {s,^,x) . (ter-*+^ 

for all values of Si^ a,^, 1 ^<~i9 ^^^ ' ; ^^^ t^^t when 

(«c)" = (o'«r = M.M {a,x).{txr-\ 

the condition reduces to 

M'. M' M' • (aiO"-«M"-^ = 0. 

(9) Tlie point-quadric Q^ cantaina N^ and allita oaculating apacea up to and 
including thoae of dimenaiona i — 1 ; it alao containa the 2{m — 2i) oaculating apacea 
of dimension i whoae parametera t are determined by (ai<)**"**(a2<)'^"** = 0. 

A dual statement holds for the /S^.^-quadric whose form is 

To interpret the Gordan expansion of the symmetric form, we write in the 
usual way 



1 _ fn« w* 1 



(S)(5) 



<10) (a,aj,)~(a^)'* = 2 7^l^fi^(aia%f U«ia«r(«ia^)'^(<¥«i)"^}m-« 

where the subscript of the brace indicates the (m — 2t)-th polar of the enclosed 
form as to 0:9. Denoting the various terms of the expansion and the corre- 
sponding quadrics by Tli^ we have 

(11) {(h^r{<hP^r = Ho + Hi + n^ + .... + n^. „,_, 

Evidently the form of the last term varies according as m is even or odd. 

The same form (10) with the dual meaning is expanded in the same way 
and we have 

( 1 2) (ai5i)~(a^)- = Po + Pi + A + • • • • + i'm . m - 1 

81 « • 
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The quadric n« is of the type Q^ described in (9) but is further specialized 
by the fact that its form is a product of (xy)^ and a polarized form. This further 
condition is equivalent to the apolarity of the form with any form containing 
the factor (xy)^^^, where A? > 1. Thus a geometric statement of the expansion is : 

(13) With regard to a given norm-cwrve iV^, any quadric can be ex/ptessed 

uniquely as a sum o/ -x- + 1 ; — s h 1 qiuidrics Xl^ each of which is o/ihe type 

described in (9) and furthermore is apolar to every quadric of the type Pi+it where 

The special case of this to be employed is 

(14) A symmetric form {aiXi)^{a^y^ is a polarized 29n-ic when and anJy 
when the corresponding quadric is apolar to all the quadrics inscribed to the nicyrm- 
curve. 

To express certain conditions it is necessary to have the reciprocal equation 
or form of the point quadric given by the form {aiXif^{a^^. As usual^ we pro- 
ceed as follows : The polar of a point (cS)*^ which lies on a space {dx)^ as to th« 
quadric is a space {ex)^ ; that is, 

(aic)'»(ajai)"^ = p(«a:g)"*, 
{dcy = 0. 

Eliminating the m + 2 quantities Gq, 1 ^m^ p i^om the m + 2 equations given 

by the identity and the equation, there results the reciprocal quadric polarized 
as to the spaces {dxy*' and {ex)^. The result expressed symbolically in terms of 
the coeflBcients of (aiXiyia^f — {a{x^'^{a^^'^ = is 

(16) {a,x,na^r=: {a,^){a{x,) .... {ar'''x,){a^){a;fik) • • • • 

«-«5i) n(ai*>al*>) n(c4*>a<*>), 
where i, & = 0, 1, , tw — 2 and i^Jc. 

The discriminant of the given quadric can be found at once as the apolarity 
condition of {(hP'h)"^{<hflhd^ ^^^ (ai5»i)"'(a«^)"*- To within a numerical factor its 
value is 

(16) D=z n(ai%i*>) n((4M*0 », A = 0, 1, • . . . , (m — 1) and ♦ 5^ k. 

Let the symmetric form be the polar of a 2m-ic, {hx)^. Since {hx)^ can 
be expressed in oo ^ ways as a sum of (m + 1) 2m- th powers, say 



{hx)^ = Ur^r" + Urixr + •••• + ^miTmxy 



.sm 
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the symmetric form can also be expressed in qo ^ ways as 

(17) ihx,nhx,r = ur^rir^r + urixinrix^r + • • • 



Hence the quadric is in the form 2 Xi{EiXi){B^X^\ where the space R^ 

i = 

osculates N^ at the point whose parameter is r<. Thus the spaces JB< form a 
self-polar (m + l)-edron of the quadric, and with reference to (14) we can state 
that 

(18) If a proper point quadric ia apolar to all the quadrice inscribed to -ft^, 
it has 00 ^ self-polar {m + l)-6dra whose spaces osculate N^. 

As shown above in detail for the forms -Hi,n-* ^^^ ^i,n-*i tb® general 
symmetric form Hk^n-k can be viewed as a spread in Sn-k of order k+ I and 
dimensions n — k — 1. The general spread can be represented in this way by 
a symmetric form. The spread is supposed taken in points or reciprocally 
according as the variables are not or are dashed. 

We shall define an antorthic* r-point of a point spread of order < to be a set 
of r points such that any s points of the set are apolar to the spread of order t. 
such a set will be indicated by the symbol Al^i. Of course s '^r and «<<. If 
the Sk,n-k ^^^ &i^ involutive set as defined earlier, this set can be interpreted as 
ail -^2+1, *+i of the spread determined by the form lying on the norm-curve 
^n-k' One of the problems to be considered concerns the distribution of these 
-^2+1,*+! upon norm-curves. 

§3. The Parametricf Spread of fii^n-*- 

In ffk.n-kf let ^1} ^9 1 a^*+i be A; + 1 points on a norm-curve in a space 

^*+i* The set of A; + 1 values Xi determine a point Xin S^+i. If the set be 
chosen so that J5i.^„_jb = 0, the point Xlies on a spread in S^^i of order n — k 
and dimensions k. Again the dual interpretation is indicated by dashed variables. 
The general spread in S^+i can be represented in this way. For if in the equa- 
tion of the spread the coordinates of the variable point X be expressed in terms 
of the symmetric combinations of the parameters Xi, CC29 • • • •; ^k+19 the equation 
takes the form Jlk^n-k = 0- 

*Aii i>rthie 9et of r linear forms (German, (tPol-r-Seite") has been defined as a set in terms of whose 
powers a given form can be expressed. The antorthic r-point (German ** Pol-r-Eek ") may determine an orthie 
set by taking all the linear forms incident with the r points. 

t The representation here given is the one nsnally employed: Meyer's Apolaritat or Grace and Tonng. 
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An inscribed n-space of the spread is a set of n linear spaces S^ in Sf^+i any 
A; + 1 of which meet in a point of the spread. If JIk»n-k h&s &^ inyolutiv^e set, 
the set represents an n-space inscribed in the spread and circumscribed to the 
norm-curve, N^^^i. 

The spread in question will be denoted by tpj-* of the form Hjt^n-kf the 
spread of §2, by 4>St&_i of Hf^n-k- Since e'ach is general any spread can be 
represented in either way. Thus the V]J~* of -Hi;,n-* is the <I>J"* of a symmetric 
form j5i|.,t-i,*+i- This form is obtained from Hk,n-k hy replacing the sym- 
metric combinations of x^^ x^^ • • • -^ a^jt+i by the coefficients of a binary form 

(ca?)*+^ = (c'aj)*"*"^ = ; in the result of degree n — A? in the coefficients of 

(ca;)*"*"^, the coefficients of n — h forms (c^x)*"*"^, , (^n-ife^)*"*"^ *re introduced 

by the Aronhold process ; and finally the cofficients of the n — k forms are 

replaced by n — h sets of variables Xj, acg, , sc^-*- By the inverse process 

the 4>Sti_i of Hj,^n-k can be expressed as the Vnt*-i of a symmetric form 
J5"n-*-i,*+i- Only when n= 2A; + 1 do the spreads <b and V of the same 
form njf.^n-k have the same order and dimension. Though still distinct, they 
are covariants of each other and the norm-curve. 

§4. The Symmetric Form^ ^i,n-i- 

The <I^_3 of Hi^n-i = («i^r~n^^)^"^ ^ * quadric in /S^-i considered 
with respect to a norm-curve iV^-i. If fii,n-i has an involutive set of n points, 
there is on iV^-i an antorthic set -ij^g of <I>^-2- Hence <b in reciprocal form 
is apolar to all the point quadrics containing N^^i. According to the dual 
of (18) there are then ^^J^^ of <I> on iV^-i. Hence fil,n-i has oo^ involutive 
sets; i. e., 

(19) If the symmetric farm JBi,n-i ^^ « single involutive set of n points, 
it has 00^ sets and is an /l,n-l^ 

The VJf"^ of J3i,n-i is * curve of order n — 1 in /^g with reference to a 
conic Nf^. If A,n-i has an involutive set^ there is an 7%-line inscribed in 9 
and circumscribed about iVJ^. The translation of (19) is : 

(20) If an n-line circumscribed about a conic is inscribed in a ci^rve of order 
n — 1, there are qo ^ nrlines circumscribed about the conic and inscribed in the curve 
whose n points of contact form an J^,n-i <^ ^he conic. 

The theorem of Stroh"*^ that, after multiplication by an invariant, all the 

•IMath. Annalen, Vol. XXXIV, p. 828. 
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combinants of two binary forms of order n can be expressed as covariants of a 
single binary form of order 2 (n — 1) is also evident. For the condition that 
Hi^n^i represent an involution is that the quadric ^^^ ^ reciprocal form be 
apolar to all the point-quadrics containing iV^^-i* According to (14) this 
reciprocal form is then merely a polarized form of order 2(n — 1)^ say 
(aa;i)**~^(aa,)**"^. But from the reciprocal form, the original form -Hi,n-.i can 
be recovered, multiplied however by the (n — 2)th power of the discriminant 
of ^ which is the resultant of the two given binary forms. Thus the funda- 
mental combinant, -ffi,n-ii is itself a covariant of (acc)*^'*"^. The analytical 
results of Stroh follow readily from formulae (16) and (16). 

§ 6. Theorems Concerning IntfohUive Seta. 

(21) The aymmetric form Sk.n-k w an 4,ii-* iff/o^ arbitrarily aligned 

values of i — 1 variahlea a^, a?,, , «*-i> the form -Hi,n-* *w '^ other two 

nariables, x^^ and Xj^^i, is an /i,n-fc« 

Let the values ^n , yjt of k of the variables determine the values 

2*+i, «*+s, f ^ of the remaining variable; ie., the A + l values y^, , yj^^ 

2^*+ii where ? = 1, 2, . . . . , n — k, satisfy -&*,»-* = 0. Since, for the given values 

tfi, y%f } Vk-if the form is an /i,n-.*, then also yi, yg, • . . ., y*-!, «*+i, Zk^m 

satisfy j5fc,n-* = 0- Hence the values y^, , y^-i, «*+! determine the values 

yjfc and Sj^+j^ where m =/b t Again, for given values y^, , y^-j, 2*+i, the form 

is ah Ji,n-*i hence the {k — 2) y's and any three a's satisfy jHi;,^-* = 0. By a 
repetition of this process one can show that any k + 1 values selected from the 
y's and 2^s satisfy J5]|.^f^. j,. = 0; whence the y's and ^b constitute an involutive 
set and all sets determined by the form are involutive. 

Writing, as before, 

jy*.*-* = («iai)'*^*(«««a)'*"* • • • -K+iafc+i)*"*, 
we have already determined the condition that the form 

Hi^n^f, = (a*a:*)«-*(%+iX*+i)~-* 

be an J^n-*; namely, if (ajb5jfc)**"'*(a*4.i5*+i)^"* of degree n—k in the coefficients 
of J7i,ti-ik he the quadric reciprocal toJE^n-* (^n the sense of §2), then the 
identical vanishing of (aj|.aj|.+i)*(ajb5*)^~*""*(a*+i5*+i)**""*~* is the required con- 
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dition. Expressing that this condition is satisfied for all values of a^i^ x^^ « • • •; 
a?*-!, we have 

(22) {a,x,Y-\a{x^Y-^ .... {a{--'-''x,r-'^ .... (a,^,x,_,r"*K-ia:*.ir-" 

Hence 

(23) The identical vanishing of the form (22) of degree n — U in the coefficients 
of ffk^n-'kf symmetrical of order (n — ky in k — 1 variables, and symmetrical of 
order n — k — 2 in two variables^ is the necessary and sufficient condition that Sk,n-k 
bean lu^n^u* 

Naturally this condition does not apply to the case n — A;= 1. For then 
mere symmetry is sufficient to require an /^^^ and the form H,c,i is a completely 
polarized {Jc + l)-ic. The most convenient application is to the case w — A;= 2. 
Then the two variables x^ and Xjc^i disappear and the condition is a symmetric 
form, J3*-8.4 = 0. Most of what follows is concerned with this case. 

Specializing the results just obtained we have 

(24) If H^^:=^ {aiXiYia^y = {a[xi)\<ilfC2y ^^ ^>^ involtUive set, U has oo ^ sets 
and is an Ii^2' ^^ invariant condition for this is 

{(h<^){a^)\{aia2)(a!fii) + (aia^)(aia2) f = 0. 

From this theorem we have further : 

(25) The farm H^ ^ = {<hx;f{a^2)\a^f = {a[x;f{a'^)\alfic^f = . . . . has in 
general a single involutive set given by the quartic 

(aia{)(a5ja;)|(aia2)(ai'a^) + (aic4)(aiag)}(a8a;)«(a^)« = 0. 

If the form has more than one involtUive set, it has oo * sets and is an I^^* The 
invariant condition for this is the identical vanishing of the quartic. 

For if yuy%, ys, y^ are the roots of the quartic, they are the values for which 
H^2 becomes an I^^ (24). Let H^^, when a:i = yi and a^ = ys, determine the 
values 28 and z^o{ x^. Since, when x^ = ^i , the form is an /^^ 3 and is satisfied by 
Vu Vzy H and yi, y^y z^y it is also satisfied by y^, z^, z^. Similarly it is satisfied 
by y^, Zs, z^. Hence yi, y^, z^, z^ are an involutive set of J5^2 and for any one 
of the four, H^^ii reduces to an j^ 2* That is, z^ and z^ are y^ and y^. If Hj^2 has 
more than one involutive set, the quartic must vanish identically. But according 

to (23), ^2 IS ^h^^ an j^2* 
Again, let 

26 
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If, for assigned values of two of the variables Xi and x^^ H^^^ reduces to an /i^s, 
Xi and x^ satisfy the symmetric relation 

We note first that every involutive set o^ H^^ is an involutive set of -ffj^^. 
Conversely, every involutive set of -ff^^^ is an involutive set of jB^^g- ^or if 

a?!, , arg is an involutive set of 5^ 4, and if the value a^ be assigned in H^^ 

reducing it to an ^g, the single involutive set of this JSg^g is a^i • • • *, scg (26). 
Hence x^ and any three of Xg, . . . ., Xg satisfy J^g^g = 0. Similarly with regard 
to a^g, etc., and the set is involutive. If ^^ 4 had one involutive set, it has 00^, 
and we conclude : 

(26) J5^,g has in general no involutive set. If it has one involutive set^ it has 
ao ^ which form an Ii^^. The invariant condition for this is the condition that B^^^ 
be an /^.^ [see (22) and (23)]. // JTg^g has an involutive set not contained in the 
^h i 9 ^^ ^^^ ^ ^ ^^ ^^^ i^ an i^ g , the invariant condition for which i^ ^ 4 = 0. 

Prom induction there follows : 

(27) The form Hj^^ has the same involutive sets as the form B*_g.4 whose 
identical vanishing is the condition that Hj^^ he an Ij^^. 

Thus a study of the forms Hj^^ when A; >'2 involves that of the symmetric 
forms of order 4 in more than two variables. 

§6. The Form Hi^^ as a Ternary Quadratic. 

The binary quadratic (ai)* = a|cf — 2afi^^ + d^ represents a point X^ 
and the quadratic [axf a line 27, in a plane when we put 

(28) Xo = a|, uEi= — 2aiag, Xg = af 
J7o = af, J7i= OiOg, J7g = a|. 

The condition that three points lie on a line or that three lines pass through 
a point is that the corresponding quadratics be in involution ; the incidence con- 
dition is the apolarity condition. Employing the usual symbolic notations for 
the binary and ternary domains, the formulae are 

(29) {XYZ) — 2{ah){ac){hc) 

{UVW)= {ab){ac){bc) 

Ux= {abf. 
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Ternary forms of degree higher than the first are always polarized ; thus 
the norm-conic is 

(30) Nj,Ny = {2X,X, — \XX)y-X,Y, + X,T^ — iX,T,^ {x^x^f 
U^V^ = {2U,U,- 2Ul)r= U,Vo + UoV, - 2U,V^=z{x,x,r. 

Small letters can be used for both domains since the difference in symbols 
distinguishes them. 

The general conic, its line form, and its discriminant are at once written 
from (29) : 

(31) a^ay=i {a^x^Y(a^^y = {a^x^fia^iY = (ai«i)'(ai^)' = .•••, 
{aa'uXaa'v) = (aia0(a2ai)(ai5i)(ai5,)(aj852)(a^), 

(aa^a'y = (aiaO(a,alO(alaiO(a^)(a^O(«^^0. 

Thus Hi, 2 appears as a conic whose apolarity relations with the norm-conic 
N are 

(32) a^ = {<ha,y 

{aa'Ny = ^{a,a[)ia^)\{a,a,){aia'^ 

If JJi. 2 has one involutive sets, it has oo ^ sets. Then {aa'Ny = and Hi^ ^ ^^ an 
/i,2- ^^^ triads of j^3 are antorthic sets j4|,2 {%• ^-i self-polar triangles) of the 
conic Hi^2 which lie on N. 

If, for the Jj 2i a\i = 0, the conies iV'arrd Ei^^ meet in a set of four points 
equianharmonic on either conic. The j^,2 ^ then the second polar system of 
this quartic. 

If, for the /i,2> (a«'a'0* == 0, H^^^ has a double point on N with parameter 
<, say. Then the form JTj^j ^8 (ai — 0(^8 — • (^^i)(Gt««2), where (aia:i)(aj^) is a 
form Hi^i such that (aia;)(a2x) = fixes the two other meets of H^^^ *^d N, In 
this case the Ii^^ degenerates into the neutral point t and an I^i. 

If, for the /i,2i {<ia'u){aa!v) vanishes identically, the conic jffj 2 is tb® square 
of a line which meets i^Tin points whose parameters are a and t The form Hi^^ 
is then {xi — 8){xi — <)(x2 — *)(ir2 — ')> a>^d the -^,2 degenerates into an arbitrary 
point and the neutral points a and t 

§7. The Form H^^ aa a Ternary Cubic. 

The spread of H^^ as defined in § 2 is a plane cubic, a\ = a'^ = a^'® = , 

and we write 

(83) /= a^^, = {<h^)\a^)\a^y. 
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Involutive sets of JZj,^ ^^^ sets of 4 points on the norm -conic N such that 
any 3 of the 4 are apolar to the cubic, i.e., antorthic sets -A^s-* Using the first 
property of (25), we find that 

(34) On any conic there w, in general^ a single antorthic A-point of a given 
cubic. 

The spread of H^^ ^s defined in §3 is a space quadric, and the translated 
theorem is : 

(35) There is, in general, a single tetrahedron circumscribed about a cubic 
space curve and inscribed in a quadric. ^ 

If the point x (or x^ on N) belongs to the antorthic set, the polar conic 
of X as to/, when taken in lines, is apolar to N, or, symbolically, {aa'N)^affi,!g,=^ 0. 
The meets of this conic and N^ form the unique antorthic set. 

If the ^1 8 is not unique, the ^2,2 is an /j^g, and iV^and / are subject to the 
relation 

(36) {aa!Nfa,a', = XNl, 

which expresses, in the ternary domain, that the polar conic as to /of any point 
X on N, when taken in line form, is apolar to N in point form ; and, in the binary 
domain, that for any value of x, the form H^^ reduces to an 7]^ 2 ^^^ is therefore 
an -1^2* • 

The conies Nl which satisfy the relation (36) have been investigated in 
companion papers by Professors White and Qordan.J The former finds, corre- 
sponding to the values A, = ± ^iS, two nets of conies, the polar conies of two 
irrational covariants of /, 

(37) il = il|=A+V^/, and 5=^=A-VT^/ 

These conies on each of which lie 00 * antorthic sets of / which constitute 
an 72,2 ^^^^ ^e called involution conies. 

An A\^^ is a set of four points subject to four relations ; i. e., there are qo ^ 
^8,8- Ii^ general, an A\^^ is determined uniquely when two of its points^ say x 
and y, are given. For the other two points, z and t must lie on the polar line of 

* These sets have been discussed by Gaporali, Memorie^ p. 51, % 5. 

f Theorem of Meyer, Apolaritat^ p. 279 (y,). The parametric representation Is treated there qnlte fully, and 
farther results In this direction will not be given. 

X Tram. American Math, 8oc.^ Vol. I, pp. 1 and 9. Other references are gWen there. The notation for the 
comltants of / Is that of Gordan. 
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xy as to /and must be harmonic with the pairs of points in which this polar line 
meets the polar conies of x and y. Through x and y there passes a definite polar 
conic of A and of B. Since each is an antorthic conic, the polar line of xy as to 
/ must meet each in a pair of points which form with x and y an ^^^g of /. 
Hence these conies meet in the Ai^^y ^9 1/9 ^9 ^* 

(38) The co^A\^^s of a cubic f are distributed co^ at a time on the co* polar 
conies of A; and in the same way on the co^ polar conies of B. On a fixed polar 
conic of the one cuhiCy the A\^ ^s lie in an I^^ which is cut out by aU the polar conies 
of the other cubic. 

Assuming henceforth that ^^ is an /^^j on an involution conic 2^ we have 
the following parallel between the comitants (polarized) of / and the comitants 
of the form j^,, the transition being made at once by the use of (29): 

(39) N^N^Ny ={x,x,Y, 

f = a^ya, = {a^x;f{a^\a^^f, ^ 

= {aa'u){adv)a^al, = {aix;f{a{x^)\a^){a^!i){a^{^^ 
A = (aa'a'0«a.aX' ^ {ci^^)\<^,W^ ^f{a^){^^ 

= {h,x,)\h^y{hfi^)\ 
Then the relation (36) becomes, in the binary domain, 

(40) \{a,x,)\aix,)\a^){a^){{^^ + (cvi)(ai«8)] = ^JS(x,x,y. 
Expanding the left-hand member in powers of (a^ia^), the first term is a polar 

of the binary quartic in (26) which is now identically zero. The second term is 
an invariant multiplied by {xiX^^y and equating coefficients we have 

(41) + ^JS = i(«i«0'(^)(«iK^)[(a««.)(^i) + {<hPi){oifl.)\ 

Thus the irrational invariant \/iS off is a rational invariant of the form 4,2. 
This is to be expected, since the irrationality is really adjoined by the choice of 
N^ as an involution conic. Noting that a polar conic of -4 = A + ^TSf is one 
which satisfies the relation (36) for the value ;i = + ^/iS, since 

^(aa'il)Vi = +^JSlA,/>4 + VjSf^f^ = + ^JSA^l* 
we can write 

(42) .1 = A + Vi^/= {^x,y{s^y{s^y + vW{a,x^yia^n<vc,)', 
B=zA- Visy= (W«(a^)«(w- vm<hxxna^)%a^,y 

* The symbolic calculations not explicitly given follow readily from the formulae of Gordan (toe. cit.) or 
from those in Clebsch-Lindemann, Vol. II (French edition). 
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where of course VTS^, when it occurs in a binary expression, is understood to be 
the binary invariant of (41). TJie choice of the positive sign in (41) requires that 
A in {42) be the cubic whose polar conic is N=: (^^)*- 

When the ^g on ^is given, the cubic /, the value + ^/JS, and the point P 
whose polar as to A i& N are uniquely determined. Conversely, when /, the 
value + ^/fS, and the point P are given, the antorthic conic iVand the ^2 ^^^ ^^ 
are uniquely determined. Since the system of invariants of / and P is the 
system of covariants of /, we conclude that 

(43) The rational invariant theory of the involtition form j^ ^ coincides loith 
the raiional covariant theory of the ternary cubic f after the adjunction of V^S. 

Thus the invariants of I^, % are of two types according as they correspond to 
invariants or covariants of /. 

The best illustration of the /g^g is the system of intersections of a rational 
plane quartic curve by lines of the plane, and we shall look particularly for the 
invariants which correspond to obvious peculiarities of the quartic curve. Since 
the quartic has three double points, the If^^ ^^ three neutral pairs, and on N 
there are three pairs of points whose polar line is indeterminate ; i. e., three pairs 
of corresponding points on A. 

(44) The two nets of antorthic conies can be defined as the conies which cut 
the Hessian of f in three pairs of corresponding points. 

A direct proof of this is immediate. If ApAl is any polar conic of A^ it 
satisfies the relation Aj{aa'Aya^a!g = V^ ApAl. But if x is on A, its corre- 
sponding point y is given by {aa'uyag.a!g = pi^. Thus if a; on A satisfies 
ApAl =z 0, y does the same. 

That these nets contain all such conies is seen from the elliptic parametric 
representation of A. Let corresponding points u and u' satisfy the relation 

u — ^ = ~o where cj and o are the independent periods. Then li, v, w, and their 
corresponding points, lie on a conic if either 



or 



o , , , _ fo/2 
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In the first case u and v determine a unique pair w, %x/ and the conies lie in 
a net. In the second case a similar net is obtained which is distinct from the 
first. These two nets must be ^pil| and BpEP^^ . 

Through u and %jI there passes a pencil of each net ; hence the line vJii is part 
of a degenerate conic in each net as well as in the net of polar conies of /. We 
obtain then the theorem of Professor White : 

(45) The relation of the cubics/^ J., and B is mutual. They are three cubics 
with a common Gayleyan. 

Moreover, referring to (44) : 

(46) The polar conies of A, in particular N, cut A and 

A, = - ^{T-s/JS^){A + 3Vi5/), 

the Hessian of B, each in three pairs of corresponding points. 

Continuing further the parallel between the ternary and binary forms, we 
have 

(47) s=u] = {aa'a"){aa'u){aa''u){a'a'fu) 

= {(h<){a,ai'){a[ania^)^^ 

Up = Nfu, = {a^a^)\a^Y. 

By comparing the value of S just given with the value of v^iS in (41), a 
symbolic identity is obtained. 

From the ternary identity 



ApA\u, = \{T^^sf\8^)up 

we see that the point P in (47) is the pole of the norm-conic as to A. Forming in 
the binary notation the polar conic of Up as to A in (42), we find, since the 
conic is Nl, 

K(r,)«((rA)U«ir(W +^^W<'i<^^)\<^fflhd\<hXina^y = HT+ ^W){x,x,y. 



Digitized by 



Google 



198 Coble: Symmetric Binary Forms and Intfolutums. 

Expanding the left-band member into Gordan's series and equating coeffi- 
oientS; we obtain two identities, 

(48) ((Ti(r«)VAma^)'( W + ^W{<r,a,y{a^y{a,x)%a^y = 0, 

(49) {<r,(r,)\WicA) +^TS{<y,<y,y{a^a,f{a^y=T+^/W. 

Let T+S^/W=JRl and T—S>/fS=B^i i.e., the discriminant of/ is 

If in (49) the values of T, S, and ^/^S be expressed by means of (47) and 
(41), we obtain a syzygy among the invariants of the sixth degree of the form /g^j; 
namely, 

(50) MO''(<rA)'(<rA)' +V|5(W(iT/t»)V^)' 

That (50) is not a mere identity is verified by expressing the last two terms as 
invariants of the cubic / and point P while the first two terms are invariants 
of / alone. Consider the form 

wf a,a| = {(Tix;)%a^)\a^f{aiz^)\a^2y* 
The result of operating on the right side with {xiXiY [on Xi and i^] and with 
(fi^^y [on xi and a,] is i(<''i^2)*(^s08)*(«i^)*- Similarly operating on the left with 
the norm-conic in points and with the norm-conic in lines, i. 6., with 



we find 



-^AjJl and -^ApA'p{AA'uY, 
■^ o>9ApAgApAp{AA^) = 9"^~^pJ 



hence 

(61) a% = B,. {a^c^y{<ha^)\c^f\ 

and similarly 

2^/i5a», - A«p = iJ, . (<y,<f,)«(WVA)'. 

(52) When the cubic f is ncn-singrdar, the invariant condition on the form 4,8 
that the pole P of the norm-conic Nas to A shall lie on the curve kiB + h^^/^f is 



or 



H<ri<r,nh,b,y{<rAf - *t '^W{<r,a,y{a,a,)%<r^Y = 0. 
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Another Btatement of the same condition is 

(63) The pole P of N ae to A lies on the curve k^B + k^ \/i5/ if the pdar 
line of N {in lines) as to the curve kiB — A^j ^/iSf passes through P. 

In formulae (41), (47) and (62) we have the expressions for the invariants 
of / and the covariants of its syzygetic pencil in terms of the invariants of the 
form /g,,. Other covariants would probably be not less useful. The combinants 
of the syzygetic pencil ought to be particularly interesting with reference to a 
pair of quartic envelopes defined in the next paragraph. 

The following ternary identities also will be used : 

(64) A^ = -^B,{A-3s/Wf)\ ^^ = *i2!; ^Wa = ±^Ri^ 

8^= iB^.si A^= iBi.^iS.f or — ^R^ . B. 
Sm= i^-«; Bj, = — iR^WjSf or —iR^.A. 

These can be employed to obtain a convenient equation for the involution 
conies through given points x and y. The polar conic of A through x and y is 

S{AA'A")AIA;,^A^/' = 2{xyz) . A^,A^,A^, + {s^xy){s^xz){s^yz)* 

= — iRl[{xy^){A^A,—^^/JSa^aya,\—{sxy){sx^)(syz)']. 

{sxy){sxz){syz) = (aa'a")«K'«i'' + 4(aa'a")a;^X«i<«i' 

3(aa'a>X'«i''= ^{xyz)A^A, + {sxy)(sxz){syz\ 
we find 

{AA'A'^)AlA',^A'r = iRi[i{aaW')a,a^iaiaX' + sfjSa^a^, • {xyz)\ 

(65) The involution conies through x and y are 

2{aafa")a^^laiallal^ =fc ^W- (xyz) . aji^^ — 0. 

Since S is a polar conic of A^ the net of polar conies of A cut out on N an 
/i, 8, and the lines joining the four points of a set of /i,, are lines of the Cayleyan. 
If a line of s cuts 1^ in the points t and r^ the parametric equation of s (see § 3) 
is given by the involution form f 

(56) MMM(<TiT)((r3T)((T8T) = 0. 

• See Gordan, loe. d(., p. 10. The minus sign in the formula giyen there fihonld be changed. 

t That the Joins of the fonr points of a set of /„ , are lines of the Cayleyan shows that the Cayleyan is the 
Hessian of a cnbic B to which N is apolar. From this there follows the apolarity of the nets of polar conies 
of A and B ; see Gordan, f 10. 

26 
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and 
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Finally, we may emphasize in the binary domain the translation of the 
mutual relation of/ and B with respect to A and to their Cayleyan : 

(57) The involution form I^^^ =/ ^^ ^ covariant involution form j^ 3 = jB o 
the third degree in the coefficients. The relation of the tv>o is mulualj and the Z^,, 
formed for JJ^^ t^ j^^ muUiplied by the invariant — J^/^SE2. /i,2 Acw also a 
covariant involution /i^g <if '^ third degree. The Ji,, formed for /g,, is /j^, itself 
multiplied by the invariant ^R^. 

§8. The I^^ and the Ternary Rational Quartic. 

The given Z,^, is cut out on N by the polar conies of B, whence the polar 
lines of points on iVas to B envelop a rational quartic R^ whose lines correspond 
to the points of iVand whose /, ^ (the four lines of JR4 through a point) corresponds 
to the given /^^g on N. In the same way, the covariant /g,, on iVis cut out by 
the polar conies of/ and the polar lines of points on Nsstof envelop a rational 
quartic R^ whose /g^g is I^^* ^^ ^^^^ paragraph some phases of the mutual 
relation between R^ and R^ will be discussed. 

Since B = (6iXi)*(6garg)*(6gar8)*, the polar conic of the point {qxy as to B 
is {biqy{b2X^^{b^x^Y^ which meets N in four points whose parameters are 

(58) The given /g,2 w the co ^ qttarticSy for variable q, {biqf{b^)\b^y=:0. 
The covariant I^^ is the <x>^ quartics {<h<l)\<h^)\^^^Y = 0. 

When {qiy is a point on -ZV, say (yi)*, the quartic («iy)*(o«ar)*(a,a)' = is 
found in /g,g. But in the given /g^g this is four values x^ each of which, taken 
twice with y^ belongs to J^g. Hence 

(69) The tangent at a point of R^ cuts R^ in four other points whose parameters 
form a set of I^^f, and the tangent at a point ofR^ cuts R^ in four other points whose 
parameters form a set of I^^. More generally, there exist on R^ sets of four points 
such that the parameters of the remaining two tangents of R^ from each point lie in 
a pencil of quadratics; these sets of four points lie in the I^^^ of R^. 

Some special cases of the antorthic ^^,3 call for special treatment, in par- 
ticular those which are not determined when two of their points, x and y, are 
given. In general, the two other points are obtained as the meets of the conic 
{cuJa'*)a^aya'^a'fiya'J = and the line a^^^ = 0. Since the conic is not evanes- 
cent, the construction fails if (1) the conic has the line for a factor or if (2) the 
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line is evanescent. Denote by Q^^y the quadratic involutory Cremona transfor- 
mation whose corresponding points are apolar to the polar conies of a; and ^ as to/. 

In case (1)^ the polar lines of z^ any point on the polar line of ocy^ as to the 
polar conies of x and y^ must meet in a point t on this polar line. Hence this 
polar line corresponds to itself in Q^^y and must be a diagonal line of the two 
polar conies^ i. e., a line of the Cayleyan. The points z and t are harmonic with 
the vertices on the diagonal line which are poles of the line xy. From (38)^ if 
through X and y there passes a definite polar conic of A, then through x and y 
there must pass a pencil of polar conies of B which meet A in pairs of point 2, t. 
Hence the polar conic of A must be the lines {xyz) = and a^^flg = 0. Or if 
Uj^ and Vjt are a degenerate polar conic of A, each Hue has two of its poles as to 
/ on the other line ; the poles determine on each line a pencil of quadratics ; and 
any member of the one pencil with any member of the other is 9,n A\^^. A 
similar statement holds for the degenerate polar conies of B. There are oo ^ 
such A\^j^, 00^ on each proper involution conic. On N they lie in such a way 
that any point is contained in three A^^^b. If, in the I^^^ of (56), t is given, three 
values of r (Ti, Tj and r^) are determined. The lines tTi and r2rs form a polar 
conic of Aj while tti and the line paired with it as a polar conic of £ fix an A^^ 
which contains t. 

In case (2), the pair x^y whose ii^g i^ indeterminate is a pair of corresponding 
points on A. Through x and y there passes a pencil of polar conies of A and a 
pencil of polar conies of B. IfNhe taken as a fixed polar conic of J., the pencil 
of polar conies ofB cuts out on i^ a quadratic involution, /j^j. 

If X and y lie on t$ and Q^r^y is the Cremona involution defined earlier, then 
every pair of corresponding points on A is a pair of corresponding points in Qg^^y^ 
A itself passes through the singular points of Q^^y which correspond on A to the 
three meets of A with u. The fixed points of Qj,^y are the four poles of u. On 
any linev there is a pair of corresponding points in Oar,y» ^^y ^> *} ^ P^-ir whose 
polar line is u. On a conic there are in general four pairs of corresponding 
points in Q^^y. 

On the conic i\^ let the three corresponding pairs of A be A«, hi; let them be 
joined by lines H^ respectively; and let the vertex of the triangle opposite H^ 
be •/< ; i = 1, 2, 3. Similarly let the three corresponding pairs, A^i, Jc^, of A^ on N 
be joined by lines K^ which meet in points Li. 

If u meets N in points x, y, the four pairs of corresponding points on N in 
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Qgc^y are the three pairs A^, hi and the pair z, t cut out by the polar line of xy. 
Thus the relation of the lines xy^krid zi is reciprocal ; they are corresponding 
lines in an involutory Cremona quadratic line-transformation, Q, whose singular 
lines are 5^, J3i, fi^. Since x, y, z^ t together form an J.J,8, we see, on allowing 
X and y to coincide, that 

(60) Q traneforms the tangents of N into the tangents ofR^j the tangent at x 
on N being transformed into the polar line ofx aa tof. 

Since lines through J^ are transformed by Q into J5^, we find that 

(61) The neutral set, h^, hi, forms with the poinUpairs cut out on N by tJie 
pencil of lines through J^ sets of the II ^ on N. 

The C/iii hi has for corresponding pairs any pair of points whose polar line is 
h^i. Since there is on iV^oo * such pairs, -^ is unaltered by Q^^, ^'. Evidently N 
goes through the singular points hi and hi, but it must also pass through two fixed 
points, say a and J; i. e., two points in which the degenerate polar conies of h^ 
and A^ meet. The tangents to iV' at a and b meet in a point from which a line 
pencil cuts out the corresponding points on N. According to (61) this point 
must be c/^, and we have the result: 

(62) If the points of contact of tangents from J^ to N are a and 6, the polar 
conies of hi and hi are respectively Aja A[5 and Aja A^. 

To the three double tangents of Mi porrespond the parameters on N of the 
point pairs A{, hi; and to the three double tangents of Tt^ correspond the para- 
meters on N of the point-pairs %«, ki. Since the tangents to i^ at a and b pass 
through t/f, a singular point of Q, both correspond in Q to the singular line Hi. 
Therefore J2^ is a double tangent of TS^ with the parameters of a and b\ i. e., 
a and b are a pair ki,ki on N. Since ab or k^i or Ki is the polar line of J<, 
we find that 

(63) The triangle Hi of double tangents ofTS^ and the triangle Ki of double 
tangents of R^ are polar triangles of N. The polar conic of hi as to f is A{&« hm; 
ofkiOstoBis k'ihi kihi. 

The following corollary may be worth noting : 

(64) Three pairs of corresponding points determine a cubic uniquely. If the 
three jjairs lie on a conic, the polar triangle of their Joins cuts out another set of three 
pairs. The two cubics constructed from the two sets of three pairs lie in a syzygetic 
pencil. 

The relation of the syzygetic pencil to the conic has been given above. 
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Another consequence of (63) is that the Jacobians of pairs of the three 
quadratics (on N) h^h[ are h^hfa and vice versa] and that the products of corre- 
sponding quadratics h^h'i hih[ are sets of the common covariant /i^s of A2 ^^^ As* 

In order to define the conic N with reference to a given JB4, we recall that 
the tangents of R^ from a point y are the polar lines as to £ of the four points 
on -AT cut out by the polar conic of y as to B. If two of these four points coin- 
cide, y is a point of jB. But the conic polar of hi as to B meets JV at A?( twice, 
and at hy and hi . Thus ^ is a point on the double tangent Ki where it meets 
R^ again. 

(66) The conic Npaseea through the sixpovnta hij h[ where the double tangerUs 
o/Ri meet R^ again; and through the six points Af, h'^ where the double tangents of 
R^ meet K^ again. 

Other facts as to the mutual relation of R^ and 1i^ with regard to N are 
readily shown. For example, the given j^2 ^^^ ^^ur double pairs »i,sl, t=l, 2,3,4. 
The four lines ^ are the fixed lines of Q. The tangent of iVat Si is transformed 
by Q into the tangent at «( whence the eight common tangents ofTl^ and N have, 
for parameters on N, the parameters {on R^) of the eight tangents at the fowr double 
points of R^f etc. 

But the statements (63) and (66) identify the curves R^ and E^ with the 
pair of curves R and P which are treated at great length by Meyer,"^ though in 
dual form and in a quite different setting. Possibly the most interesting result 
obtained is the reciprocity between three pairs of corresponding points of A on 
a conic and the six further intersections of the polar conies of the six points 
with the conic. 

§ 9. Interpretation of Certain Invariants of the Form -4,f 

The rational quartic loci just obtained have been of class four. The curve 
of order four, R^^\ is handled more commonly, and results will be stated for this 
curve even though they have been gotten in the dual form. 

From the obvious properties of the /^.^ there follows : 

(66) Tlie curves f and A cut out on N the points whose parameters on N are 
the parameters on R^^^ of the six flexes and the three double points respectively ; i. e., 
the six flexes and the three double points are determined by the equations: 

{aix)\a^)\a^y^O 
and 

respectively. 

*Apolaritdt, pp. 258-272. 
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The three cubics /, A^ and B lie in the syzygetic pencil of / and A. The 
polar conies of P as to three cubics lie in a pencil whose base-points are an A\^^ 
of each curve of the syzygetic penciL To the oo * positions of the pole P cor- 
respond 00 ^ such antorthic sets of the syzygetic pencil^* one on each involution 
conic. On i\rthis set of four points is the common tetrad of I^^^ and i^g. Since 
it is the four points in which the polar conic of P (the pole of iV^ as to A) as to / 
meets N^ its equation is (see 47) 

(67) {<yi<it)\<yfflz)\a,x)\a^f = 0, 

According to Caporali,t if three points of A^^ lie on /, the fourth also lies 
on /, and the four points are the meets, other than P, of / and the polar conic 
as to / of a point P on /. Hence 

(68) If ihree flexes of the curve R^^^ lie on a line, a fourth also lies on the line.X 
The invariant condition that four flexes lie on a line is that the pole P lie on f or, 
%n terms of the coefficients of i^,^, that the invariant of degree four (see 52) 

vanish. If this condition is satisfied, the four flexes are obtained from the 
equation (67). 

In considering invariants of /j,, which are at the same time invariants of f, 
one must examine each particular case with regard to possible variations in the 
number of involution conies and with regard to the determination of the pole P. 
In this connection the list of canonical forms and their covariants tabulated by 
Gk)rdan§ for all special cubics /is very convenient. 

^5^= is the condition that /have an antorthic set of three points such that 
any two of the three are apolar to /; t. e., an -Af^g. Then the oo * A\^^s of / are 
distributed, oo' at a time, on the conies of the net through J|,,. Let the para- 
meters of j^,8 ^^ ^} ^^7 o^^ ^^ ^he involution conies, be f£,, ii^, f£,. The polar 
conic of the point /£< as to / is the square of the line (i^ii^ Thus, for the given 
value f£(, I^^ reduces to an Ii^^ which consists of the neutral pair (ijfiii and an 
arbitrary point (§6). Hence 4,2 contains the neutral triad fii/isi^s and R^^^ has a 
triple point. 

•Caporali, loe. eiU, p. 52, $28. 

\Loe. eit., p. 62, {22. 

t Brill, Math, AnnaUn, Vol. XII. 

S Tram, AfMriean 3£atK Soe,, Vol. I, p. 192. 
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(69) The vanishing of the invariant s/JS of the second degree in the coeffi- 
cients of I^^ is the condition that BS^^ have a triple point. 

To express certain conditions on /, the contravariant <, the evectant of the 
invariant T^ is necessary. Let 

(70) < = «f=(«i5,m5*)'(<,ffi,)'. 

Since ^\S is rational in the coefficients of J^^^^ the discriminant of f 
R=T' — \S^y breaks up into two rational factors, R^^ T '\- S ^JS and 
R2== T — S\/iS. To determine the involution conies, we take / in the 
canonical form 

/= ^i + ^+ SaiaWj, 
A = — 6(0^ + 01-2x10^), 
S= 24, T=48, ±\/f^=±2, 
A-2f=-8{4 + xl), 
A + 2/= - 4(a^ + 4—6x,x^s)^ 

Prom the formula (55), or directly from the relation (36) for X = =t 2, two 
nets of involution conies are found : 



aiia^— 2x^) + (rj8(a| — 2a:8a;i) + a^x^^ 



The conies in the second net are the polar conies of A + 2/, each conic 
having a definite pole. The conies of the first net are not all polar conies, and in 
this case the correspondence between pole and conic is no longer unique. But 
from (4 7') the correspondence between pole and conic fails when Bi = 0. Hence 
JBj = is the condition that iV be a conic of the first net, and iZg = is the con- 
dition that Nhe 9k conic of the second net. From the usual* parametric repre- 
sentation of A, it is easily verified that the conies of the first net cut A in three 
pairs of corresponding points, while those of the second net cut A in two pairs of 
corresponding points in addition to the self-corresponding point, the common 
double point of/ and A. 

* Of. Clebsch-Lindemanii, Vol. II, p. 886. In the Mme chapter the ioTariant conditions on / to be need 
later are found. 
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Let i2a = 0, whence iV^is a conic of the second net on which the double point 
of / has a parameter (ii. Since the polar conic of f£i as to / is a pair of lines 
which meet at (ii^ for the value (i^, I^^^ reduces to an /i,2 which has a neutral 
point f£i, (§6). Hence I^^^ arises from a curve jB^*^ with a cusp. 

(71) The vanishing of the invariant^ T— Ss/JS, of the sixth degree in the 
coefficients of I^% is the condition that B^^^ have a cusp. 

When / has a double point, the contravariant 11=^ St — 75? is the cube of 
the double point. Since now T= S^YS] this is S{t — V|iStf), or, in the binary 
notation, 11 is proportional to 

{hxiYit^ntffli^)'- vT5((T,5i)v^)Va58r. 

Hence 

(72) When T — S^^^S^^Oy the parameter of the cusp is determined from 
the equation {tix)\t^)\t^f — *yliS{aix)\a^)\a^Y = 0, which is a perfect sixth 
power. 

Let Bi = 0, whence iV is a conic of the first net. Evidently the cubics /and 
£ = A + 2/ are interchanged by the harmonic perspectivity with the double 
point of/, ^, = 0, as center and the line of flexes of/, ccg = 0, as axis. But this 
perspectivity leaves N unaltered. Hence the envelopes of class four, JB4 and 
^4 , of the preceding paragraph are interchanged by the perspectivity, as also are 
their triangles of double tangents J?^ and K^. On N the perspectivity is an 
ordinary quadratic involution which interchanges the pairs of points A^, h^ with 
ki, k^. Since 11 is the cube of ^3 ^^^ ^s does not lie on N (when JV is a proper 
conic), the polar of i^ as to 11 is ^s- H is now proportional to 

{tixiy{t,x,y(t,i,y + ^^iS{^ix,y{a^y{a,x,y, 

and the polar of JV as to 11 is represented by the quadratic (<i<t)*(<|i8)* + ^TS 
{Oi(yty{a^y. But this quadratic determines the fixed points of the perspectivity 
on N. 

(73) The vanishing of the invariant ^ T+ S^/\S^ of the sixth degree in the 
coefficients of I^^ is the condition that there shall exist a binary involviion on R^^ 
which interchanges tlie parameters ofeaxih double point of B^^^ with the parameters of 
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tfie two tangents from the double point. The covariant {tit^\t^Y + ^\^{pi<^zf{<^^y 
of the sixth degree determines the fioced points of the involution.* 

Let /S'=0 and 7=0. Then / has a cusp, and there is a single net of 
involution conies any one of which, say N^ passes through the cusp with a para- 
meter fix J through the meet of the cusp tangent and inflexion tangent with a 
parameter /u^, and touches at (ii the join of the inflexion and cusp. Since the 
polar conic of (ii as to / is the square of the line ]i^j 1^,% has oo ^ tetrads con- 
sisting of fii twice, fi2, and an arbitrary point. 

(74) The vanishing of the invariants^ ^iS and T, of degree tvxj and six 
is the condition that R^^ have a triple point with two coincident branches. 

Let /have two double points. Then 

/= A + 6xiaJ2«8, A = — 6(a:f — ix^x^^, 

/y=24, T=48, ±V^=:fc2, 

A — 2/= — 8a:f , A + 2/= — 4(a^— ^Xypo^). 

Corresponding to the values X = — 2 and X = + 2, there are respectively the 
two nets of involution conies 

(ri(xf — 2x^) + a^fc^ + a^ix^. 

As before, the two nets are distinguished by the vanishing of R^ and R^ respect- 
ively. When jBg = 0, the conic N passes through the two double points and the 
curve jB^*^ has two cusps. The two double pointd are cut out on JV by A — 2/ 
three times. The contravariant 11 vanishes identically. Hence 

(75) Whm T—S^JS=0 and 

{h^)\t^)\h^y - ^W{<y,i,y{a^)\<r^y = o, 

the curve Bf*^ has tvx> cusps which are determined hy the equation, with two triple roots 

* We may note here that the theorem of Meyer iApotoHtat, p. 2<K), footnote) : « Es glebt eine bettimmte 
projectiyische Besiehung, die irgend drei Elementenpaare in ihre besiiglichen Funktionaldeterminanten Qber- 
fuhrf is not correct. Another yertion of the statement is:~Two perspectiye triangles (i. 0., two polar tri- 
angles as to a conic) can be interchanged by a collineation which is necessarily inyolntory;— and this is true 
only when corresponding yertices of the triangles are harmonically separated by the center and axis of perspec- 
tion. This is one condition on the two perspectiye triangles or one condition on one triangle and the conic. 
Hence the three qnadratics in the theorem qnoted mnst be subject to one condition. 

The error is the resnlt of another in the statement of the theorem, (tt), p. 260. Only when the Inyariant 
T + 5 Vf^of the /,, , of either cnrye B and P yanishes is the theorem in) correct. 

27 
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On the other hand, let ^ = 0, whence iV is a conic of the first net unaltered 
by the three harmonic perspectivities whose centers and axes are (^i, ar^), 
(^«f ^); ft^d (fa* ^)- The last two interchange / and 5, while the first leaves 
each unaltered. The two envelopes^ R^ and £4, are again mutually related, 
each being unaltered by one perspectivity and the two being interchanged by 
the other two perspectivities. N cuts the common line, ai = 0, of / and A in 
two points with parameters fij and fig and cuts A further in two pairs of points^ 
each pair being harmonically separated by a;i = and f 1 = 0. Hence the per- 
spectivity (fx, sci) leaves the three double tangents of jR^ (as well as of £4) each 
unaltered, the points of contact on one double tangent being unaltered, while 
those on the other two are interchanged. Since A — 2/= — 8a^, the polar of 
N in lines as to A — 2/ is the line x^ = 0. Hence 

(76) When T+S^/~^=0 and 

{h^)\t^)\t^f + ^^((riii) Vi5.)V3^)« = 0, 

the curve R^^^ is unaltered by a harmonic perspectivity with center at one double point 
and axis through the other two. The first double point is also a double fleo^-point. 
The parameters of the double flex-point are determined by the equation 

{^mW + ViS(a,a,)«(arfr)» = 0. 

There exist on the curve two binary involutions which interchange (he parameters at 
the double flex-pomt J and^ at each of the other double points ^ interchange the parameters 
of Hie double point with the parameters of tangents from the double point. 
Let /have three double points. Then 

f=6xix^, A = 12xic«ia58, S=24, T=48, 
=tVi5==fc2, A— 2/=0, A + 2f=24x^x^f^. 

The involution conies are again in two nets, 

corresponding respectively to jBj = and jBg = 0. For conies of the second net 
Rf^^^ has three cusps ; for those of the first net, since / and A are proportional, 
the double points coincide with the flexes. The invariant condition in the ternary 
domain is A — 2f=0. 
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(77) When T— S^TS = and 

( W^( W^ W + ^W<hx^na^^)\a^r = 0, 

the curve R^^^ has three cusps; wheUj however ^ T + 8*^ \S -= and the same 
covariant vanishes, the curve B^^^ has three double /lex-jpoints. 
Let /be a conic and one of its tangents. 

/=8a5i(a| + ar8»i), A = — 6a;f, S=T=0, t = 0. 

The involution conies are now in a single net^ 

pi^i + f^^ + P8(a| — x^)f 

whose members touch the line of/, CC| = 0, at the point, f g = 0^ where it touches 
the conic of/ Hence iV meets A at this point only with a parameter (ii. The 
polar conic of fii as to / is the square of a line which touches iVat fi|. For the 
value (ii, /s^s reduces to an /j,, consisting of fii twice and an arbitrary point. 
Thus the curve B^^^ has a triple point which is formed by the coalescence of two 
cusps and a node into a smooth point. Such a singularity, the reciprocal of an 
undulation point, will be called a bi-stationary point. 

(78) The identical vanishing of (tiXiy{t^i)\tffic^Y is the condition that i2<*> 
have a hi^tationary point. The parameter of the point is determined as the siayfold 
root of the equation ( W( W( W = 0- 

For further degenerations of the cubic / into three lines the involution 
conies are also all degenerate and the above enumeration of types of B^^^ which 
correspond to types of the cubic / is complete. But for every type of / there 
will exist sub- types of B^^^ which correspond to special positions of the pole P 
of N. Without attempting a complete discussion of these cases, some of especial 
interest may be pointed out. 

If the polar conic of P as to J. touches A at one point, it must touch A at 

the corresponding point also, and on B^^^ two double points come together to 

form a tac-node. Since the polar conies of A which touch A form a singly 

infinite system, their poles lie on a locus T which we shall determine. T is also 

the envelope of the polar lines as to J. of points on A. Such an envelope is in 

general of the sixth class, but since the polar lines of corresponding points on A 

are the same, the class of T is three. A and A are each unaltered by the col- 

lineation G^ of the syzygetic pencil ; F is then unaltered by the same group and 

can be assumed as 

t^ + til + tiJ+eytiitisBtig. 
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Here y is determined by requiring the locus T to touch the polar line as to 
A = Sxf + Saxix^fi of the point 0, 1, — 1, a flex-point on A. This polar line 
is — 2axi + X2 + arg = 0, whence — 8a' + 2 — 12ay = 0. If /=2a^+ emx^oc^, 
then a satisfies the relation^ 4ma^ + 4m^a +1=0. Lowering, by means of this 
relation, powers of a higher than the first, the condition on y becomes — 4m' 

+ 1 — 6my = 0, whence y = — g and T is the common Cayleyan of /, A, 

and B. 

(79) ^8 is the common Gayleyan of three cubi^is^ the polar conic of a point 
P on 8 as to one of the cuhics touches each of the Hessians of the other tioo cubics 
at a pair of corresponding points. 

If the polar conic of P as to ii passes through a common point of / and A, 
i. 6, if P lies on a flex-tangent of A, then R^^^ has a flex-point at a double point. 
Hence 

(80) The invariant condition on the coefficients of I^^^ in order that R^^^ have a 
tac-node is that the pole P= {ciia^{a^Y shall lie on the Gayleyan {<i^\ci^\a^^\ 
the condition that R^^^ have a flex at a double point is that the pole P shall lie on imt 
of the nine flex-tangents of the cubic 

These invariant conditions are not given in symbolic form, because a direct 
substitution of the coordinates of P in the locus in question gives the required 
invariant multiplied by extraneous invariants.* Until more is known of the 
relations among the invariants of the form I^^^y explicit 'expressions are out of 
the question. Take, for instance, the condition that R^^ have an undulation 
point, two coincident flex-points. Then N= {xix^f must touch /. The tact- 
invariant of the conic and the cubic is of degree ten in the coefficients of the 
cubic. Since the undulation condition is known to be of degree four, an inva- 
riant of degree six must factor out of the tact-invariant. This extraneous factor 
must be R^^ since for JR2 = 0, iV touches f(i*e.^ passes through the double point 
of/), and on R^*'^ two flexes coincide (at the cusp of R^. 

The tac-node condition, obtained by substitution of the pole P, as in (80), 
or by forming the tact-invariant of iVand A, appears in either case as an inva- 
riant of degree thirty. Since two contacts with A are involved simultaneously, 

^ B. g.^ the oonditlon that P lie on a cnrye of the sysygetic pencil is of degree twelve when obtained by 
substitution, bat contains the factor E^. See (52). 
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this is probably a perfect square from which Ri also factors, leaving an invariant 
of degree nine as the probable true tac-node condition. 

The true undulation-condition of degree four in the coefiScients of j^^ can be 
obtained as follows: On B^^^ the 11,2 determines the apolar involution I\^^f the 
so-called ''fundamental involution on jB^*\" /{^g is a linear covariant of /|,8. 
It is, in fact, 

if ti and ^ belong to a tetrad of Ii^^. This form has been represented as a quadric 
in Si^ the vanishing of whose discriminant [given symbolically in (16)] is the 
condition that all the tetrads of I\^z have a common point which is an undulation 
point on -B^*\ 

Finally, it may be worth while to give the point-equations of the class 
quartics, B^ and £4. Since B^ is the envelope of the polar lines of points on N 
as to B^ it is also the locus of points, ^, whose polar conies as to j8 touch N. 
The invariants of the two conies, JV= ApA% and i?yJ!^, are : 

(8 1) A^ = A^'^'^{AA^A^'f - — iB,[A% — 3 V Wp], 
A^y^ - ApA'pBy{AA'Bf = — iB,[B%By], 

A^ = ApByBl,{ABBy = — iB,[A^l _ 
A^ = ByB'yB;;{BBB"y = - hB,l£^ - 3 VWfll 

To obtain ^4, / replaces B and the conic a^l replaces ByB^.. The 
invariants of N and a^l are : 

(82) Ini = ^ni = - iRi[^% - 3 s^WAl 
A^ = *^i[«p«v]j 

Ii«= VWlAjAll 

A„= A»- 

In terms of these, the tact-invariant of N and ByBl is * 

4( J.u|^123 ^l]2)('^m^S» A122) (^111.^228 J.i]j^]2g) = 0, 

which is the sextic point-^uation in variables y of the quartic B^ . 

The locus of points y from which the tangents to ^4 are equianharmonic is 

2i=Z{AU — A^A^) = 0, 
which is the conic through the cusps of £4. Since A^ is the conic N, we find 

* Glebsch-Lindemann, Vol. I, p. 871 et aeq. 
28 
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dually that the conic which touches the six flex-tangent of the point-quartic R^^\ 
and the conic which touches the tangents from the three double points of -K^*^ 
tovch at ttco points. 

The locus of points y from which the tangents to R^ are harmonic is 
the cubic 

From these formulae the locus of points y from which the tangents to B^ have 
any desired anharmonic ratio (a sextic curve) can be gotten. 

The point-equation of B^ is symmetrical in y and B, and P and A. The 
locus of points for which B^ passes through P is a curve of order twelve, the 
product of the four flex-triangles. Thus the condition that the pole P lie on a 
flex-triangle is the discriminant of the quartic covariant of (67) and is, at least 
formally, of degree twenty-four. There seems to be no simple geometrical pecu- 
liarity of B^^^ which corresponds to this invariant. 

In an article to appear in the next number of this Journal, the relation 
between the rational space quintic curve and the plane quartic curve (subject 
to one condition), and the relation between the rational plane quintic curve and 
the cubic surface in S^ will be discussed. 

Baltimobb, Ihewib^r 81, 1908. 
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The Biratiofial Transformations of Algebraic Curves 

of Genus Four. 

By Anna L. Van Benschoten. 



Id this paper the groups of birational transformations which leave curves 
of genus 4 invariant are obtained, and some geometrical properties connected 
with such transformations are considered. This has been done for the space 
sextic situated upon an hyperboloid by Wimany"^ who has also outlined in the 
same p^per the groups for plane curves derived from those sex tics which lie 
upon a cone. 

The discussion naturally falls into three main divisions : first^ the hyper- 
boloidal case, which deals with binodal quintics and a few sextics which are the 
projections of a space sextic lying upon a hyperboloid; second ^ the conical case, 
wherein the corresponding normal curve is on a cone; and, third, the hyper- 
elliptic case. 

§ 1 . The Hyperhdoidal Case. 

1. As is well known, the normal form for every plane curve of genus 4 
which is not hyperelliptic is a curve of the fifth order. That is, all such curves 
C^ (4), whatever be the degree m, possess a point-group series gi and are thus 
birationally equivalent to a 65(4), a quintic with two nodes. 

When the nodes are distinct, the triangle of reference OIJ can be selected 
with vertices /and J or (0, 0, 1) and (1, 0, 0) at the nodes. Then the triply 
infinite system of adjoint conies is written 

axy + 6^ + cyz + dxz = 0. 

Whence putting for xy^ y*, yz, and xz the new variables pa/, py, ps/, and pw/, the 
result is a plane section of the hyperboloid F^ whose equation is 

a/«' = yu/. 

*A. Wiman: Ueber die algebraiachen Curyen yon den Geachleclitern i>ss4, 6, and 6, welche eindentige 
Tranaformationen in aich besitcen, Bihang till Kongl Sventka VeUnkaps-AkatUmiens ffandlingar. Stockholm, 
1806-96. 

28 
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The Bubstitution in the quintic gives a cubic surface F^ whose intersection with 
F^ is a space sextic /%• 

Whenever, by a birational transformation, the plane quintic G^ goes into 
itself, the corresponding space sextic 8^ must also go into itself, and conversely. 
The adjoint conies ^^ merely interchange, as do also the corresponding plane 
sections oi F^. Hence the transformations in space are all linear. Sincejp=4, 
every generator of jP^ is a trisecant. The inflexional tangents of 8^ must be 
generators oi F^j for no other straight lines have three points in common with 
the curve. 8^ can have no point-singularity; for if projected from a double 
point or cusp it would give a quartic whose genus is less than four. 

CoUineations which leave 8^ invariant, leave JPi invariant. The linear 
transformations of F^ are of two kinds : first, those in which the systems of 
generators interchange ; second, those in which the systems do not interchange, 
though the generators of either or of both systems may interchange among 
themselves. It is then convenient to have coordinates that distinguish between 
the systems of generators. This is done by the following equations : 

aj'/ti/ = 2^/2/ = yjy^ and y/a/ = dfwf = x^fx^ , 

which represent two pairs of planes intersecting respectively on F^ in lines 
which intersect and thus belong to different systems. Then a^, x^ and ^i, y^ 
may be regarded as coordinates of the two systems. 
A cubic in both sets Xijoc^^ Vi/ytj viz., 

will then determine three generators of one system for any particular generator 
of the other, and therefore define a sextic curve whose trisecants are generators 
of the hyperboloid. 

Such a sextic, if projected * from a point on the curve, goes into a plane 
quintic with two distinct nodes ; from a point on F2 but not on the curve, a 
sextic with two triple points; from a point not on ^2, a sextic with six nodes 
lying on a conic, unless the center of projection be taken at the vertex of a 
cubic cone on which 8^ lies, in which case the plane curve is manifestly a 
cubic counted twice. 

*Cleb8Cli: Vorlesnngen iiber Geometrie II, 8. 414. 
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If the center of projectioii be taken at the vertex D or (0, 0, 0, 1) of the 
reference tetraedron, the substitutions are 

/a/, j/, g', u/\ ^^ /xi, jr2, yi, y^\ 

where the variables in the lower row are to replace those in the upper. 

Collineations of the first kind wherein the generator systems interchange 
may be written 

( ^y ^%y Vxy Vz \ 

which, if generators through two invariant points, say Xx=yi=0 and a:ij=y2=0, 
be taken as edges of the reference tetraedron, may be reduced to the form 

f^y «2, yn y2\ 
\%n %2, «ia?n «8«2/ ' 

Collineations of the second kind may leave the generators of one system 

severally invariant while interchanging those of the other system, or they may 

interchange generators of both systems among themselves. Such are 

f^y ^y yiy y2^ ^nd f ^' ^' ^^' ^^O 

\ax2y feci, yi, yg/ Kax^, bx^, cy^, dyj ' 

The product of two collineations of the first kind is evidently either identity 
or one of the second kind. When therefore an equation is invariant under an 
operation T of the first kind, it is likewise invariant under T*, which is an 
operation of the second kind if the period of T exceeds two. Thus the group 
which contains operations interchanging the systems of generators contains as 
many which leave the systems invariant. When the systems do not interchange, 
the groups of collineations are simply isomorphic with the well-known binary 
linear groups. Hence there are no new simple groups. 

2. If the Sq can be transformed into itself by a collineation of period 2^ 
there are two cases arising according as the transformation is of the first or of 
the second kind. First suppose that the curve belongs to a group G2 of order 2 
under which the generator systems interchange. The collineation may be written 

f^ly ^f y\y y2\ 

\y\y y%y ^\y V' 

or, in space coordinates, 

/a/, y, 2/, u/\ 

W, y', a/, xd) ' 
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which, when projected from the vertex (0, 0, 0, 1), becomes, for the plane, 






Hereafter accents will be omitted from the space codrdinates. 

It is evident that the space collineation is a central perspective whose center 
a: + a = y = ti; = is the pole as to Fg of the plane of perspective x — » = 0. 

The reference tetraedron can be so chosen that two vertices /? or a:]=yi=0 
and B or X2=^y2^^0 are on the curve. Then ao = c^s = in the equation 

= Ai any?- V? + a^a^s 2 6^2^"'*^? + x,^ 2 c^-^y? + a| I «--y? = 0. (I) 

n=0 n=0 n=0 n=0 

In order that this equation be invariant under the above transformation, 
the following conditions must be fulfilled : 

Then (I) reduces to 

or, in space codrdinates, 

a8(a®+2j')+(a38y+ijti?)(«*+2?)+(ay +62yu> + c^tif){X'^z) + yir(6iy +C8ti7) = 0. 
This cubic surface and F^ intersect in the sextic curve. It projects from D into 
the plane quintic 

aay*(a« + 2i«) + y(a^ + 68^z)(x* + 2«) + (a^y* + 6^^^ 

+ xy^h^ + cssw) = 0. 

The first two of these coefficients can be reduced to unity by change of scale. 
The quintic is then written 

y'i^ + a") + yif + <i^){^ + 2?) + (6y* + cxffz + d^7?){x + z) 

+ xyz{ef+/yz) = 0, (1) 
with the transformation 

N2; yf xy 

which transformation is unaltered by the above change of scale. 

3. As was observed before, the space collineation for (1) is a central 
involution with center V at (1, 0, — 1, 0). The center is not on the hyperboloid 
and every line through it cuts the hyperboloid twice. Then all lines to points 
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of S^ from V are bisecants, generators of a cubic cone K^ . The cone is clearly 
of order 3, for any plane through V meets S^ in six points which must lie in 
pairs on three bisecants. The points P<(i= 1, 2, . . . ., 6) in the plane of per- 
spective X — 25 = go into themselves by the transformation of period 2, hence 
the bisecants FP< are tangent to S^ at P«. Two of the points P< are at the 
vertices (0, 1, 0, 0) and (0, 0, 0, 1) of the reference tetraedron). The cubic cone 
has nine inflexional generators which lie by threes in twelve planes. An in- 
flexional tangent plane to K^ contains but two distinct points of S^ . These are 
interchanged by the transformation of period 2. Hence such a plane is a double- 
osculating plane. When VPi is an inflexional generator, the corresponding 
inflexional tangent plane is a sextactic plane. In any case an osculating plane 
at Pi contains at least four consecutive points of S^ . For the osculating plane 
contains three consecutive points of S^, hence two consecutive bisecants, on 
each of which there is a pair of consecutive points. Such a plane is therefore 
stationary. 

The quintic is derived from the sextic by projection from the vertex D of 
the reference tetraedron ABGD. Let lines from D to -4, By C, V pierce the plane 
of projection in /, 0, /, D respectively. Then ZX, the image of/), is on the quintic 
and is the center of the plane homology H. A tangent at D must have either 
three- or five-point contact. The five lines from U to the points in which Cg 
intersects the axis of homology are tangent to the curve at those pointy. The 
nodes at /and /are interchanged by jS'and are both of the same kind, crunodes, 
acnodes or cusps according as a? — Ad is positive, negative or zero. Unless they 
are cusps, the class of the curve is 16. So the five ordinary tangents from IV 
and the inflexional tangent at D leave in general four double tangents from U. 
In the case when the tangent at D' has contact of the fourth order, there will be 
but three double tangents. The double tangents are the images of the planes 
tangent to K^ which intersect K^ in the generator VD. There will be four such 
planes except when VD is an inflexional generator. If, however, one of them 
is tangent also to ^21 the plane curve is bicuspidal and the bitangents from D 
are images of the other three tangent planes. 

The nine inflexional tangent planes to K^ give as images nine adjoint conies 
each having double three-point contact with O^. The images of the eighteen 
points of intersection of F^ with the nine inflexional generators of K^ lie by sixes 
on twelve adjoint conies, because the cross-sections of K^ are non-singular cubics 
whose points of inflexion lie by threes on twelve lines, and a plane containing 
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two inflexional generators must therefore contain a third. So an adjoint conic 
containing four of the eighteen three-point contact points must contain six. 

Moreover, since the osculating planes of /% at the six points in the plane of 
perspective have four-point contact, their images, adjoint conies, will have four- 
point contact with C^ . The image, however, of the osculating plane at D breaks 
up into the y-axis and a line through D tangent to the curve. As the y-axis 
intersects G^ in D^ the tangent at D must have three-point contact. This is 
another proof for the inflexion at D. When the osculating plane at D has six- 
point contact, its image, a line through Z/, will of course have five-point contact. 

Only four bitangents and one inflexional tangent are in general accounted 
for. The rest, sixty-four and thirty-two respectively, meet in pairs on the axis 
a; — » = 0. 

Any plane through F meets S^ in six points collinear in pairs with V. 
Such a plane section of F^ goes into an adjoint conic ^ which cuts out a point- 
group, 6^(, the points of which lie in pairs on three lines through D. 

If the projection had been made from AotC instead of D, a sextic would 
have been obtained remaining invariant under a quadratic inversion. 

4. The collineation of period 2 of the second kind may be put in the form 

\^\y —^f —vu y%J v», —y, h — w 

which projects from D into the homology 



T=:(^> y^ ^\ 

\^, —yy V 



Beginning as before with equation (I), it is clear that in all terms the 
sum of the exponents of x^ and y^ must be odd or even in order that the above 
transformation may leave the equation unaltered. Thus either 

ao = a3 = ii = i8 = ^ = ^ = ^ = ^ = 0, 
or 

aj ^ Og := Jo =^ ^2 =^ ^1 = ^8 = ^ = ^ = 0- 

Either set of conditions gives essentially the same quintic. Selecting the former 
set, the equation is 

«iai2/fy8 + «8«iy2 + 6oaa«8yi + ^A^^iSA + <h^i^iy% + c^^% 

or, in space coordinates, 

d^ + 032^ + xz{cix + JjJb) + x{h^ + d^xi^) + z{a^ + c^v^) = 0. 
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By change of scale of x^ y and z the coefficients (qi ^ ^^^ ^ ^^'^ ^^ absorbed 
and the equation be written 

7? + xz{aai + hz) + c^ + z{duf + «y*) + ^{f + tu*) = 0, 

which gives, for the plane quintic, 

Al^ + 2?) + xj^z{ax + 62) + ^{cf + c?x«) + 3/*(aj + eg) = 0. (2) 

The coUineation in space is an axial involution. That is, under it y =ti7 = 
and a; = z=0 are not only invariant as a whole but all their points are invariant, 
because any plane through either line goes into itself. Hence a line joining two 
corresponding points of the S% must intersect these two axes and 8^ lies on a 
ruled surface with the two invariant lines as directrices. The directrix y=u; = 
does not intersect /%, but any plane through it cuts S^ in six points which lie on 
three bisecants through the point P, where the second directrix x = s = cuts 
the above plane. Thus x = 2; = is a triple directrix. Similarly y = ti? = 
is a double directrix, for x = 2 = contains two points of /%, leaving four points 
in any plane through it to lie in pairs on two bisecants which meet in a point on 
y = tr = 0. So the curve lies on an R^ , the order 6 being the sum of the 
multiplicities of the straight line directrices. From a point on a bisecant there 
are five other bisecants, which generate a ruled surface on which the given 
bisecant is of order 6. Any plane containing a bisecant cuts 8^ in four points 
besides the two on the bisecant. These four points are joined by six bisecants. 
Therefore the complete plane section of the surface is these six lines and the 
given bisecant which counts as five. The order of the ruled surface is thus 11. 
As i2u has a factor R^, there is also an R^. 

It is important to bear in mind that the curve belonging to a G^ of the first 
kind lies on a cubic cone, while the one whose group Q^ is of the second kind 
is on a particular ruled surface of order 6. Under special conditions the ruled 
surface of order 6 may break up, as will presently appear. The curve lies on a 
K^ when it has a central involution, on an R^ when the involution is axial. 

6. The quintic (2) in the form obtained has at least one acnode. The 
center of the plane perspective is at or (0, 1, 0), which point is an inflexion. 
The inflexional tangent is 2 + ^ = 0. This has contact of the fourth order 
when a«* + c = c' + 6c. The quintic cuts the y-axis in a point Z^, the image 
of X) on /Sli, and the tangent to C^ at U is x + ^2; = 0. The curve has six 
double tangents from 0, which, with the tangent at D and the inflexional tangent 
at 0, make up the number 16, the class of the curve. 
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When d = e, in equation (2), the curve 

Ay" + ^) + xy'zicuc + bz) + ??{cf + da?) + 3/*(d» + a) = (8) 

possesses, in addition to the linear transformation Ty the quadric transformation 






and thus QT^ which is also quadric. The two quadric transformations correspond 
to two central collineations in space; and T^ the product of the two quadric 
transformations, corresponds, as we have seen, to an axial involution. The 
central collineations project into quadric transformations because the center 
of projection is not an invariant point of either coUineation. 

If the center of projection were taken at A, the result instead of the quintic 
(2) would have been the sextic 

f/^ufi + y^w{ayw + Jg^) + cz» + 7^{dvf + ef) + y7?w{y^ + ti;^) _ q (2')* 
whose transformation 

corresponds to the above 7, and to the axial space coUineation. Moreover, 
when <2 = e the sextic (3') is obtained with collineations (^ and QT or 



W, ±z, yJ' 



which correspond to the central space collineations. 

The sextic (2') has six bitangents from -4', the point on // which is the 
image of A^ and the sextic (3') has in addition to the six from il', nine 
bitangents from 0. 

The condition c2 = e for (3) might have been obtained in two ways : either 
by working for the S^ which allows interchange of the systems of generators as 
well as the coUineation for (2), or by finding the condition that the R^ for the 
space sextic of equation (2) breaks up into two K^ . The latter method is as 
follows: the plane BCD or a; = of the reference tetraedron contains two 
trisecants BO and CD which are cut by /Si in (0, 1,0,0), (0, V'c, ±tV"e, 0) 
and (0, 0, 0, 1), (0, 0, ± iVd, Vc) respectively. Likewise 2 = contains the 
points (1, 0, 0, ±i) and (1 ±t, 0, 0). If the two sides of the quadrilateral 
formed by bisecants in the »-plane which meet on a; = z = are met at the same 

* In this seetlon, the plane sex ties are gWen accented Bnmbers, and correipondlng qnintice unaccented. 
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point by those of the quadrilateral in the s;-plane| R^ breaks up. The condition 
that a bisecant in the x-plane meets a corresponding one in the 2-plane is that 
certain four of the above points lie in the same plane, which condition is satisfied 
only if 



;^ :- =0 



1, 


»■» 


0, 





1, 


0, 


0, 


« 

% 


0, 


0, 


Wd, 


Vc 


0, 


Vc, 


We, 






that is, if ^/c{f^d — \/«) = 0. When c = 0, four points in the plane sc = 
coincide at C and there would be no determinant. When, however, d = «, there 
are two central involutions in addition to the axial involution of (2), and S^ is 
on two K^ into which R^ has broken up. When c = 0, it is observed that 
although there is no new transformation the curve has a stationary plane at C. 

The centers F^, Fg, or (0, 1,0, ±1), are on the line x = 2 = and they 
project from D into of the reference triangle OIJ. The plane a; + ^^ = 
is a double osculating plane at (0, 0, 0, 1) and (0, 1, 0, 0) and is an inflexional 
tangent plane to both cones. Its image is a double tangent with contact of the 
second order at and ordinary contact on the 2-axis. This inflexional double 
tangent and the six ordinary double tangents make up the number 16, the class 
of the curve. The eight other inflexional tangent planes to the two cones 
have as images adjoint conies, each having double contact of the second order 
with C^. 

6. A four-group can also be obtained whose operations are all of the second 
kind or axial. Besides the collineation belonging to (2) there may be two others 
of the form 

or, for the plane, 

\yz, ±a?2, xyj^ 

Beginning with the form for (2) before the coeflicients were absorbed by 
change of scale, and obtaining the condition that these last transformations will 
leave the equation invariant, the result is 

X* + 2* + axz{x + z) + h{x^ + m^) + c{xuf + r^z) = 0, 

which gives the plane quintic 

^^(a? + s?) + axy^z{x + z) + y^{bx + cz) + 9?^{bz + cx) = 0. (4) 

29 
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The lines x ± 2 = and the adjoint conies x2 ± ^ = are invariant under 
all the plane transformations of the group. They are the projections of sections 
of F^ made by invariant planes y ± u) = and oc =k z = 0. Each of the invariant 
conies intersects Of, in six points collinear in pairs with 0. The conies 
x^ =k 2^ =0 and ^z ± os^ =0 are each invariant under the corresponding quadric 
transformations of the group. They are the projections of the intersections 
of F^ with the cones ary ± 2? = and yz ± x* = 0. The cone ay + a* ^ is 

transformed by i ' ^' ^' ^ ) into zi£? + x* = 0. If from the last equation and 

that of ^2 1 ^ ^ eliminated, the result is xy + 2^ = 0. The cone xy + 2^ = 
has the line y = z = in common with the hyperboloid, and it goes into 
x = ti7 := by the above transformation. The cone and the hyperboloid have 
also a cubic curve in common which remains invariant under the above trans- 
formation and is projected from D into the conic invariant under the corre- 
sponding plane transformation. 

The quadric transformations for C5 may be regarded as the products of 
inversions by harmonic homologies. Thus : 

(X, y, 2>|_p, y, ^yjc, y, A_/aJ, y, zVo:, y, z\ ^^^ 
\yz^ xz, xyj \xy, az, yzJKzy y, xj \xz, yz, ary/\y, x, zj ^ 

The quintic (4) has an inflexion at 0, but the tangent from to the point 
of intersection of C^ with the y-axis is not, as in (3), the inflexional tangent at 0, 
but is transformed into it by the quadric transformations. The former tangent 
is ex + &z = 0, while its image, the inflexional tangent, is bx + cz = 0. 

7. There are then two non-cyclic groups of order 4. The q^uestion arises 
whether there can be a cyclic G^. In a collineation of period 4 the systems of 
generators must interchange, for otherwise there would be fixed generators on 
which the points of S^ would have to change cyclically, which could only be 
when the period is 3; or else the twelve points on the edges of the reference 
tetraedron must be situated in groups at the vertices, which latter case occurs, 
as will be seen, presently in the collineation of period 5. 

A collineation of period 4 can be written 

Wii y%i ^u —^J \2, ty, X, — W 
or, in the plane, 



(^7 Vf «^ 
Vz, ty, xJ 
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As the square of this coUineation is the O2 of the second equation, it is well to 
begin with the form for that equation before the coefficients were absorbed. 
With the conditions that the above transformation imposes, it is found that 

oj^ + alyj + (Mxx^^t{x^t + x^^ + (6a^ + C3^2){x^t — x^^ = 0, 
which possesses not only the above transformation but also 

which becomes, in the plane, 

\^/^^y^^ s/cxZy \/ — hxy)^ 
From the above equation is derived the plane quintic 

^f + f^ + axfzix + z) + (63^ + (xx?^ (« — a) = 0, (6) 

and the transformations form a diedral O^g, which contains a four-group of each 
kind as well as the cyclic Q^ . 

The quintic has the geometrical properties of equation (3). The inflexional 
tangent x — 2 = has also ordinary contact at (1, 0, 1). From there are six 
bi tangents, and one of the points /or J is an acnode. 

These six groups, composed of two &2, three O^^ and one ffg, are the only 
ones without higher prime periods; so we pass now to the consideration of the 
transformations of period 3. 

8. A cyclic O^ can not interchange the systems of generators; for evidently, 
in interchange of systems, the period of the transformation must be even. There 
are then two kinds of O^ to be considered : one which leaves neither system 
invariant, and one which leaves one system invariant. The first kind may be 
written 



(^u «8i vu y2^ _ /«, y, «, «^^ 

Voi, oajg, oVii Vt^ ^«i "Y ^y ^^^ 



and, in the plane, 

(^f Vy «^ 
Var, (jy, zj^ 
where «' = 1. 

The substitution is made in (I) as before, and the conditions for invariance 
obtained. There are three resulting equations, but two are discarded because 
they are of lower genus. The third is 

oJyS + a|yf + aipfia/i + a|yi) + ixiolyfy, + ca?iX^,yi = 0, 
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or, in space coordinates, 

a? + ^ + a{i^ + ti;^ + xz{bx + ca) = 0. 
This projects into the sextic 

A^ + ^) + «(3/* + ^^) + xi/^Kbx + cz)z=o. (60 

It is evident^ on account of the symmetry of the equation, that the systems 
of generators can also interchange, and the equation possesses the following 
transformations of period 2 : 

/«!, »2, yi, ya ^ = (^f Vf ^3 ^\ 
or, in the plane, 

\xy, Qxz, yz) ' 

The centers for these space collineations are (0, 1, 0, — cj), and the planes 
of perspective are y — oti; = 0. 

Equation (6) belongs therefore to a diedral Q^ . The planes x + A% = 
are invariant under all transformations of the group. The centers of the three 
cubic cones of perspective are on the line a; = « = 0. By the transformations of 
period 3 the cones are interchanged. Therefore a plane x + A:z = which is 
tangent to one cone is tangent to all three. Through any point on the line 
connecting the vertices there are six lines tangent to a section made by a plane 
which contains the point but not the line, for such a section is a non-singular 
cubic and is therefore of class 6. There are thus six planes through BD each 
tangent to one cubic cone and hence tangent to all. A plane through BD 
tangent to the cones touches the sextic in three points, one in each plane of 
perspective, and at each of the eighteen such points of tangency there is a 
stationary plane. The twenty-seven inflexional tangent planes must each touch 
Sfi in but two points. 

Corresponding to the above properties of Sf^j the plane sextic has six 
tri tangents from 0, which accords with the class of the curve 18. Each of the 
points of tangency determines an adjoint conic with four-point contact. The 
points of tangency, like those in (1), lie by sixes on twelve adjoint conies. 
There are twenty-seven adjoint conies with double three-point contact. 

The last S^ does not pass through a vertex of the reference tetraedron, 
so that the projection from any vertex is a sextic with two triple points. 
A binodal quintic is obtained by inversion of the sextic, the triangle of inversion 
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being selected with all the verticed 0, 1, and / on the sextic, / and / being at 
the triple points. This gives the quintic 

ay* — SaS/^z + ZaS^:? + 7?j^ + (1 — c?)j^^ + haf^^z + cxy^s? 

— SaVyg — 2a>h7?y^—a>cxy^ + 3a V2? + aH^T? = 0, (6) 

which is transformed into itself by 

\Qx\(i?y + a\l — (i?)z\, y{(i?y + a\l—G?)z\, yz) 
and by 

f^f yi 2J\ 

where v = wa? + aSf. 

The same quintic may be obtained by transforming /% to a new reference 
tetraedron A! BCD whose vertex D is at (a^, 0, 0, — 1) on S^ and whose 
reference planes are a/ = a; + a^ and y = y + a^. The projection into a 
quintic is then made from the new vertex D. The transformations from the 
original tetraedron to the plane are 



\xy — a>xz, y^ — a'^z, yz, xzj 



The planes x + ^ = 0, which as before stated are invariant under all 
operations of the group, go into the pencil of conies xy — a^xz + kyz = 
through OIJ. So the six points cut out on G^ by any conic of the pencil can 
\ only interchange among themselves. Six conies of the pencil are triply tangent 
\to ^61 since six planes of the corresponding axial pencil are triply tangent to S^. 
They correspond also to the six tritangents from in the plane sextic. Through 
e$ch of the eighteen points of tangency there are likewise adjoint conies which 
h^ve four-point contact with C^. 

i The above transformations of period 2 are clearly inversions, with v, y, z 
as sides of the triangle of inversion. There are three centers O^, O3 and Os, 
corresponding to the three values of o) in the line v = gw; + a^ = 0. The co- 
ordinates of these centers referred to the OIJ triangle are (a^, — o, 0), corre- 
sponding to the coordinates (a^, — o), 0, 1) of the vertices of the cubic cones 
referred to the tetraedron A^BGD. The three centers are points of intersection 
of 2 = with G^. They are not, however, inflexions; hence there are fourteen 
tangents to C^ from each center besides the one at the center. 
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If 8^ be projected from A or C^ the transformatioDS will be all linear of the 
form 

and the plane seztic is 

t^v? + ai" + as?{}l^ + ^) + y^w{hyw + ca?) = 0. (6'') 

9. Consider all groups whose operations do not interchange the systems of 
generators, which contain the above G^ as an invariant subgroup. Such a group 
could not be a cyclic O^^ for there are not six points of 8^ to permute cyclically 
on an invariant generator. It can not be an octaedron group, for that contains 
a cyclic Q^ which is excluded on the same ground as the Q^. It can not be a 
diedral (7^, for that contains a cyclic G^. There remain only the diedral &« 
and the tetraedral group. 

It is evident that the space sextic (6'), when i = c, is invariant also under 



or 



Vxsi ^«ii "V21 yJ \«i <i>X «, (^yJ 

\yz^ QXZy xyj 



for the plane sextic projected from D. 

The second sextic (6'^), when & = c, has the quadric transformation 



( yt », 
\(i?zw^ yWf 



5/ 



G^yzj 

The above transformations, compounded with those for the previous diedral 
&«, give transformations of periods 3 and 6, making up a diedral &12, one-half 
of whose operations interchange the systems of generators. 

The quintic (6), when 6 = c, becomes 

ay^ — 3a^y*« + Sa^s? + 7?^ + (1 — o^)y^^ + ba?t^z + bxy^9? 

— 3a^a»yz — 2a>b3i^ys? — a>bxy^ + Zd^o?^ + d>ha?^ = ; (7) 

and it has in addition to the transformations of the diedral G^ the following: 

^f y, 2 



and 



/ «^> yi ^ 

\y\(^^z + a\y — a^z)\, x\g?z '\' a>{y — a>z)\ , x{y—a>z)J 

\z{y + a\>?x\ {oy + a>x){y — a^), x{y — a"^)) ' 
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10. Assuming that the subgroup which does not change the generating 
systems is a tetraedron group, since this group contains an invariant axial four- 
group, it is convenient to start with the equation of the S^ for (4) and find what 
further conditions exist among the coefficients to admit the coUineation 

/ Oil 03, yii y« ^ 

V± i(a:i ± ajg), (a^ =F x^), (y^ T yg), =F i(yi ± y«)y ' 

These conditions are a = 3 and 6 = — c, and the resulting equation is 

(01^2 + a^i)' + *(aiyi — «2y2)(«iyi + x^^i^^x — oiyg) = o, 

or 

(» + 2)^ + h{y — w){y + w){x — 2) = 0, 

from which is obtained 

f{x + zf + ^(y* - a:z)(y2 + ^^j^^. - 2) = 0. (8) 

These equations are invariant not only under all the substitutions of the 
tetraedron group, but also under the remaining substitutions of the octaedron 
group, so that in addition to the substitutions for (4) the quintic has 

/a:, y, 2 V 

\±:xz + xy:izf — yzy (zfci)'(±x2 + »y =Fy^ — y«), =Fa2 + «y =Fy* + y2^ 

and 

\{x =F iy){3/ ± iz\ {i)\x ± iy){y ± iz), (a; ± ty)(y =f *«)^ 1 
where € = 1, 2. 

Under all operations of the octaedron group, the plane a; + ^ = and its 
pole P or (1, 0, 1, 0) with respect to F^ are invariant. Hence the set of six 
bisecants from P is invariant. There are but six bisecants from P, for if there 
were an infinite number, there would be a central involution 



/a, y, z, w \ 
Vx, —w, z, — y/' 



and this substitution does not leave (8) invariant. The tangents to 8^ at the 
points in the invariant plane are invariant as a whole under the transformations 
of the group. Hence they must either lie in the invariant plane or pass through 
the invariant point. They can not lie in the invariant plane, for in that case 
S^ would have twelve points in the plane ; so they must pass through P. More- 
over, the six points on 8^ in the invariant plane are in six-fold involution. 

11. The octaedron group G^a has six central and three axial involutions, 
and the vertices of the six cubic cones on which the space sextic lies are in the 
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invariant plane. They are the vertices of a complete quadrilateral whose 
diagonal triangle, together with the point P, determines the tetraedron whose 
three pairs of edges are axes of the axial involutions. The planes of perspective 
pass through P and cut the plane x + z^=0 in six lines, which are the sides of 
a complete quadrangle whose diagonal triangle is the same as that for the 
complete quadrilateral. The diagonal triangle cuts ^3 in the six points on S^ . 
The set of planes and lines from P to the lines and points just described in the 
invariant plane, is invariant as a whole under the operations of the group. 

Since the six planes of perspective and three axes of involution all go 
through P, it is evident that if P be taken as center* for the projection of S^y 
a plane sextic will be obtained all of whose transformations of period 2 are linear. 
Moreover, as the other operations of Of^ are generated by those of period 2, all 
the transformations in the group must be linear. Choose the invariant plane 
as plane of projection and the diagonal triangle as reference triangle. Then the 
equation of the F^ section may be written 

and the points of S^ in the plane are at (0, d= t, 1), (1, 0, ± t) and {±i, 1, 0). 
At these points G^ has cusps. 

The above conic is invariant under six central homologies; viz., 

{^f Vf «^ (^y yy 2^ f^, y, ^\ 

\x, z, y/' \2, y, xj' \y, a, zj ' 

( ^y yf «^ (^y y, ^\ (^, y, ^\ 

\— », 2;, yj ' \z, — y, xj ^ \y, x, —z) ' 

and also under the following homologies, which are the projections of axial 
involutions in space: 

( «i y, 2^ (^y y, 2^ (^, y^ ^\ 
\— «i yi 2/ ' \»i — y, 2/ ' \», y^ —2/ * 

It is evident that a sextic invariant under the above transformations is 
symmetric in the variables and contains no odd powers. It has the form 

a(«* + y* + ^) + Ka^y' + a?y* + a*2* + aj*2* + y*2* + y*2^) + 

* The preceding equations (l)-(7) can likewise be projected from the invariant point P, and each is thns 
transformed into a sextic with six cusps lying on a conic. 
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By transferring the origin to one of the points at which there is a cusp, it is 
foimd that & = 3a for genus 4.* So the equation can be written 

(a? + y2 + 28)8 + ]c^^^ - 0. (g/) 

This form shows that the axes are bicuspidal tangents. 

The six-cuspidal sextic is of class 1 2, with 27 bitangents and 24 inflexions. 
From each center of the first six homologies there can be but six ordinary 
tangents to the points where the corresponding axes a^ cut C«. Hence, from 
each center there are three double tangents, which means eighteen besides the 
cuspidal double tangents, each of which should be counted as three. This 
accounts for the entire number. The inflexional tangents meet in pairs on each 
of the six axes. 

The binodal quintic (8) has, like (4), a point of inflexion at 0, from which 
there are six bitangents. The inflexional tangent is x — 2 = 0, and it is also 
tangent to O^ at the point of intersection with y = 0. The projection of P from 
Z>, or (1, 0, 1), and the line x -f 2= are invariant under all operations of the 
group. The six vertices of the complete quadrilateral project into points on 
^ + ^ = 0. They are centers of quadric transformations of the group. 

12. The G^ already considered left neither system of generators invariant. 
Assume next that one system, say the ^-system, is unchanged. Then G^ can 
be written 

/«ii «8, yi, yA_/», y, «, ^\ 

VciKCi, ai, yi, yj \x, oy, g)2, wJ * 

This substitution in the general form (I) gives three equations, two of genus less 
than 4 and the other of the following form : 

an equation containing eight constants. Of these eight, two can be absorbed 
in Xi and x^ respectively, and by a linear transformation 

Vi = ayi + Jyi, ya = oyi + <^2 

the roots of /g can be prescribed. This leaves three moduli. 

*For certain Talnes of tbe remaining modnlna more donblo points may appear. Tbne, for ib s — 27, p a 0. 
It ia proJeetiTely eqniTalent to tbe astroid or f onr-cnsp bypocyeloid. 

30 
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Instead, however, of reducing the number of arbitrary constants, the sym- 
metry will be better preserved by writing the equation in the following form : 

Avi + «i3^2)(yi + %«)(yi + ci^a) + 4{yi + <^2)iyi + *2y«)(yi + c^y^) = o, 

or, in space coordinates, 

(y + M(y + M(y + ^i^) + (« + (hi^Xx + h'^){x + c^w) = o. 

Projected from Z>, the result is the plane sextic 

Ay + ai2)(y + M(y + ^«) + Ay + <'f^){y + M(y + <^) = o, (9') 

with the transformations 

f^f y, «^ 
Vwa, y, «/ 

into itself. The sextic has triple points at x = y = and y = z = 0. The 
center of homology is at the latter point, and the axis x = crosses the curve 
in three points of inflexion whose tangents pass through the center. Tangents 
at the center can have no residual points; hence they must be inflexional. 
Three inflexional tangents at the triple point, together with the three from the 
triple point to the points on the axis, make up 18, the class of the curve. 
There remain thirty inflexional tangents which meet by threes on the x-axis, 
the thirty points of inflexion lying by threes on ten lines through the center. 

Since S^ does not pass through a vertex of the reference tetraedron, it is 
convenient in order to determine the quintic (9) to select a new tetraedron 
whose vertex Zy is at (1, 0, 0, — o^). If for x and y the variables x' — o^ti? and 
j/ — a^he substituted, the equation referred to the tetraedron ABOU is 

+ x'lx' + {h — a^)w\\J + {<^ — <h)^\ = 0. 
Projected from the vertex Z)', this gives the quintic 

y*]y + («i— «2>}]y + (*i— ^>f{y + (ci— a2)2[ 

+ ^\y + {h—(h>\\y + {<h—<h>\ = 0, (9) 

which is transformed into itself by the same transformation as the last sextic. 

This quintic has a double point at /, a cusp at J, and does not pass through 0. 
The axis y = is the cuspidal tangent. The axis z = intersects the quintic in 
three points of inflexion. The tangents at these points pass through /, the center 
of the coUineation. The cuspidal tangent and three inflexional tangents from 
the node count as seven, leaving eight to be accoimted for by the tangents at 
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the node. In this case the inflexional tangents at points on the s-azis can not 
be again tangent at the node. It is therefore necessary that the nodal tangents 
have four-point contact. 

No two of the constants can be equal, for if o^ is equal to 6^ or Cg the quintic 
breaks up. If a^ is equal to a^ ij, or Cj, there is a triple point which reduces 
the genus. By symmetry it is evident that no two of the coefficients can be equal. 

There are twenty-four inflexional tangents and fifty-four bitangents meeting 
in sets of threes on the s-axis. The points of inflexion lie by threes on eight 
lines through the center. 

13. In order that the last S^ may go into itself by any operation which 
changes the yi and j/2f ^^^ functions /s and ^^ must either go into themselves or 
interchange. In the latter case x^ and x^ interchange. In the first case the 
Hessians Hf and H^ must go into themselves. Assume that the Hessians are 
different. Each defines a pair of points. One pair may be the basis points of 
a Q^ which interchanges the other pair, or both pairs may be interchanged by 
the &2, in which case the basis points are given by the functional determinant 
of Hf and H^. Neither of these cases is possible, for in order that the three 
points of^ = and those of ^ = be put into themselves by a ff^, one of each 
must be invariant and form basis points. So to obtain groups of higher orders 
with 6^8 ^ subgroup, /^ and ^ must be interchangeable, and the six factors of 
/s^ can be arranged so as to be cyclically permuted in one or more cycles. 
Denoting the six factors by ai, o^, as, &i, &2, b^, it is evident, since an ai goes 
into bjf that there is a possibility of a cycle of six elements or of three cycles of 
two. When, moreover, /, goes into ^, J5} goes into H^. The latter can be done 
only by coUineations of period 4 or 2. Hence the collineation is of period 2» 

If then the collineation is assumed to be of the form 

M, ^, Vu Vt \ — (^y Vf h ^ \ 

the equation of the last space sextic in its first factored form is invariant when 
ai = — Og, 6i = — 6|, C2 = — c^. The equation, after change of scale, becomes 

(y + 2j)(y + az){y -f bz) + (a — w){x — aw){x — bw) = 0. 

This projects from D into the sextic 

i^y + «)(y + ««)(y + 62) + ^{y — ^){y — «a)(y — bz) = 0, (loo 
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which belongs to the diedral G^ whose transformations of period 3 are the same 
as those of the preceding equation, and one of period 2 is 



\2^i ^Uf — az/ 



This sextic has of course the geometrical properties of (9'). 

To obtain the plane quintic, transfer the above /Ss to a new tetraedron of 
reference whose vertex D is at (1, 0, 0, 1), with a/ = a? — w and y' = y — «. 
Then 

gives the quintic 

The transformations of this quintic in addition to those for the last are 

(^f Vf ^ ^ or (y^ ^' ^^ 

\crz, (%c — y)z, o{2x—y)yy \vz, ovy^ yzj ' 

where v = 2x — y. 

The curve has the same general form as (9). There are fifteen tangents 
from J, since the class is 15. The cuspidal tangent counts for three, leaving 
twelve ordinary, six inflexional, or three inflexional and three ordinary tangents 
from J. 

It is unnecessary to consider the forms where /g and ^^ ^^^ identical, 
because the genus is lower in that case. 

14. Since the four points of the Hessians can be paired in two ways, 
/s and ^ are each invariant under a transformation other than identity which 
is the product of two others. Such is true of 

a^y^M + yl) + 4yiiyi + ayf) = o. 

Or, putting x^ for yi and y^ for Xt , 

a^(aa^ + a|) + »i3^a5 + asi) = 0, 
which projects from D into the quintic 

xy'{af + a?) + if{f + aa?) = 0. (11) 
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The coUineation group of the S% is the diedral G^ which is generate4 by 

/ ai, ^p yif y% \ — (^^ y* ^' ^ \ 
V— xi, ajji, yi, —oytJ \a, — y, cjz, — tttr/ 
and 

\a%, ±a?i, ioys, yi/ W, icjtr, a, =ty/ * 

The corresponding transformations in the plane are 

r^' y^ Mandf^' y* ^ V 

The curve passes through O, at which point x = is an inflexional tangent. 
The lines ^ + a'l^ = are also inflexional tangents. 

16. Consider next the case where Hf and H^ are identical. The equation 
can then be put into the form 

aiyS + a^ + a^ + a»a|yf = 0, or a»x» + y» + 2» + ii;» = 0. 

This projects into the sextic 

a Vy» + y« + y'sj" + a»2« = 0, (12') 

with triple points at / and J, or x = y =0 and y = s =0, and with three points 
of inflexion on the 2-axis^ tangents at which pass through the triple point 
as before. 

The curves belong to a &» generated by the following transformations : 

/an. ««, Vu VA — f^f y, ^f ^\ or/'^'y* ^^ 
\xi, a%, 6)yi, ya/ W, oy, z, wj* \x, y, ozj 

for the plane curve ; and 

fxu ««, yuyi\ — fx, y, z, w\ ^^fx, y, «\ 
\Xi, 6)0%, yj, yj \QX, y, 25, cw/' \6)X, y, z/ ' 

The combination of these two groups of order 8 gives a Gg, invariant in the 
entire group. Moreover Zi and x^, yx and y^ can also interchange by the 
collineation 

/»!, ««, yxf yt\ — {x, y, 2, irN ^^f X, y, z \ 
\a«8, xi, yja, yJ \z\a, w, ax, yJ' \yzfa, xz, axyj ' 
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This, taken with the (?o , forms a Q^ aimply isomorphic with the transformation 
group of the general plane cubic into itself. This is a subgroup of the Q^ in 
which the systems interchange by 

(^f «,, yi, y^\ _ /x, y, 2, w\ ^ /«, y, z\ 

\yzf Vu osi V \«i ^f «, yy' Wi «», yzj • 

The lines x=z = and y = 2i7=:0 are invariant in this group. The vertices 
of six cubic cones of perspective lie three on each of the invariant lines. 
The lines are interchanged by the substitution 

\ai, — «,, ya, yj \—u), 2, y, —xj' \—xz, yz, y^J ' 
This belongs to the curve when a' = — 1 ; that is, 

or, for the plane, 

y^ + f^+si^s? — a?i/^ = 0. (13') 

This curve has thirty-six more collineations, and belongs therefore to a (^^ • 
The &n ^^ & permutation group of six things arranged in pairs of triads, 

the pairs being interchangeable. The &« possesses three invariant sub-groups On* 
The last S^ lies on six JR^^ in addition to the nine JR^ on which the preceding 

S^ lies. 

To obtain the quintic for the preceding equation, a change of coordinates 

is made as before. The new vertex ly can be taken at any one of the three 

points (0, 0, 1, — t) on the line DG, where t^ = 1. Here t is used instead of o) 

to distinguish between the transformations. By putting 2/ = s + <ti> and 

y/ = y -^ tx, we obtain the equation 

(a» — !)«■ + y' — Stxy'^ + 3<»a?y' + 2" — Sts/^w + ZH%^ — 0, 
which projects into the quintic 

(a*— l)aj»y* + y*— Stay* + 3<»a?y» + y«2»— 3<a?y2» + Zf^^ = 0. (12) 
The transformation group Q^ for the quintic (12) is generated by the following: 

f^t yf ^\ (^f yi « "j 

\x, y, mj* \xy, y|<ay + <(1 —«)»[, z\Qy + t{l — o)x\J ' 

( », y^ 2| \ 

\2(y — te), «(aa: + <y — <*aj), ay{ax'\'ty — fx))^ 

and 

/"«! yi 2 \ 

\ay, y(2 + <y), «y — <(a5y + y*— w)/' 
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Ab in the case of the last two quintics, there is a node which is the center 
of coUineation of period 3, and the axis crosses the curve in points of inflexion, 
tangents at which pass through the center. There is likewise a cusp whose 
tangent passes through the node. 

The Gt2 ^^ ^^ ^^ following transformation for the quintic : 



\xz, 2(2te — y), y(2te — y)/ 



16. It remains to consider the case in which the curve will be invariant 
under a &6- By coUineations of odd periods the systems of generators are never 
interchanged. On the four fixed generators three points can not be permuted 
cyclically in fives. The three points on each generator must be at the vertices, 
the curve touching one generator and intersecting the other at each vertex. 
The five coUineations can be put in the form 

Vfiaji, e*«8, %i, ^y^J Vx, ^y, ^z, 6wJ' 
where 9*^ = 1. The curve has the equation 

^)y2 + A^z + ^\^\ + <^^^\yi = ^f or a»y + y*2 + 2?ti? +a"xu?* = 0. 
It has, in addition to the above, the five coUineations 

( ^1, ai, yi, yt\ — (^> y, 2, «^ y 

The equation belongs therefore to the diedral 6r]o. 
The corresponding quintic is 

x*y» + J^2 + xy«" + aV2» = 0, (14) 

and its transformations are 

From the equation it is seen that z = is tangent to the quintic at (0, 1, 0) 
and likewise at (1, 0, 0), which latter point is also a cusp. The other node is at 
(0, 0, 1), at which point x = is an inflexional tangent. 

All transformations of the group leave the conies a^^'x^ ± yz = invariant. 
Each quadric transformation leaves invariant the four corresponding conies 
c^xz ±:j^ = and c^*»ff*Kcy ± 2^ = 0. This makes six conies invariant under 
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each quadric transforinatioii. They are projections of the partial intersections 
of F^ with certain quadric cones. The straight line intersections, as in (4), 
are not invariant under the transformations. 

From O there are either ten ordinary or five double tangents besides 01 
and OJf while from / and J there are ten ordinary or five inflexional tangents. 

It appears that there can be no cyclic group of higher order than 6. The 
(7io is a subgroup of the generalized icosaedron group or the symmetric G^ 
which remains to be discussed. 

There are five cyclic G^ whose generating operations may be written 

C^f ^f Vu y^\ — ( «i Vf h ^\ 

which becomes, for the plane, 

(^f y, 2 ^ 

which transformations will belong to (14) when a' = — 1. The new quintic 

is then 

^t/^ + y^z + a?s?— xy^ = 0, (16) 

which is one form of the Bring'*' Curve. It possesses the linear transformations 
into itself whose types as given by Gordanf for the G^ are 

/ail ««, yi, yA^f^f yf »i ^\ 
\— ««, »i, —y^f yJ \— «, w?, —a?, yJ' 

/«ii «,! yu y«\_/«i yy h ^\ 
\^, ^o*, ^u f^yJ " U, ^y, fh:, W 



and 

( 



»!> ^t 






* Klein : <* Vorlesungeii iiber dai IkosMder." 

tOordui: ««Ueb«r die Anfl58iing der Gleicbnngen Tom ftinften Grade," JfoiA. ^nn., Vol. XIII. 
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These collineations, taken with 

(^f »8, yi, y2\ — ( ^f yi 2i ^ ^ 
\ytf — yii «ii ^/ \—yf 2, w?, — «/' 

generate the Q^ . The coUineations for the plane quintic are 

/»! Vf z\ /«! y, 2\ 

]«-(^ + e")yHy-(d + e*>}), 

and 

/«! yi 2 \ 
\y*, y», —xzj • 

17. The space sextic for (15) can be expressed in pentaedral coordinates 
as the intersection of 

6 6 9 

<=i i=i i=i 

in space of four dimensions. Since^ however, the last equation is linear, the 
curve lies in three-dimensional space, and one of the coordinates can be eliminated 
by means of the linear equation. There are then five reference planes 

Xj=0, 08 = 0, , X6 = — {Xi + Xi + Xs + X^)=0. 

The pentaedron of reference is thus a tetraedron plus a fifth plane which does 
not pass through a vertex of the tetraedron. Any plane is cut by the four others 
in a complete quadrilateral. Through each of the ten vertices of the pentaedron 
three planes pass, and on each of the ten edges there are three vertices. It is 
clear that the curve belongs to the symmetric O^ . 

The collineations which permute two of the coordinate axes are central 
involutions. Thus 

/»i> a^i a<Bi »4i ^t\ 

\Xi, X2, JBsi 3^5, xj 

has the center at (0, 0, 0, 1) of the reference tetraedron Xix^x^x^, and the plane 

of perspective 

a* — X5 = Xi + ai + og + 2x4 = 0. 

31 
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The plane of perspective cuts a;^ = in the invariant line sti + ^ + ^ = 

on which lie the three invariant vertices (1, — 1, 0, 0), (1, 0, — 1, 0) and 

(Oy 1^ — 1^ 0). The other six vertices of the pentaedron lie in pairs on lines 

through the center and are interchanged by the above collineation. There are 

ten central perspectivities^ corresponding to the ten vertices of the pentaedron. 

Hence the curve lies on ten cubic cones. The equation of any one of these cubic 

cones is obtained by eliminating one coordinate from F^ and F^ by means of F^ 

and combining the results to eliminate a second coordinate. The result is the 

square of a cubic in the remaining three coordinates. 

Now the symmetric 6^120 or generalized icosaedron group has five octaedron 

subgroups^ each obtained by permuting all the variables but one. Let XiX^^x^x^ 

be the set of variables. Then the quadrilateral in the ar^-plane is invariant as a 

whole, but its sides and vertices are interchanged by the collineations. The 

sides are 

Zi = 0, X8 = 0, a^ = 0, aji + xi + aj| = 0. 

The equation of the plane seztic (8') invariant under the symmetric G^i or 
octaedron group was found to be of the form 

The question naturally arose as to what value of k would give a seztic invariant 
not only under the G^^ but also under the 6^120- ^^^ plane sextic (8^) was referred 
to the diagonal triangle of the invariant quadrilateral. This suggested that the 
equations of S^ be referred to the tetraedron whose base is the diagonal triangle 

«i + a« = 0, ai + a^ = 0, X8 + aa=0, 

and whose vertex is the pole (1, 1, 1, — 4) of a?^ = with respect to F^. 
Denoting the new coordinates by x, y^ z^ w, the transformation of coordinates 
may be written 

T-i — f *' y> «> ^^ 

~ \2a:2 + 2xs + x^^ 2xi + 2xz + x^, 2xi + 2x2 + Xif xj ' 

or 

T—( ^^» ^' ^' ^^\ 

\ — a + y + « — ti?, X — y + 2 — 11?, « + y — 2 — u?, 4ti?/' 

The equations of S^ become 

-F;' = a* + y* + 2* + Sti?* = , 

i^a' = 6^ — ^o* + 2^ + 2?) — 2xy » = . 
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The last equation combines with the preceding and reduces to hv)^ — 2:^2; = 0. 
Eliminating v)^ we obtain a sextic 

(a* + 2/^ + 2^)' + 5a^2/'2« = 0, (IS') 

which may be regarded as a sextic cone containing /Sq, or as the plane projection 
of S^ from a vertex of the new reference tetraedron upon its opposite face. 
18. One of the collineations of period 5 may be written 

R=(^^ ^1 ^i ^ij ^C\ — ( ^u ^» ^> a:A 

V.X5, «i, ajg, a^, xj \— («! + a?2 + aJs + «*), ^i, «2, a^s/ * 

This operation transformed through T gives 

~ ~\a;+y+82— 6ti?, x—Zy—z—bw^ — Sx+y— 2— 5ii?, x-^-y—z—wJ' 

To project this operation upon the plane ti? = from the opposite vertex of 
the reference tetraedron^ we may substitute the value of w in terms of Xj y^ z 
obtained from Fl and Fi\ that is, w = — xyzjipi? + f + ^). Then R' for 
the plane is 



( 



X t/ 

(x + y + 3a)(x» +V + «*) — ^^Vh {x—Zy— z){3? •\-f-\-^) — bxyz, 

I — bxyzj ' 



(— 3a; + y — z){pi? + y« + 2?) — bxyzj 

The basis points of the transformation are at (0, 1, d= t), (1, 0, =fc i), (1, ± », 0), 
which points are cusps on the sextic. To the point of intersection of two lines 
will correspond three points of intersection of the two corresponding cubics. 
Hence the transformation is birational for the curve and not for the whole plane. 
We have thus an example of a periodic Riemann transformation. 

Others can be obtained of periods 2, 3, 4 and 6 by the same method. The 
following one is of period 2 : 



\{Zx—y- 



^)(^ + 2/^ + 2?) + 5»y2, (— « + 3y — z){7? + f + 7?y^ bxyz, 



(— X— y + 2z){^ + y2 + 22) + 6xyz, 
which comes from 

The other nine of period 2 are linear. Thus ' 

M, «2, ai, x„ x,\ eorresponds to (""^ ^^ M. 
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Twenty-three operations of the G^ are linear^ and the remaining ninety-six 
are Riemann transformations differing from those given above only in the signs, 
and the position of the coefficient 3. 

§2. The Conical Case. 

19. When the space seztic lies upon a cone K^ of the second order, the 
projection from a point A on the surface will be either a tacnodal quintic or a 
sextic with three branches which have a common tangent, according as A lies 
upon or without the curve. 

Let the tetraedron of reference be ABCDy with DA and DB generators of 

K^y and DAB the polar plane of DG with respect to K^. Then the equation 

of K^ is 

xy — 2? = 0. 

When JTs is projected from A, the transformation may be written 

The plane section 

ax + by + cz + dw = 

is thus transformed into the conic 

aai^ + 6y'8 + ca/y + dj/z! = 0, 

which is tangent to ^ = at fl/ = 0. The vertices 0// of the reference triangle 
are at the intersections of AB, AD, and AG, with the plane of projection. For 
simplicity in writing, the accents will be dropped from the plane codrdinates. 

The pencil of planes through AD defines the system of generators of JT,. 
They project into a pencil of lines x^^ky, each line of which cuts the curve in 
three points besides those at J, thus defining a point-group series ^. 

All other sections of K^ through A have as images lines which do not 
contain J. When A is not on S^, these lines cut the plane curve G^ in six 
variable points, and define a gl. When A is on S^, its image is at A', the 
intersection of the tangent at A with the line IJ. 

The space sextic S^ is defined by the quadric cone K^ and a cubic surface F^, 
The equation of the cubic surface may be written 

u^ + u^/i{x, y, z) + tr/,(», y, z) + f^(x, y, a) = 0. 
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This is easily transformed to a cubic in which there is no second term. It is 
therefore written 

+ 6^ + 643^ + h^z + ftttj^ + hfl?y + My* + *9a?y 2 = . 

By combining the above with the equation xy = z^, four terras, viz., a^yw^ 
hinfyf bf^ ftnd b^z, can be united with other terms. The equation is thus 
reduced to the form 

Fs = u^ + w{a^ + a^xz + 0,82? + a^z + a^^) + h^ + iix'z + h^ 

+ 632* + %«;* + 65^*2; + 6jy» = 0, 
which, taken with K^, defines S^. 
The above projects into 

C. = f7? + yzl. a,x'-'y' + 1 6,x«-*y< = 0, 

an equation of a plane seztic with three branches tangent to the y-axis at I or 
(0, 0, 1). When, however, b^ = 0, the factor y can be removed and the quintic 
will have a tacnode at J, tangent likewise to the y-azis. 

The problem now is to find all collineations which leave K^ and F^ invariant 
and to derive the corresponding plane transformations. 

20. The following central involutions leave K2 invariant : 

\y, X, z, W \— y, —a?, «, wj' \x, y, — z, wj ' 

and a fourth, 

\x, y, z, —wj* 

The last is discarded, because it can not leave F^ invariant, except when /t{xy) 
vanishes identically, which happens only when the genus is less than four. 
These transformations project from A into 



respectively. 



fx,y,z\ /«, y, z\ / X, y, z\ 
\xy, X*, yzJ ' \xy, — x*, yz/ ' \—x, y, z/ 
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Three axial involutions are generated by the four central involutions, viz., 

\—Xj —y, z,wj' — \y, X, 2, —wj ' — \y, x, —2, wj ' 

which project into 

(X, yy z\ /x, y, z \ / X, y, z\ 
\x, — y, zJ' \xy, X*, —yzJ' v— «y, ^y yz/' 

The reason for using the exponent 2 with E, F, and G will appear later. 
The cubic surface F^ also is invariant under Q^ when 

«i = «8 = 61 = 6, = 65 = 0, 
and the equation is 

to^ + w{a^ + a^ + a^) + J^ + h^^ + h^7? + 6«y' = 0, (1) 

or, in the plane, 

^^'\'yz (o^* + a^f + a4y* ) + 6(^ + 6»xy + ft^x'j^ + 6^ = . ( 1 

The coeflBcients h^ and 64 can be absorbed by change of scale. 

From the center G or (0, 0, 1, 0) there are six tangents to (1), and their 
points of contact are on the x- and y-generators in the invariant plane 2; = 0. 
These project into tangents from J to the plane sextic (1') at I and at the three 
other points in which the curve intersects the x-axis. There are also six 
bitangents from /, which make up 18, the class of the curve. 

When, in F^^ a^ = ag = &o = ^2 = ^4 = &6 = 0, the equation is 

vfi + w{a^ + a^ -^ a^) + hipfz + 61,2^ + h^z = 0, (2)' 

an equation invariant under the axial homology E^F^. It projects into the quintic 

it^'^z{a^' + a^f^aa^)^h^7f'\'h^it + h^y' = Q. (2') 

fThe plane quintic (2^) has an inflexional tangent at 0, an ordinary tangent 
from to the point of intersection with the y-axis, and six bitangents from O. 

21. To obtain a four-group of the first kind, with two central and one axial 
involution, one may find the condition that E^ shall leave either (1) or (2) 
invariant. The former yields a sextic; so the latter is chosen as being the 
simpler. The equation then is 

ti^ + to|ao(»» + y*) + a,z»f +6i2<x« + y«) + V = 0. (3) 
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The plane curve is 

3^2» + 2 |ao(x* + y*) + a^f} + b,x{x' + y*) + b^y' = 0. (3') 

Either bi or b^ can be divided out and absorbed in w. 

The vertices Fj and V^ of the two cubic cones of perspective for (3) are on 
AB and project into 0. The curve (3') passes through 0, and the tangent 
OqZ + ^1^ = is an inflexional tangent at and an ordinary tangent on the 
y-axis. This tangent is the image of a double osculating plane Offlo + biZ = 0, 
which is an inflexional tangent plane to both cubic cones. 

An equation invariant under a four-group of the second kind may be 
obtained froip (2) by finding the conditions that it be invariant under F^0\ 
The equation thus reduces to 

ti^ + w\ao{^ +f) + a^\+ b^z{7? — f)^0. (4) 

This gives 

y»2» + z K(aJ* + y*) + a^f\ + 6ix(x* - y*) = 0. (4') 

The last coeflScient reduces to unity. 

This quintic has an inflexional tangent OqS — &|X= which is not tangent 
a second time to the curve. 

From (2) is also obtained an equation in variant, under a diedral group of 
order 8. The generating operations of a cyclic Q^ which leaves K^ invariant 
may be written 

EF=( ^' y^ \ ?^y 

N— »> Vi — *«> *«^/ 

which projects into 

\a;, »y, —2/' 
Equation (2), if invariant under EF^ reduces to 

vf + a^w^ + %{\q? + ftey*) = 0, (5) 

which is manifestly invariant also under E"^ and F^. This projects into the 

quintic 

y«2? + a^%tz + a(6iaJ* + b^) — 0- (6') 

The last two coefficients can be changed to unity. 

To each of the five preceding groups there is a corresponding group in § 1. 
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22. There is also a cyclic group of order 4^ whose collineation of period 2 
is the central involution O^. Its generating operation is 

which projects into 



\<», y, z) 



This differs essentially from the last group, which contains an axial involution. 
The equations belonging to this group are 

%x? + %x>{a^ + aif^) + b^9? + b^ = (6) 

and 

y^^f + 2(arfc* + a^y*) + b^^y + b^' = 0. (6') 

The coeflBcients Oq and a^ can be absorbed. There is no corresponding equation 
in§l. 

The center of the homology is at J. The tangent a^ + b^ = has contact 
of the fourth order. This counts as five tangents and JI counts as two. There 
are, moreover, from /, three tangents to points on the a^-axis, each with contact 
of the third order. 

23. The transformations 

where co' = 1, form a cyclic Gg. Here every point of the polar line x = y = 
is invariant. The plane transformations are of the form 



f^f y. »^ 



The subscript y distinguishes this transformation from one following, where the 
axis of homology is the x-axis. The equations are 

v^ + a^w + b^ + by + b^ = (7) 

and 

y»2? + a^j/'z + b^+b^ + b^j/" = 0. (70 

The three central involutions 

~ VJNy, «»6?x, b'^Vtz, b^b^J ' 
respectively 

/^ «, y, fi \ 

\b^b^y,GA^,b^h^zJ' 
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leave the curves invariant. Hence they belong to a diedral G^. The three 
centers of perspective Fi , Tg , Fg lie on AB and project into O. By a change 
of scale the coeflScients of sfi and ^ can be reduced to unity. This simplifies 
the last transformations. The planes of perspective then become x — (o^ = 0, 
which project into the lines a* — oy* = 0. 

This curve has six tritangents from Oy as there are six planes through AB 
tangent to all three cones of perspective. The sextic (6'), §1, corresponds to 
this one. 

When, in (7), 5^^= 0, the central involution G^ leaves the curve invariant 
and the group is a diedral group of order 12. The equations are 

v/^ + a^w + a? + i/^=0 (8) 

and 

+ a^j/'z + af + y^ = 0. (8') 



24. There is also a cyclic G^ which leaves invariant all points of the 
x-generator. Its transformations are 



^■=u 



oy, a, CM/ ' 
which project into 

\ox, y, zj* 

The equations are 

ti^ + w{a^xz + a^ + b^+b^ + b^ = (9) 

and 

y»a» + i^z {a,a? + a^) + b^ + %• + b^^ = 0. (90 

The coefficients b^ and b^ can be absorbed by change of scale. 

Attention has been called to differences in the space transformations H^ 
and Hy . The corresponding plane homologies differ merely in respect to the 
curve ; the one has a secant through the singular point as axis of homology, 
while the other has the tangent at that point as axis. 

If, in equation (9'), the function /^ (a, y) be the sextic covariant of /^(x, y), 
the equations, after absorbing coefficients, may be written 

vfi + aw{xz + y«) + 85^ + 202? — 8y» = (10) 

and 

y»2» + afz{^ + y") + aJ* + 20a:»y»- 8y« = 0. (10') 

32 
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The space and plane sextics are left inyariant by the four-gronp whose 
respective transformations are the following : 



and 



and 



and 



\x+4y — 4«, x + y + Ssf, — «+ 2y + a, —ZwJ 

V(-x + ayXa^ + y), (x + y)», -Zyz)^ 

( X, y, 2, w \ 

Wx + 4y — 4qiZj ox + «i*y + 2a, — x + 2oy + o*a, — ZahoJ 

( ^f y^ ^ \ 

\(—QX + 2y){G?x + y), (co^ + oy)«, — 3oV/ ' 

/ X, y, a, u; \ 

Vcjx + 4y — 4a*a, x + a^y + 2o2, — o'x + 26)y + a, — SoHr/ 

V(2y— «*x)(«y + x), («y + x)*, —Zi^^yzJ' 



The group is therefore the tetraedron group generated by the above fonr- 
group and the preceding group of order 3. 

A cyclic Q^ can be obtained from the transformations H^ and O^. Their 
product gives 

( «, y, 2, ^\ ^r ( «' y» «^ . 

Vo*x, (oy, —a, u?/ \— <^, y, a/ ' 

and the equations are 

vfi + aa/^ + h^ + h^ = (11) 

and 

y»2» + a^z + 6o«* + &«»• = 0, (11') 

where &o &i^<^ ^o <^a^ ^ absorbed. All points of the x-generator are invariant. 
A cyclic Gui is obtained whose transformations may be represented by 

* \— o^, y, %tiz, —wj Vox, — »y, »zy 

The equations for this group are 

vfi-^-a^tD +1^(^ = (12) 

and 

y»2f» + ayi8 + 6oai» = 0; (ISO 

and both coefficients can be absorbed by change of scale. 
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26. For the cyclic G^ we may have 

where 6^ = 1 ; and the equations are 

tif + a^j^tr + hiT^z + 6ey» = (13) 

and 

y^z* + ay« + &!»* + 6^/^ = 0. (130 

The coefScient hi can be dropped. 

This is a subgroup of the cyclic 6^io whose operations are 

LE^F^^i ^ y^ I' "^"j or (^^ y^ "^ 

ijn^jf^ i^_a»a., —y, te, w) "^^ \9x, -y, z) ' 

with the equations 

w^ + ttiy^w? + ftiflJ^a = 0, (14) 

y^2^ + ay« + 6i»» =0. (140 

Here both coeflBcients can be changed to unity. 

26. In the following cases f^(x^ y) vanishes identically. There will always 
be a central collineation of period 3, viz., 

H,=H,H,=(''' y* "' "") or C'' y^ 0. 

• ^» * \a5, y, z, (MO J \x, y, azj 
The equations are 

to» + i^ + 6,a:«z + 6X + V + 643/2* + 6|J^2 + i«y* = (15) 

and « 

y««» + 26,x^V = 0. (15') 

The following equations, with their transformations, arise from special values 
of the coeflScients hi : 

ti^ + ioO^ + ft«aJ2? + h^f? + Jey's 0, (16) 

y»2»+6o«* + 6^y+ 6435^3^ + 6(^/^ = 0, (160 

whose transformations are CP respectively 6^', which with H, respectively J7i 
form a cyclic O^ . The accents as before are used to denote the plane trans- 
formations. The coefficients h^ and h^ can be absorbed. 

The curve 

w« + 6ia:^2+6a^ + 6By«« = (17) 

has the axial involution E^F^. It projects into 

y»2^ + 6iaJ* + h^it + 6.2^ = 0. (170 
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Now as h^ and h^ can be absorbed, the transformation E^ belongs to the group. 
The group is of order 1 2, with a four-group and three cyclic groups of order 6 
as subgroups. 

If, in (16), h^^=^h^ and 6^ = 65, we have 

t^ + a^ + y' + h^{x + y) = 0, (16a) 

with the transformations E^ O and K. This seztic belongs to a 0^ of the same 

kind as that for (17). It projects into a sextic. 

There is also 

ti;« + 6oa^ + 632? + 6«y»= 0, (18) 

with the transformations H^^ ffy and £[,. It projects into 

ysgs ^ j^e ^ j^y8 +6^ = 0. (180 

Since Iq and b^ are reducible to unity, there is also the central perspectivity E\ 
Thus a group of order 18 is generated. 
When &8 = 0, the equation 

«^ + 6(a^ + y») = (19) 

is invariant under the perspectivity G\ It projects into 

yV + 6(a* + y*) = 0. (19') 

The group is a O^ with the above Oi^ as invariant subgroup. We can absorb b. 
When, in (17), 63 = 0> we have 

u^ + z{a? + y')-0, (20) 

y^ + x(x' + y') = 0, (2O0 

with the transformations EF, respectively E'F'. These equations belong to a 
G^ with the Gi^ as invariant subgroup. 
Last of all there are the equations 

ti^ + 6ia5«« + 6ty»=0, (21) 

f/'t? + b,7^ + b^=0, (210 

where bi and b^ can be omitted. These curves belong to a cyclic 6^15 generated 
hy Hgf L and iT/, U respectively. 

27. We have seen that space sextics of genus 4 may be projected into 
plane sextics with six distinct double points if the center of projection be selected 
without the hyperboloid or cone. The double points moreover will lie on a 
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oonio.* Tbas if three of the double points are coUinear, the remaining three 
must be either coUinear or coincident. 

Any C^ with six distinct double points can be transformed by aid of adjoint 
cubics into a quintic with two nodes either distinct or coincident; thence^ by 
projecting from the corresponding space seztic, into a C^ whose six double points 
lie on a conic. 

The plane sextic with two distinct triple points may be inverted into a 
binodal quintic if the triangle of inversion be chosen with center at an 
ordinary point of the curve and the vertices /and J at the triple points. The 
equation of the quintic then is 

^4^(y, «) + ^My, «) + ^yfsiy, ») + t^lh^iy, «) = o, 

with nodes at (1, 0, 0) and (0, 0, 1). 

This may be transformed to a new reference triangle with vertex 0^ at a 
node, and P and J' ordinary points of the quintic collinear with the second node. 
By inversion a sextic is obtained with two double points and a triple point 
having two of its branches tangent. The triple point thus counts as four double 
points. The transformation from the original sextic is of order 3. 

The binodal quintic may likewise be inverted into a sextic with a triple 
point and three non-collinear double points by selecting the triangle of reference 
with 0^ at a node and P and J' at ordinary points on the quintic not collinear 
with a node. Two of these double points unite in a tacnode when one of the 
vertices I' or J' is at the point where the quintic intersects the line which 
joins the nodes. 

The plane sextic with two coincident triple points may be transformed into 
a quintic with a tacnode by using the quadric transformation with OIJ coin- 
cident at the tacnode and a base conic tangent to the tacnodal tangent. The 
arbitrary constant of the quadric transformation is so chosen that the transformed 
curve will be a quintic. 

Finally, if the triangle of inversion be selected with at the tacnode and 
I and J ordinary points of the curve, such that neither 01 nor OJ will be the 
tacnodal tangent, the inverted curve is the sexticf with a triple point at and 
three double points on IJ. 

* Halphon : M^molre tnr U ClaMlflcatlon dot Conrbot ganchet alg^biiqnet, J<oumal d§ VieoU PolyUehniqu$^ 
cfMor LU (1882), pp. 1-200. 

t L. Kraat: Note fiber anttergewdhnliche Speclalgruppen auf algebraitchen CurreD, Math, Ann,^ Vol. XVI 
(187»). 
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A fleztic with a quadruple point poBsesBes b, gj^, xb therefore hyperelliptic 
and belongs to the following section. 

§3. The Hyperdliptic Ourvea. 

28. As was noted at the beginning of this paper, the hyperelliptic C^ (4) 
can not be transformed to a C,, For when G^ is hyperelliptic^ in >jp + 2, or, 
in this case, fn>6. Reducing the equation to the canonical form 3^=/«p+j(x) 
gives y'=/iQ(aj), or, in homogeneous codrdinates, 

10 

y«z» = 2 ana^*^-~«~, (1) 

nsO 

which admits the transformation 

If the coeflScients of the odd powers of x all vanish, the equation 

y»2» = aoX*^ + ajJcV + a^a^s^ + a^xHfi + a^s? + a^^^^ (2) 

belongs to the four-group whose operations are 

When ao = axo9 (i%^=^(h ^^^^ ^4 = ^9 the curve 

^if" = ao(a^^ + 2*^) + a^(s^f? + 7?f?) + a4(x*«* + »V) (3) 

possesses, in addition to the above four-group, the transformation 

an operation of the second order commutative with the other operations, and 
the equation belongs therefore to a diedral G^ • 
When, in (3), Og = aj = 0, the equation 

possesses, in addition to the above transformation of 6^9, a cyclic Gy^ whose 
operations are 

where 9^ = 1, and the group of the equation is of order 40. For consider the 
generating operations R^ S and T There are ten operations of the form ^£, 
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including R itself. There are nine more of the form BS^ but they are the same 
as those of the form SRT and must not be counted twice. There are ten of the 
form 8f including identity. These twenty operations, combined with T^ form 
the (tiq. 

Returning to equation (1), it may be that a^ = aio-n for n = 1, 2, , 10. 

The equation is then of the form 

j^ == ao(x^^ + »^«) + aia:2(aj» + 2?) + a5^z«(«^ 

+ a^T^Tf' (sB* + a^) + afif^, (6) 

which is found to possess the transformations T and R of the above group, but 
not 8. This equation, like (2), belongs to a four-group, and it reduces to (3) 
with the diedral O^ when a^ = 03 = 0. 

If ai = a, sc ci« = a4 in equation (6), we have 

y'^=a^{7^^ + ^^) + a^7f, (6) 

which poissesses the subgroup, a cyclic G^ with generating operations 

where d^ = l. This equation has therefore five transformations Q|i2, including 

R itself, five of form Q, and combining with T a group Q^ is found, a subgroup 

of the Q^Q in equation (4). While R and Q are not commutative, it is clear 

that Q^R = RQi. 

If the equation had the form of (6), except that the coefScients of a^® and ^^ 

are unequal, then 

y"^ = aoaj'« + OjxV + a^o^^^ (7) 

has the trans formations Q and T^ but not R. Hence the group is a cyclic Q^. 
If the curve be reduced to the form 

y« = a;^+i + l or yV = 7? + s?, (8) 

the curve has 

\mx, dby, «y' 

where 9n^ = l. These are operations of a cyclic Gi^. 
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When the equation is of the form 

y'z^xia^+l) or fz^ = x{s^ + 7P), ' (9) 

it has the transformation R, and also 

where n^* = l. The operation Y is of period 16. The operations F and 5 are 
not commutative, but any product i2Fis one of the products YR^ and the square 
of either is 






which is identity or T^ according to which one of the sixteenth roots of unity n 
is. The operations are F* and ^F*, where i = 0, 1, • . • . , 15. The group is a 
G^^ neither diedral nor cyclic. 

In closing, let me state that in certain cases details have been given which 
might have been omitted had Wiman's paper been more easily accessible to the 
reader. 

COBVBLL UHXTIBSITT. 
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On Same Zoci Associated with Plane Curves. 

By De. C. H. Sisam. 



1. Let there be given two algebraic curves C and C^^ lying in the same 
plane. Let t (Fig. 1) be a tangent to C7|. At the points of intersection of t 
and G construct the tangents to C. Then as t describes the system of tangents 
to Ci^ the points of intersection of the tangents to C describe a locus, some of 
the properties of which will now be determined. This locus will be referred to 
as the locus (7/. The given curves C and C^ will be supposed to have only the 
ordinary point and line singularities and to lie in general position with respect 
to each other. 




Fig. 1. 

2. To determine the order of Ci^ consider first the particular case in which 
Gi reduces to the pencil of lines through a point P. The locus so obtained is a 
direct generalization^ to curves of order higher than the second, of the polar of 
a point with respect to a conic, according to a frequent definition of that locus. 
Let it be referred to as the locus Cp. 

3. The equation of Cp involves not only the current coordinates (x, y^ z) 
of a point on the locus, but also the coordinates (a/, j/, ssf) of P. Its order in 

33 
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(cb', y, 2/) is* in{n — 1), since it is the equation of the cords of contact of the 
tangents from (a?, y, z) to C. To determine its order in (ar, y, a), let a/ = p x, 
%/ nz^y^ 2' = p2. We then obtain the equation of the locus of the points each of 
which lies upon its own G^ locus. To this locus belongs each double and 
inflectional tangent of G. Every other point of the locus must lie upon G* 
But 6? is an (n — l)-fold component of the locus^ for, if P lies upon C^ the tangent 
at P is an (n — l)-fold component of Gp. Hence 

\n{jn — 1) + mp = r + t + m (n — 1). 

Solving for m^ and simplifying by means of Plucker's equations, we obtain : f 

m^ = (m — 1) (n — 1) — 'p. 

This expression is unchanged by duality. If, in fact, we denote by 01 the dual 
of Cp, it follows immediately from the definition that tWp = n[. 
4. Returning now to the locus G[ (paragraph 1), we have: 

m[ — nj [(m — 1) (n — 1) — ^]. 

For, each intersection of G[ with an arbitrary line I is determined by means of 
a tangent to O^ which touches the locus Gi corresponding to Z, and conversely. 
The number of intersections of G[ and I is, therefore, 

m[ = ni tl[ = nj [(m — 1) (n — 1) — />]. 

6. The locus G[ passes through the point of tangency to of each tangent 
common to 67 and Ci\ and at each of the remaining intersections with O of these 
common tangents, Gi has a point of inflection, the inflectional tangent coinciding 
with the line tangent to C at the point of intersection. 

6. For, let a; = be the common tangent, (0, 0) the point of tangency 
to (7, and (0, 1) the point of tangency to 0^^ the coordinates being non-homo- 
geneous. Let the equation of the tangent to C^ in the neighborhood of x = be: 

a + <y — < + a^^ + /?<"+ . •• =0. 

* The following notation will be nsed : Let m be the order of C7; n, its class; d, the nnmber of its donble 
points; Kt of its cnsps; r, of its double tangents; «, of its inflections; andp, its genns. To distingnish the 
corresponding numbers for another curye, as (7p, subscripts and indices will be af&xed; «. ^., m^ Is the 
order of Cp. 

t The locus Op was mentioned by Steiner {QtMmdit Werke^ Vol. II, p. 599, No. 5). He points out that Its 
order equals the class of the dual locus, and states, without proof, that the class of the dual locus is 
^m (m — 1) (2 m ~ 8) (i&., id,, p. 589). This result is correct, provided that C has no multiple points. Sporer, 
in an article in the Mathematiteh^JfatunoiMefuehaftliehe Mitteilungeti von J>r, 0. BokUn, Vol. Ill, pp. 55-58, 1890, 
attempted to proye Steiner's formula. His proof, howeyer, is incorrect. For example, his proof is based 
largely on an auxiliary locus of class m* which is affirmed to haye m (m ~ 1) double tangents, all passing 
through one fixed point. 
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Let the equations of C in the neighborhood of the origin be : 

where a ^ 0. The equation of the tangent to 67 at the point whose parameter 
is s is, then: 2y8 = x{a + 2bs. . . ) + as^ - cs' 

In order that the point of C whose parameter is s lie on the tangent to Ci 
whose parameter is t, we must have : 

s* + t{as + bs* )— t + at^ =0. 

The relation between s and t in the neighborhood of « = < = is, therefore: 

2 8 



To the values d= t' corresponds the same value of t, but different values of s. 
They therefore determine two points of G lying on the same tangent to Cj. 
Substituting the two values of s so obtained in the equation of the tangent 
to O and determining the intersection, we obtain : 



This is the equation of a branch of Ci passing through the origin. It should 
also be noticed, for the proof of a later theorem (see paragraphs 10 and 16), 
that, since the coefficients of the first power of t do not vanish, the origin is not 
a cusp of Ci. 

7. In order to show that, at each of the remaining intersections of C with 
se = 0, Oi has an inflection, let (0, a'), where Id^a' d^O, be another intersection 
of O with X = 0. Let the equations of C in the neighborhood of (0, a') be : 

a = r, y = a' + 6' r + c' r* 

From the condition that the point whose parameter is r lie upon the tangent 
to Ci whose parameter is < = t'*, we obtain : 

r = {l — a')t^^ + {a^V — V — a)t'^ 

Substituting in the equation of the tangent, and solving as simultaneous with 
the equation of the tangent at the point whose parameter is s, we obtain: 

y = a'+^i'<' + &'[^'(6'-6)-a'-l]«'» 
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The tangent to this branch of €( at (0, a') is y^:za^ + Vxy which ooincidee 
with the tangent to O at that point. If, in this equation of the tangent, we 
substitute the above expressions for x and y, the coeflScients of the powers of t', 
of degree less than three, vanish. Hence, y=:a'+Vx is an inflectional tangent 
to Oi. Since a generic line through (0, a') meets the curve in only one point, 
(0, a') is not a cusp (see paragraph 10). 

8. The tangents to Gj in the neighborhood of a tangent passing through a 
node determine, by their intersections with C, a branch of €{ having a cusp at 
the node of C. Hence, at each node of 6> Ci has nj cusps. For, let (0, 0) be 
a node of G and x == be a tangent to Gi . Let the equations of G in the 
neighborhood of (0, 0) be: 

X = ^, y ^ a« + bs* + cs^ .... J 
05 =r, y z=:a^r'{' Vr* + cfr^ 

The tangents to the two branches being distinct, a :^ a^ Let the equation of 
the tangent to Q be as in paragraph 6. Imposing the condition that the points 
s and r lie on th^ tangent t, we obtain for the locus of the points of intersection 
of corresponding tangents to C: 

afb — abf^ 

y — r-' 

^ a — a 

Hence 01 has a cusp at the origin. 

9. Through each cusp of C pass n^ simple branches each touching the 

cuspidal tangent. For, let the equations of G in the neighborhood of the 

origin be: 

a; = «*, y = a «• + 6 «* + , 

the equation of the tangent to Q in the neighborhood of a; =: being as in 
paragraph 6. Then the locus of the points of intersection of the tangents to C 
at the points which lie on the same tangent to Q is found to be : 

^ 3 



These are the equations of a branch of CI having the origin for a simple point 
and touching the cuspidal tangent, y ^ 0, at that point. 

10. We have already determined (paragraph 8) hn^ of the cusps of CI. 
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The total number of cueps of Cy will now be determined. For this purpose, 
it will be convenient to distinguish several cases, a number of which have been 
discussed in the four paragraphs immediately preceding. 

11. Consider next, therefore, the form of €{ in the neighborhood of the 
point of intersection of a cuspidal tangent to C and the tangent at another 
intersection with G of h tangent to Gi through the cusp. In addition to the 
data of paragraph 9, let x = meet G at (0, a') and let the form of C in the 
neighborhood of (0, a') be : 

05 = r, y:=za' + Vr + cfr^ 

We may suppose, it being projectively no restriction, that V^O. The equations 
of Ci are then of the form : 

_ a! Sao/ . , 

3aa' , 



Hence (7/ does not have a cusp at the point of intersection of the cuspidal 
tangent with the tangent at (0, a'). 

12. Consider, next, two branches of C whose equations are: 

05 = «, y =:a + bs + C8^ +....; 

x = r, y = a' + &' « + ^ «* + , 

where a=^a' and h^if, the equation of the tangent to Q being as in para- 
graph 6. It will now be determined under what conditions the tangents at 
(0, a) and (0, a') determine a cusp of (7/. 

13. The locus of the poitit of intersection of corresponding tangents is: 

If this branch of Ci has a cusp at < = 0, the coefficients of the first power of t 
must vanish. But a^a' and hd^V] hence the conditions for a cusp reduce to 

c(l — a) = 0, (/(I — a') = 6. 

But c = or c' = is the condition that one of the two branches of G have a 
point of inflection on a6 = 0, and a = l or a'=l is the condition that one of the 
two branches pass through the point of tangency (0, 1) of 05 = to Q. Since 
C and Gi are in general position with respect to each other, the above two 
equations can not be satisfied simultaneously. 
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14. There still remains to be considered the case in which a; = is an 
inflectional tangent to (7|. Let the equation of the tangent to (7i, in the 
neighborhood of the inflectional tangent fl; = 0, be: 
« + <'y — <^ + /? <' + . • . • = 0. 
Let the equations of C, in the neighborhood of two of its intersections with 
a = 0, be : . ^ . 

« = ^> y = r + </r'+ , 

where Od^a:^l. Then the locus of the point of intersection of corresponding 
tangents is: 

x — a+2a{c + c! — ac)t^—2Pa{c — &)t^ , 

y = a+ 2ac (l — a) t^ — 2 P ac t^ 

Hence^ Gi has a cusp at the point of intersection (a, a) of the tangents to G 
at (0, 0) and (0, a). Hence, each point of intersection of the tangents to G at 
the m intersections with G of each inflectional tangent to Gi is a cusp of Gi. 
16. Hence, in general, the number of cusps of (7/ is: 

16. The genus, pi^ of (7/ will next be determined. For this purpose, the 
following auxiliary locus will be used : Let q be an arbitrary line in the plane, 
and Q an arbitrary point on it. Draw the n^ tangents from Q to ^7^ . These 
ni tangents to Cy determine inim{m — 1) points of CI. Draw the lines joining 
these ^nim{m — l) points to Q. Then the auxiliary locus in question is the 
locus of these joining lines as Q describes q. This line locus is in (l, 1) corre- 
spondence with GI. Hence its genus is equal to that of CI. 

17. The line q is an m^-fold line of this locus. For, each intersection of 
Ci with q determines a line of the locus coincident with q. Through an arbitrary 
point of q pass ^nim{m — 1) other lines of the locus. Hence the class of the 
envelope of this system of lines is Wi + inim{m — 1). 

18. At each intersection, Q, other than the points of tangency, of q with 
the envelope of these lines or with an inflectional tangent of the envelope, two 
of the ^nim{m — 1) lines through Q become consecutive, and conversely. But 
if two of these lines are consecutive, the corresponding points of €{ must be 
consecutive. This may happen in either of two ways. First, points determined 
by difierent tangents to Gi from Q may become consecutive. The two tangents 
to Gi which determine them must then be consecutive. There are m^ -f ^ 
points Q at which two of the tangents to Cy become consecutive. At each of 
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these points im{m — 1) pairs of the corresponding points of CI become con- 
secutive. Second, two points determined by the same tangent to Gi may become 
consecutive. When this happens, the tangents to C at two intersections with C 
of this tangent to C^ must be consecutive ; that is, such a tangent to C^ must 
either touch C or pass through a cusp. The number of such tangents to Gi is 
(n + x) n, . Of the i m (m — 1) points of (7/ determined l^y each of them, m — 2 
pairs are consecutive. Hence the sum of the order and of the number of in- 
flectional tangents of the envelope of the line locus determined by ^ is : 

imi + ifn{m — l){m^ + i^) + {n + x){n — 2)n^. 

19. It now follows, by Plucker's equations, that the genus of this locus, 
that is, the genus pi of Gjy is : 

^{ = J m (m — 1) (wii + ii) + ^{n + x){m — 2)ni — i fn{7n — 1) nj + 1. 

The three quantities mj, xj and^{ having been determined, the rest of Plucker's 
numbers follow by means of Plucker's equations. 

20. By considerations dual to those employed in the case of the locus C'/ , 
the corresponding properties of the following locus can be obtained : In the plane 
of an arbitrary algebraic curve C^ let there be given a second arbitrary algebraic 
curve Oi . From a point Q of Gi draw the n tangents to G and construct the 
lines joining their points of tangency. Then the locus in question is the locus 
of these joining lines as Q describes Gi . The envelope of these lines will be 
referred to as C/'. 

21. Since the loci Cp and Ci (paragraphs 2 and 3) are particular cases of 
Cy and Cl'y from the discussion of the latter we obtain at once corresponding 
properties of the former. The curves Cp, corresponding to the points of the 
plane, form a doubly infinite system. The number of curves of this system 
which touch a given line I when P describes a second given line 1 is readily 
determined. In fact, if Gp touches Z, then P lies upon CI'. The number 
required is therefore the number of intersections of GI' and 7; i. e., m". More 
generally, if P describes a given curve Gi , the number of the corresponding 
curves which touch ^ second given curve Gi is nii mi. 

22. The envelope of the curves Cp, as P describes a given curve Ci, 
may also be determined. Let Q be a point in the plane. The intersections 
with Gi of the lines joining the points of tangency of the tangents to C from Q 
determine ^ m (m — l)mi points P on Cy whose Cp curves pass through Q. 
In order that two of these curves be consecutive, the corresponding points P 
must be consecutive. Hence, either two of the joining lines are consecutive or 
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else one of the joining lines touches C^ . In the first case Q lies either on C or 
on an inflectional tangent to G. For such a point Q, n — 2 of the joining lines 
are consecutive. In the second case Q lies upon C7/. Hence^ the envelope 
required is composed of O and its inflectional tangents, each counted (n — 2)fiii 
times together with Gi. 

23. Of especial interest are the particular cases of C// and Gi in which Gi 
coincides with G. The particular case of Gi may be defined as follows : Let t 
be any tangent to G. At the m — 2 intersections, other than the point of 
tangency, of t with G construct the tangents to G. Then the locus in question 
is the locus of the ^ (m — 2) (m — 3) intersections of these m — 2 tangents 
as t describes the system of tangents to G. This locus will be referred to 
as the locus C'. 

24. The foregoing discussion of the locus Gi is applicable only in part to C 
To determine the order of C' we first determine, as for C{, the number of 
tangents to G which touch an arbitrary envelope GI'. From this number, 
n[(m — l)(n — 1)— i>]i we must, however, subtract the number 4r+3t of 
these tangents which coincide with the double and inflectional tangents of C, 
and the number m + 2m{n — 2) of them which pass through the points of inter- 
section of G and I We have, therefore, for the order of G': 

m' = n[{m — l)(n— 1) —p] —4r — St — m(2n — 3). 

26. From each node of C, n — 4 tangents to G can be drawn. The tangents 
to G in the neighborhood of such a tangent determine, by their intersections 
with G in the neighborhood of the node, a branch of C having a cusp at the 
node. It is similarly seen that, through each cusp of C^ pass n — 3 branches 
o£G'f each touching the cuspidal tangent. The locus C' passes through both 
points of tangency of each double tangent and, at each of the remaining inter- 
sections of these tangents with C, has two inflections such that both inflectional 
tangents coincide with the tangent to 67 at that point. The ^ (m — 3) (m — 4) 
points of intersection of the tangents to C at the points of intersection with (7, 
other than the points of inflection, of each inflectional tangent, are cusps of C'. 

26. At each point of intersection with C, distinct from the cusp, of each 
cuspidal tangent, C^ touches C. For, let the form of C in the neighborhood of 
thecuspbe: ^ ^ ^,^ y = at' + bt' + at' + . . . ., 

and in the neighborhood of another intersection with the cuspidal tangent, be : 

05 = «, y = a' + 6'« + &s^ 
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The tangent at the point whose parameter is t meets C again in the neighbor- 
hood of the cusp and also in the neighborhood of (0, a'). The locus of the point 
of intersection of the tangents at these two points is a branch of G^ whose 
equations are : 3 ^, Sa'jV-b) „ _^ 

Hence C touches C at (0, a'). It should also be noticed that this point is not 
a cusp of O. 

27. At each intersection with C^ distinct from the inflection, of each 
inflectional tangent, C has a ramphoid cusp. For, let the form of C in the 
neighborhood of the point of inflection be : 

x = t\ y=:at + 6<« + c<*+ , 

and in the neighborhood of (0, a'), be : 

SB = «, y = a' + 6' «* + 

The tangent at the point whose parameter is t determines by its intersections 
with O in the neighborhood of (0, 0) and (0, a') a branch of O' whose 

equations are: _ 12a' ,. _^ 12W-16a« „ . 

X ^t -\ ^j 1 t , 

y = ^+ „i < + 

a 

Hence the approximate form of O in the neighborhood of (0, a!) is 

y — a'-Mx^z:zNx^, 
where M and N are constants. Hence O has a ramphoid cusp at (0, a^, the 
cuspidal tangent being the tangent y = a' to 6^ at that point. 

28. We have, therefore, in general, for the number of cusps of C^', the 
expression x' = S (n - 4) + i t (m - 2) (m - 3). 

29. The genus of C^ may be determined in a manner analogous to that by 
which Ci was obtained (paragraph 16). On an arbitrary line q take a point Q 
Draw the n tangents from Q to (7, thus determining i n (m — 2) (m — 3) points 
of CK Join these points to Q. As Q describes 9, these joining lines envelope 
a curve of class m! +.\n{m — 2) (m — 8). The sum of the order and of the 
number of inflections of the envelope is 

2 m' + i (m + (m — 2) (m — 3) + [2 r + X (n — 3)] (m — 4). 
34 
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Hence the genuB of this envelope, that is, the genus of C^^ is : 

y = i(m + t — 2n)(m — 2)(fn— 3) + i[2r + ;c(n — 3)](m — 4) + l. 

30. With the assistance of the locus G^ or of its dual, it is possible to 
determine the number of tangents t to an arbitrary algebraic curve C such that 
the tangents to G at two of the intersections of t with G meet at a point T 
which lies on C. "^ Every such point T is evidently a point of intersection of G 




Fig. 2. 

and G\ and every such line t is tangent both to G and the dual of G^. The 
number of points of intersection of C and C7' is: 

m ]n [(m — 1) (w — 1) — p] — 4t — 8 1 — m (2n — 3) }. 

From this number should be subtracted the number of intersections due to the 
singularities of C (paragraphs 25-27). The resulting number of points T or of 
tangents t is: 

m n [(m — 1) (n — l) —p\ — m*(2n — 3) — 8mr — Tmt 

— 4n5 + 16 3 — 3nx+ 15x + 14r— 2m;c + 12 6. 

31. The number in question can also be obtained by subtracting from the 
total number of common tangents to C and the dual of G the number of common 
tangents due to the singularities of G. We are thus led to the expression : 

m n [(m — \){n — \)—p]—n^{2m — Z) — ^hn — Tnx 

— 4mr+16T — 3wit+15t+14 5— 2nt+12x. 
This expression is equivalent to the preceding one. 

* On certain algebraic caryea, every, point baa the property in question. In this case itself la a com- 
ponent of C and of its dual. Weil baa shown, in the Nouvellu AnnaUt de Mdthimatiquet, Ser. 8, Vol. XII, 
pp. 98-95, that, in the case of the curyes y« = zJ>, if any tangent, <, to the curve be drawn and, at the points 
of intersection of t with the curve, the tangents to the curve be constructed, then all the points of intersection 
of these tangents lie on the given curve. 
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Plane Sections of a Weddle Surfdce. 

By F. Morley and J. R. Conner. 



§!• An Equation of the Surface. 

The Jacobian of all quadrics on six given points of space is a Weddle 
quartic surface W\ that is to say, W is the locus of points ar, y apolar to all 
quadrics on the 6 points. 

We use the symbol : : for " is or are apolar to." The 6 points determine 
a norm-curve N^ which may be given by 

«0=1, ^l = — tf ^='^f x^ — — f. (1) 

The points are then defined by a sextic equation 

a = (a«)*= 0. 
The quadrics on the 6 points are a 3-fold system, built on three containing the 
points of Nf namely, 

and one other not containing the points of N. That other is chosen which : : all 
quadrics on the planes of N. We speak of this as a quadric (of points) orthic 
to K It is uniquely defined when the sextic a is given and may be written 

The quadrics which : : all quadrics on the 6 points are then quadrics (of 
planes) which are orthic to N and also : : (ouc)^. 

Now if we have a quadric of points {axf and a quadric of planes (a^)^ both 
orthic to N^ then it is to be shown that the binary sextic defining the points 
common to a and N : : the sextic defining the planes common to a and N. This 
we shall prove analytically. If (a|)* be orthic, then 

«o» = «ui «09 = «ui «i» = a»» (2) 

The binary sextics are 
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Bearing (2) in mind, the apolarity-condition of these sextics is 
Owjooo + 2aoiC% + a^{al + 2aa) + 2au(a„ + a^) 



+ «»(a| + 2a„) + 2atta« + o^fiL^ = 0, 



or 



(oooo + Oioi + oaoj + Ogo,)* = . 



That is, the sextics are apolar if the quadrics are, and conversely.* 

We have now a convenient definition of a Weddle surface, when the seztic 
is given on N. It is the locus of points x, y representing f binary cubics 
{xtff {y(fy subject to the conditions, first, that they are an orthic quadric of N^ 
i. e., that 

«ay8 + a%yo = aiy« + a^siyi, - (3) 

a^iy8 + a%yi = 2X38^8, 

each cubic being now the Jacobian of the other ; second, that {xl)\yty : : (a<)^, 

i. e., that 

|ax|»|ay|»=0. (4) 

This equation (4) we regard as the equation of W. If from (3) and (4) we 
eliminate y, we have the usual form for TT (Baker : Multiply Periodic Functions, 
p. 66). 

§ 2. Configurationa en the Section. 

Written out, (4) is 

a«aWo — ^<^^{p^i + ajyo) + 15a4»iyi — lOasCooys + ^ayo) 

+ ISogaJayg— 3ai(a^, + oj^y,) + aoaray8 = 0. 

Now if in particular the 6 points coincide by twos, {at)^ may be taken as 

X<» + 2X«« + X = 0, 
and (4) becomes 

M^Wo — Ooys — «ayo + Oiiys) = 0, 

and this special Weddle surface breaks up into the plane a:t> = ^8 which joins the 

3 points, and the cubic surface into which this plane is transformed by (3)4 

« — 

*It is only required that ofi« of the quadrics be orthie. The theorem seems to be a case of Study's general 
theory, Maih. Amndlm^ Vol. XL. 

f We write here the coordinates of a point « as Xooot ^n «oii, «isi* 
X The cubic will be briefly characterised later {% 6). 
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Since (4) is linear in the coefficients a^ a pencil of sextics gives a pencil of 
Weddle surfaces, and thus in particular the pencil of sextics 

{aty + Mf'+iy=o 

gives a pencil of surfaces W^ having a common plane section Q. 

The 6 original points, 1, , 6, are nodes of IF^ ; their joins, 12,...., are 

lines of Wq] and the 10 lines 123|456 are also lines of Wq. 

These lines meet the section Q in 15 points 12, 13, , lying by threes on 

20 lines 123, , and in 10 points 123 1 456, the whole forming a configuration, 

let us say T.* 

The curve Q contains then a configuration T, but being common to all the 
surfaces Wx it contains infinitely many such configurations. This is the qtwd 
erat demonstrandum; namely, that the plane section of a Weddle surface contains 
infinitely many configurations T. We speak of these as a pencil of configurations. 

§3. The Invariant Condition. 

The existence of a configuration on a curve is apt to imply that an invariant 
of the curve vanishes. In the present case, the equation of Q, referred to the 
points e, where it meets ^ as a reference triangle, can be written at once. The 
curve is on the reference points; it cuts each reference line again in points 
apolar with the other reference lines, because the Weddle surface is invariant 
under the transformation (3) ; and also the tangents at the reference points are 
on a point, from the known fact that N is an asymptotic curve on W. Thus, 
using Salmon's notation for quartic curves and their invariants, Q is 

Q = a^y + a^z + b^z + h^t^x + c^x + c^y + Zxyzifaa + wiy + n«) = 0, 

OjiftgCi + o^jCg = 0. 
Hence the invariants A and B are 

J. = — 12Zmn + 12(Z&iCi + mc^ag + na^^^ 

I a^ , a^ 
5 = — 63 m 6| 
Cjj Oi n 
and therefore the invariant which vanishes is 

^«+1445. 

*The prMumption is that a quartic cnrye on the 15 point of F is nniqne and mnst therefore contain also 
the 10 adjoined points. This, howeyer, has not been proyed. 
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The vanishing of this invariant is characteristic for the plane section of a 
Weddle surface. 

§ 4. The Locus of Li/nes of the Oonfiguraticm. 

We shall give a second proof of the existence of configurations on the curve, 
and thereby establish the locus of the lines of a pencil of configurations. 

Quadrics on the 6 points meet any plane n in conies apolar to a range, 4>. 
Quadrics on 5 of the points, say 1, 2, &, 4, 5, meet n in conies apolar to a definite 
conic G^ — the conic defining the polarity of the Desargues configuration deter- 
mined on 7( by 1, 2, 3, 4, 5. The six conies C^ are in the range 4>.* N carries 
a double infinity of quadrics on the 6 points, and hence the three points p^ q, r, 
where N meets tc, carry a double infinity of conies apolar to 4>; pqr is then the 
diagonal 3-point of 4>. 

A quadric of the system on the 6 points may be made to touch n at any 
given point. The two lines, ^, >7, cut out of this quadric by 7« : : 4>. In particular 
the two generators cut by n out of a quadric cone with vertex on tc : : 4>. There 
is one further condition on this pair of lines : it is that they touch a conic of the 
range, eay^, on any four lines of F like 123, 124, 134, 234. For the cone 
determines a tetrahedral complex with 1234 as fundamental tetrahedron, and 
the six lines touch the complex conic on tu 

We state this as a 

Lemma: If a tedrahedron is inscribed in a quadric cone, any plane on the 
vertex meets the cone and the planes of the tetrahedron in 6 lines on a conic. 

The ranges 4> and ^ are not independent; a conic of ^ touches the diagonal 
lines jr, rp,pq of 4>. For N is projected from ^ by a quadric cone on 1234 
with vertex p, and by the lemma pq and pr touch a conic of 4>'. Similarly, 
rp and rq touch a conic of ^, necessarily the same conic. 

Conversely, two ranges, 4> and 4>', connected in this way, determine uniquely 
a configuration F. For choose any tetrahedron with faces on the base lines of ^. 
It easily follows from the lemma that the four vertices of this tetrahedron are on 
a norm-curve N with p, q, r. The point 66, into which the conic of 4>' touching 
gr, rp, pq is transformed by the line-transformation ^>7 : : 4>, carries a unique line 
bisecant to N, thus determining the points 5 and 6 on N, and thereby a con- 
figuration F with the associated range 4>. 

•Carrer, Tram, Am, Math. Soe,, Vol. VI, No. 4, p. 648. 
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We now find the locus of pairs of lines touching conies of 4>' and apolar to ^. 

Choose, as the range 4>| 

m^ + niixf + mfii = 0, 

mo + ^1 + ^8 = ; 

pqr is then the reference triangle, and lines ^, 97 apolar to 4> are connected by 
the relations 

ii = i/m (< = o,i,2). 

If ^ is {a^y + HP^y = 0, the equation of our locus is at once 

where (a/|) = oo/fo + «i/li + as/^« • Using codrdinates ^, »?, ^ for conyenience 
of writing, and supposing ^ to be 

we have 

+ [a(in _ «) + 6A - c<7]|«,7?(^ - ^) 

+ [c(Z -»n)+aj7-6/]^fn(»7*-a = 0- (6) 

We shall show that if S is given in the form 

+ J^^»7?(^-a+ GV?^(f-O + 5?«^'7(»7«-f)=0, (7) 

the pencil ^ is not unique, but may be chosen in oo ^ ways. We first find the 
equation of the section of W which is the locus of joins of corresponding lines 
of S. Let (a, ^, y) be a line of S. The join of this line and its correspondent is 

Substituting a, ^, y in (7) and dividing by a^y, we have 

A{^y» — a^) B(y^a\— ^) C{a?^ — /) 
a "^ ^3 *" y 

+ Fair" - /^) + (^Pip? -f) + Hy{^-a?) = 0. (8) 

Now 

a a; * j^ y ' y . ^^ * 

Hence (8) becomes 

Q = Ayz{y'—7?) +Bzx{^—7^) + 0xy{7?—j^) + »y2(i^«+ (7y + fla?) = 0. (9) 
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268 MoRLBY and Conner: Plane Sections of a Weddle Surface. 

Given an equation of the form (7), we have six equations to determine 
a, J, c, Z, iw, w,/, g, h: 

al = p-i, bm = p-B, en = pC> (10a) 

a(wi — n) + iA — eg = pjP", 

6(w — Z) +c/— aA =p6?, ^ (10b) 

c(Z — m) + ag— b/= pH. 

Multiply the first of equations (10b) by a, the second by 6, the third by c, and 
add; then substitute the values of Z, m, n from (lOa), We have 

Ahc{V — (?) + Bca{(?—a^) + Gab{<j? — V) + a6c(^a + G^ J + fie) = 0- 
This shows that the conic a>7^ + 6^^ + c^>7 = must be the transform by ^ of 
a point of Q. If a, 6, c are chosen to satisfy (9), we may choose arbitrarily any 
one of the quantities fy g^ h^ and the other two are determined in such a manner 
as to satisfy all the equations (10). The arbitrariness in the choice off, g, h may 
be accounted for by the fact that (6) is unaltered if we put 

/ = /' + ;ia, g = ^ + ^g, h = hl + Xc, 

which means merely that (5) is any conic of ^. ^ 

S may then be generated in oo^ ways; a point (a, h^ c) of Q determines 
uniquely a range ^, and thereby a configuration V circumscribed to S and 
inscribed to Q. 

The form of equation (7) shows that not only are the reference lines double 
lines of S, but the reference points are double points, the tangents at the 
double point being the two reference lines. 

It is worthy of note that the range ^ is the same for all configurations of 
the pencil. 

From the form of equation (9) we infer that any triangle inscribed in N 
meets Win the six vertices of a 4-line. In other words, the join of points of W 
on two sides of the triangle meets W on the third side. Given W^ a configuration 
inscribed in Q may be determined as follows : 

Choose any point 1 of N. From 1 i^ is projected by a quadric cone which 
meets Q in j?, q^ r, and in five other points, determining on N five points 
2, 3, 4, 5, 6, and on Q five points 12, 13, 14, 15, 16. It follows from the 
above remark that the configuration determined by the points 1, 2, 3, 4, 5, 6 
is inscribed in Q. 

To construct TT, when a configuration F is given, we may take any line 
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on 12, and on it any two points, as 1 and 2. The points 3, 4, 5, 6 are then 
determined, and thereby W. For a given T there are then oo * Wb ; and there- 
fore for a given Q there are, as there should be, oo * W's. 

§ 5. The Number of Pencils of Configurations. 

There will be, on the quartic curve Q, not one but several pencils of con- 
figurations. The number of pencils has not been found, nor has the preliminary 
question, in how many ways a quartic can be written in the form (9), that is, 
without even powers, been answered. But it is worth while to establish a 
special case, that for the Clebsch quartic, where 5=0, the latter number is 8. 
For when the equation of a quartic is thrown into the form (9), B becomes a 
perfect square, say — A^ The bordered catalecticant is 
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and when developed, every term except the even ones has A as a factor. Hence, 
when A = 0, the G^^^ consists of even terms. But the 0^^^ is then the square 
of the apolar conic. 

Hence, for a Clebsch quartic each such triangle is apolar to the conic, and 
each such reference line is on the reciprocal of the quartic as to the conic. But 
the lines already touch a Cg,©,*^ the locus of lines cut harmonically. There are 
then 24 such lines or 8 such triangles. Any two give 6 points on a conic ; we 
have then 28 conies which should be connected with the double lines of the 
curve. 

If our curve Q have J? = 0, that is, if both A and B are 0, it follows that, 
when it is referred to any one of the 8 triangles, 

ajl>^^ + agftiCg = 0. 

The quartic can then be reduced in 8 ways to the form (9), and for each 
such form there is a definite curve ^ and a pencil of configurations (§ 4). Thus, 
for a curve Q with 5 = there are 8 pencils of configurations T. This is 
probably true when B:pO. 
35 
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§6, r/kJ Weddle Cubic. 

The degenerate case when TT is a plane and a cubic is of interest. The 
cubic is the transform of a plane by the transformation (3). 

Now this transformation sends a line into a norm-curve N'. But if the line 
is on a point p of N, the line p of N is part of the transform, and if the line is 
also on the plane p of N^ the line p counts twice,* and the rest of the transform 
is a line. Since (3) is involutory, this line is also on a point and corresponding 
plane of N. Let us call such a line, which transforms into a line without being 
a fixed line, a permanent line. 

A plane n passes into a cubic surface CI with nodes at the points p, on n 
and N. 

In the plane n is a curve JR^ of class 3, order 4, the section of the develop- 
able of N. Curves of order 3 on 7t, on the cusps of R and also on the cusp- 
tangents, touch the planes p, of N at the 3 cusps, and therefore their transforms 
are also plane cubics, sections of £1. In this case, then, the usual mapping of a 
plane on a cubic surface by a 3-fold system of cubics is merely the transforma- 
tion (3).f The cusp-lines, being permanent lines, in the plane n and therefore 
on its null-point p, are transformed into permanent lines also on a plane n' and 
its null-point y, pf being the transform of p. These are lines of £1. 

Thus A is a cubic surface with 3 nodes, and 3 lines in a pencil. 

Any cubic surface with a norm-curve as asymptotic curve is of this kind. 
For the developable occurs twice in its transform, leaving a plane. 

We may notice that the transforms of sections of H by tangent planes at 
points of N are osculanta of the i2^, for, by a theorem of Mr. Thomsen, these 
osculants have their nodes on the R^. 

The condition that a cubic surface have 3 lines in a pencil is thevanishing of 
Salmon's invariant I^^. For if 3 lines are in a pencil, the polar quadric of the 
vertex p is two planes, so that p is a double point of the Hessian. But if the 
point a:, = sc^ = X5 is on the surface {xu?) = 0, then xi = x^; that is, /joq = 0. 

Baltimobk, January^ 1909. 

* Schonte, NUw Arehief, 1899, p. 97. 

tThe general mapping by plane cubics on 6 points is effected by the transformation xy :: net of qaadrics. 
Conner, Johnt Hopkins Circulart, Jnly, 1908, p. 95. 
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The Differential Eqjiations Satisfied by Ahelian Theta 
Functions of Genus Three. 

By J. Edmund Wright. 



In several papers* and in his book "Multiply Periodic Functions," f 
Baker has given the differential equations satisfied by hyperelliptic theta 
functions. His method is most satisfactory in its final outcome, because the 
constants that occur in the equations are expressed in terms of the associated 
Riemann Surface, with definitely known cross-cuts, but owing to this complete 
determination of the equations the process involves long and complicated algebraic 
manipulation. Its application to any but the hyperelliptic functions would seem 
almost impossible. Now if we start from the general definition of a theta function 
as a uniform integral function of several variables, that possesses certain period 
properties, we can discover enough about its nature to enable us to give the 
general forms of the difierential equations it satisfies, and then it appears that 
conditions of coexistence of these equations are sufficient to make them precise. 

For example, the general nature of the theta functions of genus 2 leads us 
to the conclusion that it must satisfy five difierential equations of the fourth 
order, of a certain particular form. These equations involve twenty constants, 
but conditions to be satisfied in order that they may coexist reduces this number, 
so that finally the equations depend on only three essential constants, and there- 
fore we conclude that the general solution of the final dififerential equations 
must be such a theta function. It is possible that, the equations once obtained, 
they may be integrated directly, and thus the theory may be made complete 
from this point of view. % 

The purpose of this paper is to determine the differential equations whose 
general solution is a general theta function of genus 3. As a first illustration, 

•Proe, Camb, Phil. 8oe,, Vol. IX (1898), p. 517; ibid,, Vol. XII (1908), p. 219; Acta Math., t. XXVII (1908), 
p. 186. 

t Cambridge Unlyeralty Press (1907). 

X Cf. **Muliiply Periodic FunctioM,'' p. 44 sqq. 

36 
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272 Wright: The Differential Equations Satisfied by 

we propose to apply the method outlined to the case of j> = 2 to obtain 
Baker's results. 

The case of j> = 3 leads to a division of the types of equation into two 
classes. The first of these turns out to be the hyperelliptic case. By adding 
a suitable exponential factor to the theta function the equations are given by 
means of covariants of certain ternary forms; these forms are: 1) a quadratic 
whose coefficients are the second derivatives of the logarithm of the theta 
function ; 2) a cubic whose coefficients are the third derivatives ; 3) a quartic 
whose coefficients are the fourth derivatives^ and similarly for higher derivatives, 
and 4) certain fixed forms. For the hyperelliptic case the fixed forms are a 
conic and a quartic. These two curves determine a binary octavic, namely that 
cut out on the conic by the quartic, and this case is thus associated with the 
invariant and covariant properties of a binary octavic. In the non-hyperelliptic 
case there is only one fixed form, a general quartic. It thus appears that this 
case is closely connected with the geometrical properties of a general quartic. 
This is interesting in view of the fact that a non-hyperelliptic curve of genus 
three can always be birationally transformed into a non-singular quartic, whereas 
this is not true of a hyperelliptic curve of genus three, for which the reduced 
curve of lowest order is a quintic with a triple point. 

§1- 

In the subsequent work we need some general definitions and theorems, 
which we quote from Baker's ''Abelian Functions." * 

Suppose that we have four matrices cj, J, ri, >/', each of jp rows and columns, 
which satisfy the conditions: 1) that the determinant of a is not zero; 2) that 

the matrix 6)~^Ci)'(=t) is symmetrical; 3) that for real values of n^, n^, , Wp 

the quadratic form ^"^o'n* has its imaginary part positive; 4) that the matrix 
>76)"'^ is symmetrical ; 5) that >?' = >7G)"^g)' — i7tw5~\ We put 

a=i)7Ci)~^, A = i7tiG)"^, 6 = nuj~^G)', 
so that 

>7 = 206), V = 206)' — A, h(d=z ^ni, hJ = \h ; 
and we write 

>^mH = BJ,u + \£i^) —nimm!, 
where 

H^ = 2nm + 2)7'7n', £i^ = 2cow + 2o'm'. 

* Hereafter quoted aa A. F. 
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Ahelian Theta Functions of Genus Three. 273 

Also let Q, (^ denote two assigned rows of p rational quantities, and 

suppose n(w) to be an integral function of the p arguments t*i, tig, , Wp that 

satisfies the equation 

for all integral values of fw, m'. Then the function 11 (w) is called a theta 
function of order r, with the associated constants 2g), 26)', 2)?, 2)?', and the 
characteristic (Q, Qf). [A. F. 447, 448.] 

It may be proved that the function 11 (w) exists, and further that if the 
associated constants and the characteristic are given, there are not more than r^ 
such functions linearly independent of one another. [A. F. 448-452.] 

We notice that the essential character of n(ti) is unchanged if a linear 
transformation be made on the variables ti, or if it is multiplied by an ex- 
ponential factor of the type c"**', where a is a symmetrical matrix. 

The limit to the number of linearly independent functions of order r may 
be reduced if 11 (ti) is an even function or an odd function of its arguments 
taken together. In this case it is not diflScult to prove that the constants Q, Q 
must be half integers [A. F. 462], and the results are: 

If n(— w) = en(u), where e = =fc 1, and r is even, whilst (Q, Q) consists 
of integers, the number of linearly independent functions 11 (ti) is 

< ir^ + 2P-^8. 

When r is odd, or when r is even and the characteristic (Q, Q') does not 
consist wholly of integers, then the number of linearly independent functions is 

< ir'' + * [1 — (— 1)T f «*'*^^'. [A. F. 463.] 

Now suppose d to be a function of the first order, with half-integer charac- 
teristic (g^, (j[). Then from the properties of such functions we have the result 
that e^^^:=^s. [A. F. 261.] 

If n(w) is 6**, it is clear that 11 is of the r-th order, with characteristic 
(r^, r^). Hence^ for functions with the same defining properties as d^ the above 
numbers become \r^ + 2^"^ if r is even, and \{r^ + 1) if r is odd. 

In particular we note that if r = 2, %{u + v)6(ti — v) has the same defining 
properties as d^, and hence there must be a linear relation, with coeflScients 
independent of w, connecting 2^ + 1 of these functions for 2*^ + 1 difierent 
values of the arguments v. There is a similar result for functions of the type 
6 (ti — v) 6 (w — tr) 6 (u + I? + ti?) when r = 3, and so on for higher values of r. 
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Now if F{u) is a function multiply periodic in o, 6)', t. «., one such that 

F{u + flj = F{u), 

for all values of the integers m, m', and if it is made integral by being multiplied 
by some power, «, of 6, it is clear that if r >«, d^F{u) has the same defining 
properties as 6**, and hence there is a linear relation among either ir^ + 2^"^ 
or i(y^ + l) such functions, according as r is even or odd, provided F{u) 
is even. 

The second derivatives of log 6 are such multiply periodic functions. 

Baker, Bolza and others use the notation Pij{u) = — ^ — ^— (log 6). [See, e. g., 

A. F. 292, etc.] We shall find it convenient to use (ij) for this function, and 
similarly, in general, 

and {ret ) is a multiply periodic function, which is made integral on multi- 
plication by 6*. 

We shall assume in the remainder of this paper that there is no polynomial 
relation of either the first or second order connecting the derivatives {ij). Such 
a relation would in fact be a limitation on the generality of the constants in o, (J. 
For example, if j> = 2, we could reduce a linear relation among (11), (12), (22) 
to the form (12) = 0, and 6 would reduce to the product of two elliptic theta 
functions. The particular cases for which such a relation exists are of some 
interest when ^ = 3. We propose to consider them in a later paper. 

§2. 

We consider first the case ^ = 2. In this case there are four linearly 

independent functions of the second order with the same period properties as 6^. 

They are 6^, fl^(ll), 6^(12), 6^(22). It is easy to verify that [iU){22)—{12f]d^ 

is integral, and hence the five functions with the same period properties as 6^ are 

e»|[(ll)(22)-(12.)^, (11), (12), (22), 1}. 

To save repetition we shall say that a function /{u) is of the r-th order when 
/(m) is even, multiply periodic, and d^/{u) is integral. It is clear that a function 
of the Mh order is also a function of the ^-th order if r is less than s. 
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The functions of the fourth order, ten in number, are 

1, (11), (12), (22), and all products of the type {pq){r8). 

Of the sixth-order functions twenty are linearly independent. Now they 
include I) [(11)(22) — (12)]*, II) all products {pq){r8)(tu), III) the functions of 
the fourth order. 

These are in number 21, and therefore they must be connected by a linear 
relation. We thus see a priori that there is a quartic relation among the three 
second derivatives (11), (12), (22). This turns out to be Kummer's Quartic 
Surface. 

Again {pqr) is of the third order, except that it is an odd function, and 
hence any product (i>3^)(«<w), being of the sixth order, must be expressible as a 
cubic polynomial in (11), (12), (22). These considerations are useful as showing 
the kind of relations we are to expect. To obtain them we make use of the 

fact that 

d{u — v)e{u + v) 
e^u) 

is a function of the second order for all values of the variables v, and hence if it 
is expanded in powers of the v's, all its coefficients are such functions. We write 
6 = e~^; then 

If the right-hand side be expanded, the coefficients of products of the fourth 
and sixth orders oft; are readily obtained, and we have 

(pqrs) — 2[{pq){r8) + {pr){q8) + (pff)(gr)], 
(pqr8tu) — 2X{pq){r8tu) + ^^{pq){T8){tu), 

for these coefficients, where the summations extend to all possible combinations 
of the six letters jp, g, r, 8, <, u. These expressions are therefore both of them 
functions of the second order. 

Hence we must have (pqrs) — 2[(^)(r«) + {p^){q^) + {p^Xg^)] = a linear 
function of 1, (11), (12), (22), = X i^i (M) + ftp^, say, where the V& are 

constants, and the summation extends once to each pair of values of h, h. 
Now, by giving p, q^ r, a the values 1, 2 we obtain five such equations. These 
are differential equations of the fourth order for a single function /, and their 
coexistence by no means follows for general values of the constants h. 
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In fact, if we di£ferentiate the five equations once, and eliminate fifth 
derivatives, we obtain four equations among third and second derivatives; these 
are homogeneous and linear in the third derivatives, which may therefore be 
eliminated. We thus have an equation among second derivatives only. We 
might use this equation to obtain by differentiation other homogeneous linear 
equations in third derivatives, and then by elimination other equations connecting 
the second derivatives. It is simpler, however, to differentiate the five funda- 
mental differential equations twice and then to eliminate from them the sixth 
derivatives that occur. We thus get eight equations involving second derivatives 
and certain functions of third derivatives of the type {pqr){hk8) — {pq8){hkr). 
There are only three of these latter functions, and thus by elimination we get 
five equations which turn out to be of the form 

A,[{ll){22)-{12)^ + B,{ii)+G,{l2) + D,{22) + E, = (i = 1, 2, . . . . , 5), 

where A, j8, O, Z>, E are constants. As we have assumed that no such relation 
exists. A, B, (7, Z>, E must all be zero. 

If we denote the right-hand side of the typical fundamental equation by 
J?p^, and additional suflBxes denote differentiations, and if Bj^a^sp — ^{^^)^pqr^i 
after fourth derivatives have been replaced by their values in terms of second 
derivatives, is written [^ra, ^^J, it is not diflScult to see that a typical one of 
the equations just mentioned is 

[p?ra, «/?] + ipq^s, r/?] + [para, q^] + laqre, p^] 

= IPQ^^y «a] + [P2^^f ^a] + Ipfirs, qa] + [Pqre, pa}. 

The five equations are therefore 

[nil, 12] = [1112, 11], [1112, 22] = [1222, 11], 
[nil, 22] + 2 [1112, 12] = 3 [1122, 11], 

and two similar equations obtained by interchanging 1 and 2. We take the 
second-degree terms in these equations first, [llll, 12] = [1112, 11] becomes, 
on expansion, 

(26fl?l + 46ffi) [(11)(22) — (12)«] + linear terms = 0. 

Thus we have bi^l + 26» = 0. 

Similarly, from the second equation we have &n» = 6i@, and from the 
third iffll-6i^=36^. 
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We thus have five relations among the constants b. If these are satisfied, 
it appears that the remaining relations obtained from the above five equations 
determine the values of the constants &p^g uniquely, and otherwise lead to .no 
new relations. 

Now, the multiplication of 6 by an exponential factor c*"* does Dot alter its 
essential nature, and is equivalent to giving arbitrary additive constants to the 
derivatives (11), (12), (22). If we thus modify our equations, we may make 

26fi2 + 6fig = 0, 26^ + 6^ = 0, 26/}S + 6^ = 0, 

and then the fundamental equations take precisely the form given by Baker, 
"Multiply Periodic Functions,'' p. 49. 

We can now verify without trouble that the equations are compatible, 
obtain the Kummer and Weddle Surfaces, and obtain the relations for products 
of third derivatives, exactly as in Baker. We are, however, using this case as 
an illustration of the method for j> = 3, and hence shall indicate in outline 
another method for getting {pqr){stu) and the Kummer Surface. 

We use Baker's notation for the coefficients of the difierential equations for 
fourth derivatives, so that 

— i^mi — orfti— 4aja^ +Z(4 + a^{n)— 2ai(l 2) + ao(22), 

— i^uM = i(«o«5 — Saja, + 20203) + as{n)— 2a^{l 2) + ai(22), 

— i^ii22 = H<^(fi^— 9<^i + ^<4) + «4(11) — 2a8(12) + 0,(22), 

— i^i228 = *(«ia6— 30^05 + 208O4) + 05(11) — 2o,(12) + 03(22), 

— i528s» = ««««— 40305 + 3oJ + oe(ll)— 205(12) + 04(22). 

It is interesting to notice the covariantive form of the equations. If we 
take dui and du^ as variables Xi and ccg, then any linear transformation on the 
ti's is equivalent to the same linear transformation on the a;'s; it is clear that 
d^p and d*p, 

= (ll)a? + 2(12)xiar2 + (22)a|, =al = Vi = 4= - - -, 

are invariant under such a transformation. Also 

(ooi ^1, Ogi , o,)(a^X2)« = a* = /%= 

is an associated sextic, and our fundamental equations are given by 

dV-6(d«p)« = -3(ao)«a* -f(a/?)*a|^, =5, say- 

From the coefficient, already given, of v^ in the original expansion we have 
d^p — SOd^pd^p + 60{d^pY = a homogeneous sextic in rft^, dti^, of which the 
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coefficients are functions of the second order. If we put this equal to X, 
X must have its coefficients linear functions of the second derivatives. Now 
dI*p--6(dV)^ = £, and hence on diffisrentiation d^p — l2d^9d^9 — l2{d^pf:=zd^B. 
If we eliminate d^p and d^f from these equations, we have 

12|(d«p)2 — 4(rfV)'f + d'-B — 185dV = X. 

Now we have already indicated the method of obtaining expressions 
{pqr){Jik8) — {pi^){hkr), and therefore we can obtain the various products 
{pqr){hh8) by equating cofficients of powers and products of du^ du^, in the 
above equation, as soon as we know the coefficients of X. For example, 

(lll)«-4(ll)«+3[a2(ll)-2ai(12) + ao(22)](ll) 

+ ao[(ll)(22)-(12)«] =X(11) + (i(l2) + r(22) + p, 

where ;i, (i, v, p are constants to be determined. 

There are two methods for determining the unknown constants. In the 
first method we differentiate twice and eliminate fourth and fifth derivatives 
by means of the fundamental fourth-order equations. We also substitute for 
the various squares and products of third derivatives that occur. We then 
remain with an equation which turns out to be in some cases of the second 
degree, in others of the fourth degree in second derivatives. Now those of the 
second degree must vanish identically, and by equating their coefficients to zero 
we have enough equations to determine the unknown constants. If these are 
substituted in the fourth-degree equations obtained, they all reduce to one and 
the same equation, which is that of Kummer^s Quartic Surface, 

In the. second method we difierentiate the fundamental equations, and by 
subtraction eliminate fifth derivatives. We thus remain with an equation linear 
in third derivatives. Such an equation, for example, is 

6(12)(111)—6(11)(112) = 303(111)— 9a2(ll2) + 9ai(122)—3ao(222). 

We multiply these equations by the various third derivatives, and substitute for 
the squares and products of third derivatives their expressions in terms of second 
derivatives. As before, we get equations either of the second or of the fourth 
degree in second derivatives, and again we can determine the unknown constants 
and obtain Kummer's Quartic. In either case the work may be somewhat 
simplified, if we notice that d«5— 65dV= 4a«[(ll)(22) — (12)^] + a quantity 
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linear in second derivatives^ by incorporating this linear quantity into X 
The final result in symbolic form is 

The Eummer Quartic is an invariant of a% and a| . Its symbolic expression is 

^{ahy{cdf - U{(ija)\ah)\acf + %{aaf{^h)\a^y + {ahf{a^f 

+ 9(aa)«(a/?)«(ay)«(/?y)* - f (/?y)^(ya)«(a/3)«(a5)«(W(yS)« = 0. 

If we write rf^, = (11 l)a:i +....,= ^| = g| = r| = , we have for the 

symbolic equation of the Weddle Surface 

{hpy{hq){pq){qrY = [where A| = {apfall 

In the above work we have assumed that there exists no quadratic relation 
among (11)^ (12), (22); it is interesting to note that the assumption of the 
existence of such a relation leads to a linear relation among these quantities. 
By a proper choice of variables such a linear relation could be reduced either 
to (11) = 0, or to (12) = 0. 

The latter shows that 6 must be the product of two elliptic 6 functions^ 
whilst the former implies that 6 is the product of an elliptic 6 and an ex- 
ponentialy 6^*»+^, where A and B are constants. 

§3. 
We now consider the case of p = Z. We shall find it convenient to use A 

to denote the determinant 

(11), (12), (13) 

(21), (22), (23) 

(31), (32), (33) 

and An to denote the cofactor of (re) in A. 

It may be verified without diflSculty that A, though apparently of the sixth, 
is really of the fourth order, whilst A,, is of the third order. 

In this case there are eight functions of the second order. Of these we have 
seven, the quantities 1, (11), (12), (13), (22), (23), (33). There must be one 
linearly independent of these, and this one we call F. It is to be noticed that 
for simplifying our equations we may modify T by adding to it any linear 
function of the known second order functions (pq) and 1. 
37 
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The number of linearly independent third-order functions is 4(3'+ 1),= 14. 
We have the eight already given^ and the six functions A^ . We see at once 
that there are two cases according as these are or are not linearly independent. 
As we are assuming that no quadratic relation exists among the quantities (pq), 
we see that if these 14 third-order functions are not independent, there is a 
relation 

where the a's, Vs and c are constants. This turns out to be the hyperelliptic 
case. 

There are i 4^ + 4 = 36 functions of the fourth order. Now we have 
already eight of these, namely the second-order functions. In addition we 
must have all products {pq){r8), (pq)T, F^, and A. These are in all 37, and 
hence they must be connected by at least one linear relation. In the hyper- 
elliptic case this relation is the one given above. In the other we shall show 
later that it may be reduced to the form 

F^ -|- 2 A =: a quadratic in the second derivatives {pq)* 
The number of sixth-order functions is i6' + 4 = 112. We have 

I) 21 products Ap^A^, 

II) 56 '^ {pq)(rs){tu), 

III) 21 - T{pq){r8), 

IV) 6 " T'ipq), 
V) 21 " {pq){rs\ 

VI) 6 •' Y{pq\ 

VII) the 11 functions {pq), FA, F^ F«, F, 1, 

that is to say, 142 such functions. These must therefore be connected by 30 
linear relations. 

In the hyperelliptic case we may neglect 6 of III) which reduce to com- 
binations of I), II) and V) ; and if we limit ourselves to functions of the fourth 
or less degree in the derivatives we may neglect IV), FA, F*. Also we may 
neglect VI), F^, F. We thus have 1 20 functions of degree not greater than 
four in the second derivatives. They must therefore be connected by at least 
eight linear relations. In fact it will appear later that there are fifteen such 
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linearly independent relations. (These relations must of course be connected. 
In fact^ if we use the second derivatives as coordinates in space of six dimensions, 
we have eight five-folds which pass through a common three-fold. This three- 
fold is of the eighth order.) 

In the non-hyperelliptic case we may neglect IV), which may be expressed 
in terms of I), II), etc., by the fourth-order relation, and similarly we may 
neglect F* and F^ We thus have 134 functions, and they are at most linear 
in T. There must thus be 22 relations of the type TQ^ + A^A = jffi, where Q^ 
is quadratic, K^ quartic in the second derivatives and ^ is a constant. By 
consideration of the functions of the fifth order we can show that six of these 
relations must be of the form FQ« = (7|, where G^ is a cubic, and the quadratic 
Qi is linear in the quantities Ap^, (pq). 

Again^ it may easily be shown that B^^^ = Tp^ — 6(/)^)F, is of the third 
order^ and therefore, if the case is not hyperelliptic, E^^ = a linear function of 

In the hyperelliptic case it appears that this is not true; in fact Bp^ 
= a linear function of Apq, (pq), J; where cT" is a certain function cubic in the 
derivatives, and J occurs in at least one of the expressions. 

We now determine the equations in detail. In the first place 

(pqrs) — 2l{pq){rs) + {pr){qs) + (ps^qr)] 

is of the second order, and is therefore a linear function of 1, (pq), T. We thus 
have fifteen equations of the type 

(pqrs) - 2 [{pq){rs) + {pr){qs) + ips){qry] = 5^^ + a^^T, 

[p,j,r,« = l,2,3], (1) 

where J?p^, = Sip^(v) + ^tntnt ^^^ summation being taken once for each pair 
of values %,j\ and the a's and V& are constants. 

If this be differentiated with respect to the variables with suffixes t and ia, 
we obtain 

(pqrstu) — 2{{pqtu)(rs) + {pq){rstu) + {prtu){qs) + {pstu){qr) 

+ {pr){qstu) + {ps){qrtu) + {pqi){rsu) + {pqu){rst) + {prt){qsu) 



tu* 
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If a, t are interchanged we obtain another such equation. From these two 
the sixth derivative may be eliminated by subtraction. The result is 

2 \ (pqu, r)rt + ipru, q)^ + iqru,p)a + {pq, ru)^ + (pr, qu)^ + (qr, pu)^\ 
where 

{pq, ru)^ = {Pq^){rut) — {pqt){ru8). 

If we permute the suflSxes p, q, r, u, we obtain four such equations. They 
involve the three third-derivative expressions {pq^ rw)^ and certain fourth and 
second derivatives. By adding we eliminate the third derivatives^ and then by 
means of (1) we may express fourth derivatives in terms of second derivatives 
and T. We thus obtain the equation 

[pgrs, uf] — [pgrtf tui] + a^g^^ 5^^ — <^sHtrt^u$ + three similar expressions 
obtained by interchanging u with p and with q and with r = 0^ (2) 

where [pg^*, ^] =5p^.ut — 6(u<)5p^, in which the fourth derivatives have 
been replaced by their values from (1). 

In addition the four equations mentioned above serve to determine the 
quantities {qr^pu)^. We have in fact 

4(?r,im)^ + 4{ [{uq){sp) + {ua){pq)']{rt) + [{ur){8p) + {u8){rp)']{qt) 

- IMitp) + {ut){pq)]{r8) - l{ur){tp) + {ut){rp)']{qs)\ + 4T\{rt)a^ 

+ iu8)aj^\ + A\{rt)Bj^^ — {r8)Bj^^ + {qt)B^^ — (q8)Bj^^ 

- {pt)B^ + {ps)B^^ - {ut)B^ + {U8)B^\ 

+ [i??r«, tu] — [pqrt, 8u] + lqr8u, tp] — [qrtu, 8p]. (3) 

It is worthy of remark that the above equations (2), (3) are of the same 
general form for any number of variables, for any value ofp^ the only di£ference 
being that if p is greater than three there is more than one function Y. 

The equations (2) are linear in the quantities B^^ A^, {(^^)f ^* I^ ^^ 
regard B^ and T as unknowns, there are different cases according as they can 
be solved for some or all of these variables or not. Suppose first that they can 
be solved for F; then they give Fas a linear function of A^g, {pq). By making 
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a conyenient linear transformation on the fundamental variables this may be 
modified into one of the forms 

In this paper we neglect the second two forms, which lead to less general 
cases than the first, and assume that 

r=A„ + A» + ^- 

If we calculate B^q directly from this value of F, and then use (1), (3) to 
eliminate third and fourth derivatives, we obtain equations which show that E^^ 
can not be a linear function of the quantities A^, (re), and from them we deduce 
without difficulty that 

If we multiply the 16 equations (1) by dul, etc., and add, we obtain the 

equation 

d^p — 6{d^py = 5 + 3C7»r, 

where £ is a homogeneous quartic in the difierentials du^ with coefficients linear 
in the second derivatives (pq), and C is dul + dul + c2ti|. 

When the particular values given above for the a's are substituted in the 
equations (2), it appears that they may be solved for the five magnitudes 

i?U — -Ba> -Bu — -RoB; ^fSf -^81, -Bi£. 

Accordingly each of these five must be expressible as a linear function of 
the quantities Ap^, (pq). We therefore assume linear functions of this type, 
with unknown coefficients, for these magnitudes and substitute their values and 
that of Y in the equations (2). These equations are now quadratics in second 
derivatives only, and hence they must vanish identically. Hence by equating 
their coefficients to zero we obtain equations, which are in fact all that exist 
among the undetermined constants. 

Now the complete determination of the coefficients would be somewhat long 
if we introduced no further restriction on our choice of variables Ui, Uj^, u^. 
We notice, however, that T is an algebraic invariant of the ternary forms d^p 

and O. In fact, if <2'p = a| = 2^ = , and 67 = ^ = ^ = 6^=: , where 

X is du, we have the relation ZT{ABCf = {Aah)\ 
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There is thus a certain amount of freedom at our disposal which may be 
used to get the equations in canonical form. We may, for example, perform 
any linear transformation on the variables t^, tig, t^, that leaves the quadric C 
invariant Also we may add constants to the second derivatives {pq)^ provided 
we subtract au appropriate linear function of the second derivatives from F. 
Further, it is suggested that the equations can be modified so as to be covariants 
of certain ternary forms. It appears that the constants to be added to (pq) are 
uniquely determinate if the equations are to be covariant, and hence that the 
covariant canonical form is perfectly definite. 

The details of the process I adopted are as follows : I first wrote out the 
general equations among the constants, and then proved that by a certain trans- 
formation on the ti's the coefBcients of type h^ and certain constants in the jR's 
could all be made zero. When this simplification was introduced, the constants 
were all readily calculated in terms of six left arbitrary, and the equations were 
then in a canonical, though not covariant shape. It was clear, however, that 
by slight modification they might be made covariantive if a certain fixed quartic 
were associated, and the proper modification was given without much trouble by 
comparing terms in B that involved second derivatives with possible covariants. 

The fixed forms entering into the covariant equation are the conic C and a 
certain quartic. The quartic is trinodal, and its nodes are at the vertices of a 
self-conjugate triangle of the conic. It is clear that by taking C in the form 
a^xs — acf, introducing a parametric pair fj, ^, and writing ai = <i, aJ8 = <i<2, 
X8 = <|, we may make use of binariants involving a single octavic, that cut out 
on the conic by the quartic. This leads to a set of equations equivalent to the 
one given by Baker in the papers already quoted, and serves to identify our 
equations with the hyperelliptic case, for which a binary octavic is fundamental. 
I prefer, however, to keep C in the form af + ajf + ajs, so as to preserve 
symmetry, and to work with orthogonal invariants of a quartic. The quartic 
is taken to be 

62Aiairi + 122pia?a%X8 = ai = ^* =yi= . . . • 

It involves only five constants, namely the ratios of the six quantities 
hif h^j h^i Pu P2f Pz- This was to be expected, since the hyperelliptic functions 
for j9 = 3 possess only five class-moduli. In the non-hypei:elIiptic case we expect 
six essential constants. 
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The values of the coefficients of B for the canonical form are the following: 
Smi = 6(A. + AsXll) + 6^22) + 6A,(33) - 12pi(23) + 6,m, 
Sim = 3p8[(ll) + (22)] - 6p,(23) + b^, 

-Biw = (^1 + *B - A8)[(ll) + (22)] - 4V33) + 2pi(23) + 2ft(13) + 6ua, 
■Bua= -l>i[2(ll) + 3(22) + 3(33)]- 2(^1, + A,_A,)(23) 

+ 2p,(12) + 2i?8(l3) + 6u», 



where 



and 



6mi = 3(Zi + Jf)-6rf, 

*UB = ^Mh + Jh — hi)— Zpip, , 

6,«=(X-Jlf)-(;^+2AA-A!-A|)-2pi, 

*u« = — 2pi(2Ai + Aj + ^s) +1'*J'8, 



and the remainder of the B'a are obtained by interchanging the suffixes 1, 2, 3. 
We can identify the equations with an appropriate symbolic expression by 
making use of the fact that orthogonal invariants consist of sums of products of 
symbolic expressions of the types 

(af + a| + ai), (a ^ + o^, + Oai^g), «., (a^ 
and then introducing the fundamental conic to obtain the regular ternary three- 
rowed determinants. We thus obtain the result 

d*p - 6{d*py = 6(iloa)«o45H- 4{ABa){ABa)ala^ - B{ABafai + ZTAlBi + Q, 
where 

Q = - i(4a/3)«(Ba/3)«(7«Z^. + 2{AamBa^){BC^)G,Dia, - ^{ABmom'<4 
- \{ABa)\CDpyal^^ - i(ABa){AB^){CDa){CD^)a%^^ 

+ 2{AB^f{CDaXCD^)al^,. 
In the course of determining the above equations we also determine the 
values of J^, Bn, i^j,, E^ — i^, Bn — Bg^. By direct differentiation of T 
we can calculate, for example, Bu, and thus we have expressions for the' 
quantities B„ = I^, — ^(jP?)^ i° terms of second derivatives. Now J^u, for 
example, involves the as yet undetermined third-order function J. Let 

/= i (Aom)' {Baby, = 2A,(1 1)» + (A, + A, -f A,)2(l 1)(22) 

- 22p,(23)[(22) + (33)] + 42pi(l2)(13), 
then 

J= 2r[(ll) + (22) + (33)] - A -f /, 
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and 

Bn = - 4J- 4(Ai + h^ + A8)(A» + A«) - 8Ai Aa + 8p^A^ + Sp^^A^ 
+ M + 8^1 + 8^1 - 14X + 3(Af + 2A^8- ^ - Ai)](ll) 
+ M + 4^^ + 14pS -8X + {74+ 2AA-^- ^')](22) 
+ M + 14i^ + 4p| - 8Z + (Ai + 27.1*3- Af -A|)](33) 

- [22i>2i?8-42?i(4Ai-A,-A,)](23)-[l4i>8l>i+ 2i>2(7Ai-A, + A3)](31) 

- il*PiP2+ 2i>,(7Ai+A«-;i8)](12)-(A3+ V-Ai)(A8+*i-*2)(Ai+A«-A8) 
+ 2p?(7Ai+ 2A,+ 2*8)+ 2zi(2Ai+ 7Aj+ 2*8)+ 2i^(2Ai+ 2A,+ 7*8) 

— 16pi2^^8- 
Also 

^w = 4p8(Au + Aa) — 82>i Ai8 — »P2^ — 8*8 A^ 

+ IPzifh - 5*1 - *8) - 2pii>8](l 1) + [jP8(Ai - 6*8 - *8) - 2p,p,']{22) 

+ [6p,h, - 6;>ijp8](33) + [4(*i + 2*8 + h,)p, - 2p,p,']{2S) 

+ [4(2*1 + h + 1h)Pi- 2i>3P8](31) 

+ [6(i + if) - 4pf - 4i^ + 4*8(*8 - *i - *2)](12). 

These expressions must of course be coefficients of covariants. The deter- 
mination of the appropriate symbolic expressions involves rather long calculation 
for the lower-degree terms in second derivatives. We have however the result that 

\{ABCy[d^T—%Y{d^9)] = C\-AJ+ {aah)\aABf—{aAB)\aGDf7\ 

+ 2{Aal){Bah){ACIa){BCa)al + H+KC, 

where J7 is a quadratic covariant linear in the quantities {pq)^ and K is an 
invariant with constant coefficients. 

We next need the expressions, which we know a priori to exist, for products 
of third derivatives as cubic functions of second derivatives. It seems difficult 
to find these by direct integration, as may be done for i> = 2, because the compli- 
cation introduced by the function T makes the algebra heavy. In the case of 
.^=2 the cubics are minors of a four-rowed determinant. The corresponding 
determinantal expressions in our case are not at all obvious, for instead of a four- 
rowed determinant we now have an array with ten rows and twenty-four 
columns, all of whose ten-rowed determinants must vanish. The third deriva- 
tives are proportional to first minors of these determinants, but it would seem 
impossible to readily factor the nine-rowed determinants, since there are many 
quartic relations among their elements. 
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We therefore use the method indicated for 2> = 2. We have, as before, 
the equation 

dV — Z0d^9d^9 + 60(dV)» = 12X, 

where X is a covariant of the sixth order, with coefiScients of the first degree 
in (pgr), T. Also 

Hence, by differentiation 

dV — 12{d^9){d'9) — 12(dV)' = d^B — ZC^d^T, 
and therefore, by elimination of rf*jp, d^jp^ we have the equation 
{d^fif — ^{d^^f— {B + ZYC')d^» + ^[d^B—6B{d^»)\ 

+ ia2[c2«r-6r(d«i>)] =x (4) 

The terms of the second degree in d^B — 6-B(d*jp) may be readily obtained 
from the symbolic expression for B. They are all linear functions of the 
quantities Ap^, {pg)f and hence are only of the third order. Also the quantities 
d^T — 6T{d^p) are known, so that the coefficients of the left-hand side of (4) are 
easily obtained. We can therefore express such functions as (111), (111)(112), 
2(lll)(122) + 3(1 12)^, etc., by means of quantities of the third degree in second 
derivatives, and all the coefficients except those arising from X are known. 
Again, (3) gives, for example, (111)(122) — (112)* as a third-degree expression, 
and hence we can find (111)(122) and (112)^ Similarly we can find expressions 
for all the remaining products of third derivatives, though the coefficients arising 
from X are as yet undetermined. Now F= A^ + Ajg + ZSk® and therefore 
T, = (111)[(22) + (33)] + (122)[(33) + (11)] + (133)[(ll) + (22)] 

— 2(123)(23)— 2(113)(13) — 2(112)(12). 

We multiply this equation by any third derivative, and substitute the expressions 
already obtained for products of third derivatives. We thus obtain the values 
of such products as {pqr)Y^ in terms of second derivatives, and in these ex- 
pressions all the coefficients are known except those of the second and lower 
degrees and those associated with such functions as {pq) Y. 

We now obtain, by differentiation and subtraction of the fundamental 
equations (1), 24 equations linear in second derivatives, linear in third deriva- 
tives, and possibly containing a term that is a first derivative of Y. 

For example, we have 

2(111)(12) — 2(112)(11) = 2(^2 + A8)(112) + 2A,(222) + 2»s(233) 

- 4pi(223)-i>8[(lll) + (122)] + 2p,(123) + Y,. 
38 
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We multiply these equations by one of the third derivatives, substitute for 
products of third derivatives, and obtain finally an equation which is either of 
the fourth or of the second degree in second derivatives. The fact that the 
equations of the second degree must vanish identically enables us to determine 
the unknown constants, and then the remaining equations give the relations of 
the fourth degree among the second derivatives. 

The work indicated above is very long, both on account of the number of 
functions to be calculated, and on account of the magnitude of the final results. 
We content ourselves therefore, for the present, with giving the terms of highest 
degree for the various functions mentioned. The typical products of third 
derivatives are given by the equations 

(111)'— 4(ii)»—/— 3(11) r= ... ., 

(111)(112) — 4(11)«(12) — (12)r= . . . ., 

(111)(122)— 2(11)«(22)— 2(11)(12)« + J— [(11) + 2(22)] T= ...., 

(112)*— 4(11)(12)*+ r(22) — /= ...., 

(111)(123)— 2(11)(12)(13) — 2(11)«(23) — 27(23) =...., 

(112)(113) - 4(11)(12)(13) + 7(23) =...., 

(111)(222) + 2(12)»—6(11)(22)(12) + 37(12)= ...., 

(112)(122) - 2(11)(22)(12) — 2(12)"— 7(12) =...., 

(111)(223) — 4(11)(12)(23)— 2(11)(13)(22) + 2(12)«(13)+ 7(13)= .. .., 

(112)(123)— 2(11)(12)(23)— 2(12)«(13)= , 

(113)(122) — 2(11)(13)(22) — 2(12)*(13)— 7(13) = ...., 
(123)«- 4(23)(31)(12) + A- 7[(11) + (22) + (33)] =...., 
(112)(233) — 2(11)(23)»— 2(33)(12)«— A+ 7(22)= ..... 

where the terms omitted are of the second or lower degree in the second 
derivatives. 

Those for the products {pqr)Tt are 

(1 ll)7i = 7[4(11)« + 4A„ + 2Aa + 2Aa8] + . . . ., 
(222)7, = 7[4(22)(12)— 2Aig] + ...., 
(112)7i=7[4(ll)(l2)+2A,J+ ...., 
(122)7, = 27[(11)(22) + (12)' + A«] + . . . ., 
(123)7, = 47(12)(13)+ ...., 
(223)7, = 27[(13)(22) + (12)(23)] +...., 

where the omitted terms are of the third or lower degree. 
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Finally, the quartics are 

(11)/+ rAu+.-.. =0, 

(12) J+ rAi2+ •... =0, 

(An + ^y + [(11) + (22)]«r+ . . . . = 0, 

A|8+[(ll)+(22)][(ll) + (33)]r+ .... =0, 

Ais4«-(12)[(ll) + (22)]y+....=0, 

^{An + A«) + (23)[(1 1) + (22)] F +....= 0, 

where the terms omitted are of the third or lower degree. 

These quartics may obviously be expressed as the coeflBcients of two 
covariants, one of the fourth, the other of the second order. It may be proved 
that of the 21 quartics indicated, 16 are linearly independent. There are thus 
16 linearly independent relations of the fourth degree among the second derivatives of 
the logarithm of a hyperelliptic iheta function of genus three. 

Now these relations can not be functionally independent ; it is in fact clear 
that since the second derivatives are functions of three independent variables, 
the quartics, regarded as five-fold spreads in space of six dimensions, must all 
pass through a common three-fold. It is easy to see, by consideration of the 
highest-degree terms, that the surface at infinity for this three-fold is given by 
the vanishing of all the first minors of A. These six quantities all vanish if any 
three of them are zero, and it follows that the surface at infinity and therefore 
the three-fold itself are of the eighth degree. 

Thus the generalization of the Kummer Quartic Surface is a certain three-fold 
spread of the eighth degree in apace of six dimensions. 

§4. 

We next consider the non-hyperelliptic case. The function Y is not now a 
quadratic function of the second derivatives, and thus the third-order functions 
Apg, {pq)f Tf 1 are linearly independent. Hence there can be no others linearly 
independent of these, and therefore the quantities R^ must be linearly ex- 
pressible in terms of them. We write 

^P. = 2cp,.wfc A;^ + 2d^>(/i&) + d^ + e^ F, 

h^k h,k 

where the summation extends once to each pair of values of h, k, and substitute 
in the equation (2). This equation now becomes a linear function of the fourteen 
third-order functions, and hence it must vanish identically. 
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By equating its coefiScients to zero there is obtained as before a set of 
relations among the various constants involved. It appears that there are no 
limitations on the constants a^q^ • W^ ^ay modify our theta function as before 
by multiplying by an exponential factor, and also we may add any linear function 
of the second derivatives to Y. The only additional constants that enter into 
the equation may be got rid of by these modifications, and therefore the only 
essential constants are the a's. We find that the modifications above mentioned 
can be made in only one way (with a trivial exception), if the equations are to be 
covariantive. In this case there is one fixed form, which is the general quartic 

F=ai=Pi= .... = 2 aj,^,x^XqXrX,, (l>, ?, r, * = 1, 2, 3). 

The equations, in symbolic form, are given by 

d'p-6{d'py= YF+ {aaPfa%^,—hS, (6) 

where 

and 

d*T—6Td'p = — 2(ahayal + *(a/3a)«(a^y)«y« 

- tV (a/Sy)' (a«6)« («|8y) (e^y) «, 6. . (6) 

These covariant expressions are definite except in one particular. It is seen 
at once that Y behaves like an invariant of the third degree. Now A = i(a^y)* 
is a similar invariant, and hence we may, if we like, take instead of Y the 
function P = F+ ^A, where X is an absolute constant. There is then a corre- 
sponding modification to be made to the second term on the right-hand side 
of (6). For instance, if F = Y—^A, the identity 

(ai3y)«(^ya)«a| = 2(a^a)(aya)(a/?j^)«^,y, + 2Aal 

shows that this second term becomes ^{afia)(aya)fixya' 

These expressions were obtained by taking the quartic in the canonical form 

F=x\ + ai + xt+ 6Xh,44 + 12Xpi^iX^Xs, 

and calculating the constants directly from the equations among the coefBcients 
of the equations of type (2). It then appeared that the part of B (we recall that 
B is used to denote that part of the right-hand side of (6) that does not involve Y) 
involving first derivatives was quadratic in the constants of F. The only 
available covariant was therefore (a^a)'a|/S|, and it was found that by adding 
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auitable constants to the second derivatives^ and incorporating a linear function 
of these second derivatives into T, this part of B could be identiGied with this 
covariant. It is interesting to note that the method followed leads to the explicit 
forms of the various covariants involved, and therefore is one for calculating 
certain covariants of the quartic. The constant terms are two such covariants 
for which we thus have explicit expressions. They are both given by Salmon* 
for the particular case in which pi, p^, pg are all zero. 

We proceed to give the explicit forms of the equations : 

5mi = 2(M. -Pi){n) + 2^(22) + 2^13(33)- 4p,(23) + imi, 

^UB = ihP, - 2pii),)(l 1) + p^22) - 2(A^8- rf)(l 2) - 2ft(23) + bniz, 

B,m = K^ + Kh - 4i^)(l 1) + \iS + ^A - 4/)!)(22) + i(l - 3Ai)(33) 

+ 2A8i>,(23) + HhpIZI) + \{6PiPi- ^hPt){l2) + hrm, 
Btm = - }(Aii>i +P,P»)W - h,Pi{22) - A,px(33) + f(2AA + 1^ - ^0(23) 

+ iifhp, +i>ii>,)(3l) + i{hpg +i)8Pi)(12) + 61U,, 

where the coefficients of — S are given by 

18V = - 24(AA - J^') - 2^PiPtp, + 24h,j4 + 24h,pl, 

ISiiiu = 6 { (Asi»8 — 2pip>)ipl — h^) + iht^ip, — h^pip, — h,pt}, 

186ujB = 4^8^! — 4hihap^i — 4h,fitpi — 4h^p^ + IQhfPiPtpg— 12j^ipi 

— 4A,2>| - 4*8^35 + 4AJA8 + 4A|A, - 4hA - 4ji , 
186u» = — 8AiAA/>i — QJiAPaPa + 8^i^ + ^^PilA + ^h,Pip^ — UfiP,p, 
+ ^iP»Pb — 2h\pi + 2pi . 
Also 

IBu = — 4 Aj, — 4*8 Ab — 4^8 A» — SjJi A» 

+ i[2^*A-2i)iftP8 + 4Aii>f + 2A,^ + 2*,1^ + 3^« + AH-Ai + l](ll) 

+ i[4*,(M8-i^) + 2(*A + h +i^)](22) + (•)(33) 
+ iCSiJA - ^8*8 +i^) - 2p,p,'\i2Z) 

+ i[6l>,iVl8- 2p8(M8 + 2pf + 3A,)](31) + (•)(12) + <«u, 
-B18 = — 4pj Agg— 8^8 A»— Sjpi An — 8*8 Am 

- \[.&WhPz + 2hip,p, - V8](ll) + (•)(22) 

+ \VUhzPt-2p,p,) +i?8](33) 

+ i[4p,(3Vi8 + P? + *i)- 2*8i>il^(23) + (•)(31) 

+ i[4AiM8- 10l)i|)8i>8 + 8*,^ + 8A8i4 + 12*81^ + 4^(12) + dj,, 

• (« Higher Plane Cvrres,** 8rd Ed., pp. 870, 278. 
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where 

9dn = 4hJiV4 + 4hih^l^ — 8hip\ + Splpsp, + 28h^PiP,p, — 8A,rfi^ 

— 10A|^/x| - 8*,^);^ — lOVIrf - e^AA - 20hiPiPtp, + 6Mpi 
+ 8^Ai4 + 8AAi^ + 6i^l^ — 2»|/)? - 2^/>f + 2^1*, + 2A^ 

+ 2A,i)i + 2/181^ — 2AA + 2;)! , 
9d„ = — ShMlp, — 2AiAAi'ii>« — 6*8^>iP«rf + ^r^iI^tPs + 2AAjpf />8 

— 4Aip?i)8 + 2*8^,^1)3 — 4A8p,|ji + 2Aii)g + 2AfA,i), + 2^8/^ 

+ 2Afi),i)8 + 2A|p,;>, + 2Aip8 — 4^i>ii>2 — 6A,2^p,— 6A,23f jjj — 2pi 
+ ^Jhhipa— 2h,pa + 2pjiJ8. 

The ezpressioDS omitted are obtained by appropriate interchange of the 
suflBxes 1, 2, 3. 

We shall find it convenient to use the symbolic notation for most of the 
remainder of our work. We use ^' = ^ = . • . . for the form whose coefficients 

are third derivatives, and |* for fourth derivatives; also L^, M*, Nl, are 

used to denote first, second, etc., derivatives of Y. 

It is easy to differentiate a symbolic expression. For example, suppose we 
have a co variant linear in second derivatives, say (aaj9)'a|j3|. The first deriva- 
tive of this is (i>a/3)*2?,a|i8S; the second is 

We now use the polarized form of (5) and can substitute for ^ at once. 

The differential coeflBcient of (a6a)*a| is 2{paayps,al. Its second deriva- 
tive is 

2{pqayp^q^al + 2(^aa)«£Sa|. 

This may be expressed in terms of second derivatives and Y only, as soon as we 
know the expression for (pqufp^q^,, that is to say, the expression for (3) 
in symbols. 

We now proceed to get some equations that we need in symbolic form. 

We first take (5) in completely polarized form, d^^^d^^d^^d^^^pzz , and perform 

on it the operation d^'^K We then interchange d^^^ and d^^ and subtract. We 
thus obtain an equation which is linear in second derivatives, linear in third 
derivatives, and linear in first derivatives of T. This is the polarized form of 

-6{pau)p!,a^ = {pa^y{pPu)alfi,+ {Lau)al, (7) 
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where u has been written for (x^^^x^^). In exactly the same way we derive 
from (7) the equation 

+ i{^am^au){^^u)a,0, + {Maufal. (8) 

If in this we replace fourth derivatives by their values in terms of second 
derivatives, and substitute from (6) for second derivatives of T, we have 
equation (3) given in symbolic form. 

We shall need in later work the value of the second derivative of {abu){ahv). 

This may be obtained by polarizing from {abuf, and so we give d^{abuy. 

Now 

d^{abuy=2{pquyp^q^ + 2(^aw)«g, 

and therefore from (8) 

2d'{abuy = 6 {^auye. + i {^am^M'<^l 

+ i{^apy{^au){^fiu)a,fi, + (ifaii)»aS. 

§6- 

Exactly as in previous cases we have an equation 

d^p — SOd^pd^p + 60{d^py = X+hT, 

where X consists of two parts^ one linear in second derivatives, and the other 
constant, whilst h is constant, both X and h being sextic cov&riants. As before, 
we eliminate fourth and sixth derivatives by means of (6) and thus obtain 
an equation 

1 2 [{d^py - 4 {d^py - {d^p){B + FY)] + K=X+hT, (9) 

where 

K=d^B— 6Bd^p + F{d^Y-6 Yd^p). 

Now 

B = {aafiy al^^ + const., 

therefore 

d'B = {iaPyame, 

= 2{aafiyamhi + 4(aa^)(M)ax6xaJ/^. + t(ay«f (a/3yf aj^,5| 



and 
also 



6Bd'p = 6(aa^)»aSi^^ + 6(r*a|; 
d^Y'-eYd^p = — 2{abayal + i(aa/3)»(a/3y)«^ + t*, 
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where 

(4 = — ^8, 1^ = the constant term in (6). 

Hence 

K=-Q{alafalF-\. 4 (a6a) (a6|3) a» /^ + [i(ay«)»(a/3y)«a«i^5| 

= P+Q, say, 



where 
and 



P = _6(a6a)»<4if + 4(o6a)(a6/3)a|/^ + fiT, 

J5r=(a/3y)»a|/S|y|. 

Thus when we know the quantities X and A, the equations (8)^ (9) serve 
to express products of third derivatives as cubic functions of second deriva- 
tives, and involving Y linearly. These equations, however, enable us to get the 
expression for T in terms of second derivatives. To obtain this relation we 
di£ferentiate (9) twice, and substitute from (8) for the third derivatives that 
occur. We thus obtain a relation of the form 

(r« + 2 A)^ = 2a„.„(lK?)(r«) + %?„{pq) + / + ^F, 
where the coeflBcients on the right side are constants. It is clear that F^ must 
divide through the equation, and thus we have restrictions on X and A, which 
enable us to determine these quantities^ with the exception of the constant 
term in X. 

When we differentiate (9) twice and substitute for fourth derivatives, we 
have the equation 

12(5 + YFf + d^K— 12Kd^p - d^X + hd^T. 

We can calculate d^K in symbols. Also, X being a covariant at most linear 
in the coefficients of a|, we see that d^X — 6Xd^p is an expression linear in the 
quantities Apg, {pQ)* When the above expression is written in expanded form, 
it appears that F^ is a factor of all terms except those of the types (p?)(^«), 
{pq)Ty (pq)f 1. It must therefore also divide the terms of the types given. 
It follows at once that there are no terms of the type {pq) Y, and hence h is 
determined. A consideration of terms of the type {pq){Ts) determines the part 
of X involving the coefficients of a|. We obtain finally the result 

12 i{d^»y—4:{d^»y—{d^p){B + FY)] + zr= -iHY+ z 

+ ^AFal + iF{aafif{a^yfyl-4{aa^){Safi){afiyya^yl6l .... (10) 
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where 

and J? ia a seztic covariant of the quartic alone, of the sixth order in the 
coefficients. 

This equation (10), in conjunction with (8), gives expressions for all squares 
and products of third derivatives as cubic functions of the second derivatives, 
and involving T linearly. The constant terms, the coefficients of Z, are however 
as yet undetermined. 

The resulting equation in the above work, when F is divided out, is an 
expression for F as a function of the second derivatives. This equation is 

I^-,V^r==-2A + *(aa|3)»(6a/?)« + Vr(aa/3)^ay3)«^ (11) 

where D is the six-rowed determinant, the invariant of the quartic of the sixth 
degree in the coefficients, given by Salmon, ''Higher Plane Curves,'^ 3rd Ed., 
p. 266, and called by him B. 

This equation was in fact calculated as follows : All the terms except those 
linear in second derivatives and the constant were determined in the manner 
indicated above. The remaining terms, being invariant, were necessarily of 
the form 

n,(aa/?)»(ay3)»(/?y«)* + n,^» + n,!), 

where n^yfitfn^ were merely numerical constants, n^ was then shown to be zero 
by means of the particular quartic o^ + arj + ^t ^^^ the remaining two constants 
were found by calculating out one of the equations for Salmon's form of the 
quartic, 2a^ + 6 2Aia|a3. 

There yet remain to be determined the relations connecting second deriva- 
tives only. Now there are 70 functions of the fifth order involving second 
derivatives and T. One relation is given by (11), and since there are only 
63 linearly independent fifth-order functions, it is clear that there must be six 
other such relations. 

We proceed to obtain these relations, to show, in fact, that the coefficients 
of squares and products of the u's in Y{abuf may be linearly expressed by means 
of the other fifth-order functions. 

Equation (6) in polarized form is 

M^My— 6ra,a^ = — ^ahafa^Oy + i(aa/?)*(a/?y)«y,yy + r^vPy. 
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We differeDtiate this with respect to z, then interchange y and z in the 
equation obtained and subtract; we thus get the equation 

. —6{Lau)a^ = — 4(paa'f(pau)a, + i{pap)'{aP'yyipYu)y^...., (12) 

where « is written for (ya). 

We next differentiate (12) with respect to y, interchange x and y, subtract, 
and then write {xy) = u. We thus have the equation 

6{Mauy = 4(^aa)*(|au)« + ^pqay{piia){qua) - i(5a/3)«(ai8y)»(«4y)». 

In this equation we substitute for (Jfau)' from (6), and for (pqay{pua){qua) 
from (8), after writing in (8), a for «, and («a) for z. We thus have the relation 

36 T{abuf — 1 2 (a6a)« (ct*a)» + (aa/?)» (afiyf {buyf + 6 (rau)* 

= 6(a^a)«(ufa)« + (gai3)«(^i3y)«(aH»- i(^a|9)«(ai3y)«(eyu)» 

+ (ifa/3)«(a<3t«)*. 

This relation, after substitution for 4 and M, becomes 

36 Yiiabuy - J (aa^y {a^uf — M'^M (^W (y^")*] 

= 36 {abay (caw)' +[12 (aa^S)* {b^yf {yauf — 6 (a/8y)* (bafi)' {ayuf 
— 3 [aby')\i3^Yf{a^uf + 2-A(o6tt)*] + [— 6 (a-m)* + 6 {aaaf^uaaf 
+ (o^f)' {^^yie^yfiayu)' - i (a3e)«(&»i8)«(a/3y)«(ey«)« 
+ i ^ (oai^)* {afiuf — \ {af>B)* {aZef (a/3y )* {^yuf] 
+ [(<rai8)«(<TW(ayt«)*-i(<Ta/3)«(a/8y)>yu)«+(Ta^)«(ai3«)«] .... (13) 

Again, since T is of the second order, we may write it %, where ^ is an 

integral function, and f> is — log B. Hence 

c?F=-?|?^ + ^, d«F-6r(d«p) = -4$!^^:^' + .... 

Also 

(£Fd''p-4r(d»p)« = -2 »'<^-^^' g+.... 

and therefore 

dYd^p — ^Y{d^9f — (d*F~ 6 Yd^9\ 

though apparently of the sixth^ is really of the fourth order. Hence 

iYd^9 — 4 Y{d^9f + (aJa)«a| {p9) 
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is of the fourth order. The expression of this in terms of the fourth-order 
functions may now be computed, and we have the result 

dTd^p- 47{d^py + (abayalid^p) = ^{a<ipy{bM 

+ i{aapY{bafi){aPY)Kyl -^AF- ^{aa^f{ba^YF 

+ f F(aa^)*aJi3| + an expression of the third order. (14) 

Also, if in (7) we replace u by q, and multiply by 5* , we have 

{pafiy{p^q)(4fi.Pi + {Lap)alpi = 0, 
or 

{pqfiy{pa^)al^,q, + {Lpa)plal = 0. 

From this last we readily deduce 

(ipw)^» = (pqaY ( pau) q^a^, (15) 

By means of (8), the right-hand side of (15) may be expressed in terms of 
functions of the second order, and then (14) and (15) enable us to express any 
product of a first derivative of T and a third derivative of p as a cubic function 
of the functions of the second order. 

We now obtain two equations from (8) in exactly the same way that (7) 
and (8) were determined from (5). These two equations are 

di^quYL = {mPnv^^?{v<^u)a, + {Naufa,, (16) 

_ 6 (^f 'u)* = (M)' (^aw)' («iS^)' + {P<^^)\ (1 7) 

where 

When (17) is expanded it becomes 

{abuy {cduy + 1 T{aauy (hauy + I (ca/?)« [aauy {bfiuy + ^A (a/3ii)* . 

— i (a6w)* (ca^y (ai8ti)« — f (abay {afiuy {c^uy = . . . . (18) 

where the terms on the right are at most quadratic in the second order functions. 
Now we showed originally that there were 22 relations among the functions 
of the sixth order that were rational functions of the second derivatives and at 
most linear in T. The equation (18) gives 15 of these relations, by equating to 
zero the various coefficients of powers and products of the u's. There are six 
others given similarly by equation (13). Also if in (13) we replace u by c, we 
have a relation independent of those already enumerated, which expresses YA 
in terms of second derivatives. We have thus altogether 22. It is almost 
demonstrable that there are no others, and in fact that all other relations among 
second and third derivatives, involving T and its first derivatives, may be derived 
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by algebraic processes from those given. In particular, there are relations among 
the second derivatives only. There are apparently none of order so low as 4. 
They may be obtained by eliminating T from the 22 relations mentioned. For 
example, we obtain 16 quintic relations among second derivatives only, by 
elimination of T from the equations derived from (13). Similarly we may 
obtain from (18) and (13) together 201 sextics, though these are not necessarily 
linearly independent. We notice, however, that the highest-degree terms of all 
these relations are homogeneous quadratics in the quantities Ap,, with coeflScients 
quadratic functions of second derivatives. It follows that if we take second 
derivatives as coordinates in space of six dimensions, all the five-folds mentioned 
pass doubly through the surface of the eighth order at infinity given by the 
vanishing of all the first minors of A. Now we know a priori that these 
relations must have a common three-fold, and it is clear therefore that this 
three-fold must be either of the eighth or of the sixteenth order ; it seems highly 
probable that it is of the sixteenth order, and the space at infinity is a trope. 
This three-fold is the generalization of the Kummer Quartic, which arises when 
jP= 2, or of the nou -singular cubic curve, for p= 1. We propose to consider 
it more in detail later. 

Bbtm Mawb Collbgb. 
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Differential JEqtiutiona Admitting a Given Chroup. 

By J. Edmund Wright. 



Let there be given a continuous r-parameter group in the n variables 
^u^9 . . . ., x„.i^ y^ and let the x's be functions of y. Suppose a system of 
n — 1 differential equations is given by /i = 0, /s = 0, . . • . , /„_! = 0, where 

the r% are differential invariants of the group, of orders ai, a^, ^ a,^.i 

respectively. Then their complete solution involves N arbitrary constants. 
But since the system is invariant under the given group, it follows that from 
a solution involving N — r constants we can deduce the general solution, 
provided the particular solution is not invariant under any subgroup of the 
given group. 

The general solution consists of a set of curves, oo ^ in number, in space 
of n dimensions, and these curves are merely interchanged under the operations 
of the group, so that, e. g.^ from a single curve we may derive by means of the 
transformations of the group a set of oo *^ curves, provided that the single curve 
is not invariant under any transformation of the group. AU of these are 
solutions of the differential equations. 

Now any curve may be expressed by equations of the type fl;^ =/(<), 
where / is an appropriate function of <, and t is parametric. If the group be 

extended by adding the variable <, and assuming sr^, x^, , Xn-ii y to be 

functions of <, whilst t is an invariant, we get n — 1 equations in n dependent 
variables, all of which are invariants of the group as thus modified. 

In cases that frequently arise, e. g., in differential geometry or in dynamics^ 
the independent variable is an invariant of the group, and may itself be taken 
as t In other cases we change the independent variable as indicated, and we 
then need an equation defining t This equation must be one among the 
n dependent variables and t, and if it is quite general it may involve derivatives 
of the dependent variables. Suppose it to be solved for <; then since < is an 
invariant of the group, if the new system is to remain an invariant system, we 
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must have a relation of the form I^ = t, where I^ is an invariant of the group. 
For the rest we may choose I^ arbitrarily except that it must be independent of 
^u hi • • • •! A-i* ^^ \i9,ve finally n equations for the n dependent variables 
as functions of t Their solution depends on N' constants, where N^ may be 
greater than N, but this gives not only the integral curves of the original system, 
but also the parametric representation of these integral curves in terms of a par- 
ticular parameter t. This accounts for the additional constants involved. 

Now if J be any invariant of the group, ^ is also an invariant. If we 

regard -^ as depending on /, then it may be proved that the group contains 

precisely n independent invariants in addition to U We indicate the proof if 
T^n. Suppose that r — A of the operators of zero order are unconnected, 
r — Aj of the operators of unit order unconnected and so on. Then A^Aj^A,. . . . 
and, finally, for some value of X, A^ is zero. We have n — r + A invariants of 
zero order, 2n — r + Ai of order 51, and so on. We thus have pn — r + Ap 
invariants of order 5^ and {p — l)n — r + Ap«i invariants of order ^p — 1. 
Thus there are precisely n — (Ap_i — Ap) invariants of order ^. Now there are 
n — r + A invariants of zero order, and therefore this number of invariants of 

unit order are of the form -3- . Thus the number of new first-order invariants is 

at 

n — A + Ai — (n — r + A) = r + Ai — 2 A. 

The number of new p-th order invariants is 

n — (Ap.i — Ap) — [n — (Ap., — Ap_i)] = Ap., + Ap — 2 Ap_i . 

Thus, finally, the total jiumber of independent invariants is 

(n_r + A) + (r + Aj— 2A) + (A + A,— 2Ai) +....= n. 

Let these independent invariants be X^, X,, ...., X^] then the solution 

of the differential equations X< = Fi (t) in the original variables will contain 

T arbitrary constants. Further, any system of equations of the type J=0 

d!^X 
may be expressed in terms of <, -Zi, , X^^ , -^^r, Thus the 

original system may be integrated in two steps. First we have a flet of 
n equations in the n variables X, and t. If these are integrated they give 
solutions 

-ii = ^i(0, -a; = ^,(<), ....,-Zn = ^i.W, 
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wbich involve N' constants. Now, regarding the X^s as functions of the 
x's, y and their derivatives, we have to integrate a system of invariant equations 
of order r. But the solutions of this last system are the different curves derived 
from a single curve by the operations of the group. We therefore need to 
know a single solution to determine the complete set, provided that the single 
solution is not invariant under any operation of the group. 

For example, consider the group of rotations about the origin in space of 
three dimensions; the differential operators are 

a a a a a a 
y3^-'"a7' "^"37-^"^^' ^^3^-^^^' 

and if t is the independent variable the invariants of the group are 

X y z 

A = x' y' 2/ , etc. 

a/' y" »" 

We may choose as our invariants Xj, -Z,, JTg, 

X^-1^, X8 = 2x^, Xg=A, 

and ihen any system of equations invariant under the group wUl involve for their 
final solution the determination of a single solution of 

X, =/,(<), X, =/,(<), Xs=/g{0. 

We now take x ^fi{t) instead of a:, y ^/fi{t) instead of y, and z ^/fi{t) 
instead of z, and introduce instead of < a new variable ti defined by 



"^-yfJt^-hfid^l^TM^' 



'/iW-W)/^^A(^ 

With these changes our system of equations becomes 

2x»=l, 2x'»=l, A=/(0, 
where we now drop the sufSx from ti] and we shall assume that / is not zero. 
We see that Xxxf = 0, hence x, y, z, and a/, y', s/, are the direction cosines of 
two straight lines at right angles. Also 

2a;a/'=— 2a^= — 1. 
Thus 

2x(a/' + ») = 0. 2a/(a/' + x) = 0, 

and therefore the line perpendicular to the two given lines must have its 
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direction cosines proportional to a/' + x^ etc. It follows from the third equation 
that these direction cosines are precisely {xf' + x)//{t), etc. From the known 
relations that exist among the direction cosines of three mutually perpendicular 
straight lines we have at once 

a differential equation of the second order for x. If this be differentiated^ it 
gives the linear equation of the third order 

a/''—- ^a/' + (l+/«)a;'— ^x = 0; (2) 

(it may easily be seen that the apparent solution a/' -f x = must be excluded). 
We determine any particular solution of (2) that satisfies (1), and then by 
elimination we get a first-order equation for y. If we can find any particular 
solution of the equation for y, z is determinate, and then the complete solution 
of the set of equations may be at once written down. 

As an illustration, suppose that x = Art is a particular solution of (1) ; then 
/= to/(l — ¥ — *V)*. Corresponding particular values of y and z are given by 

f{l — T^Yy = ht (cos u-^kf sin w), 
y(l — 'l^)h = Jet (sin u — kf cos ti), 

where sin Aru = ^</(l — A*)*. 

If we call these particular values xqi ^o» %i ^^ general solution of the 
equations is 

» = ? Xo+ »w yo + »* 2b, 

y=Vx^+w!y^ + n%, 

2 = rxo+in"yo + n% 

where the constants 7, tn, n, etc. are the direction cosines of three mutually 
perpendicular straight lines, 

Bbtv Hawb Collbob, Nintwmbw^ 1908. 
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On the Angles of the Regular Polytopea of 
Four-dimensional Spa^ce. 

By p. H. Schoute. 



§ 1. Notations. 

We introduce general notations for the angles in question^ indicating 

by a a plane angle between edges (of polygons), 
" b " " " faces (of polyhedra), 

*' c " " " bounding bodies (of polytopes), 

these angles varying from naught to 360°= 2n; 

by a a solid angle between faces (of polyhedra), 
" ^ " " round an edge (of polytopes), 

these angles varying from naught to -7 20^= An; 

by J. a four-dimensional angle (of polytopes), 

this angle varying from naught to 1440^= 8n. 

§ 2. Relations between a, 6, c, a, /?. 

By means of an isosceles spherical triangle, or one of its two rectangular 
halves, we can express 6 in a and c in 6 by using the cosine-formula, and a in 6 
and /? in by using the expression for the spherical excess. But to that end we 
ought to know the number p^ of faces concurring in a vertex for the bounding 
polyhedron and the number p^ of limiting polyhedra passing through an edge of 
the polytope itself. If we add the number p^ of vertices (and sides) of the 

271! 

limiting polygons of the polytope, we have a = n ; so by the relations we 

are going to deduce all the angles a, 6,c, a,^ can be expressed in PtjPzfPi* 
40 
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Rdationa (a, h) and (a, 6). — ^The three edges of the trihedral angle corre- 
sponding to the spherical triangle in view are two adjacent edges of the regular 
polyhedron and the line joining their common point to the centre of gravity of 

the polyhedron. So the three angles of the spherical triangle are ^ , "o-| — t 
whilst the side opposite to — is a. So the cosine-formula for the angles gives 

cos — = — cos*-^ + sm* -vr cos a, 

or 

n 

cos — 

cos-y 

2?! 

and from the spherical excess 6 H n taken jpg times we deduce 

a = jPbJ — (i>8 — 2)7t. (2) 

Belaiicms (6, c) and (/?, c). — Here the three edges of the trihedral angle are 
the lines joining the midpoint of an edge to the centres of gravity of two 
adjacent faces through that edge and to the centre of gravity of the polytope 

itself. So the three angles are -g- , -g- , -— ; the side opposite to -— is 6 ; so 

we find 

n 

cos — 

sin^c=— f , (3) 

cos-g- 

fi=PiC — {Pi—2)n. (4) 

So, if the number of sides and vertices of the polygons of the polytope is 
represented by ^a, the formulae (1), (2), (3), (4) enable us indeed to express 
all the angles a, 6, c, a, fi in jpa, ^g, p^. 

§3. The Angle A. 

For the first time the angle A was calculated for all the regular poly- 
topes by L. Schlafli in 1852.* We will indicate here in what manner he derived 

*See the posthnmoiis work <*Tbeorie der vielfachen Eontinnitfit ** published by Mr. J. H. Oraf, p. 118. 
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his results, though we must omit parts of the demonstration. His chief instru- 
ment is a differential formula. Let us consider the simplest case of an 
angle A formed by four lines li, 4, l^, k meeting in and not lying together in 
the same three-dimensional space. Let us represent by a^ the angle between 
?i and I2, by c^ the ^'adjacent'' angle between the spaces {li, 4) h ^^^ (^i; h) h 
meeting in the plane Ji^ l^. Then the differential formula under discussion is 

U=^i:aSc, (I) 

the unit 180^ of A being an eighth part of the whole four-dimensional space round 

and the summation X extending over the six angles a^^^, f (^s,i ^^^ ^^^ 

"adjacent'^ angles Cj^g, 1 ^8,4. Now let us assume any point 0' within the 

angle A and drop perpendiculars from (y to the four limiting spaces or A ; then 
another four-dimensional angle J.' is formed, called the supplementary four- 
dimensional angle of A, the angles a' and & of A' being the supplements of the 
corresponding angles c and a of A. For this new figure (I) becomes 

W = -^X{7t- c)S{n — a)=—^X{n- c)Sa. (II) 

Addition of (I) and (II) gives 

S{A -f A') = ^X\aSc— {n—c)8a\=z — ^xh\{n-c)a\, 

which equation can be integrated. As A^ becomes 720^ when A disappears we 
get 

A + A^= 720° -kin - c)a. (Ill) 

This formula enables us to find the value of A in the case of the regular 
polytopes Cs, C7g, Cj^o; the four-dimensional angles of which admit only four 
edges. But it must be extended in the case of the other regular polytopes to 
what may be called '' regular four-dimensional angles '' with more than four 
edges. A four-dimensional angle is '' regular ^^ if there exists a line through 
its vertex with the property that the space normal to that line in any point P 
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cuts the edges in the vertices of a regular polyhedron having P for centre. Now 
it can be shown that the relation (III) holds for any regular four-dimensional 
angle and the supplementary regular one of the perpendiculars, if the summa- 
tion S be extended to all the equal angles a and the corresponding equal angles c, 
the number of terms under the sign 2 being therefore equal to the number of 
edges of the regular polyhedron mentioned above. But if A\b a four*dimensional 
angle of any regular polytope, and the vertex 0' of the supplementary angle J.' 
is the centre of that polytope, the edges of A! are the lines joining that centre 
to the centres of gravity of the limiting bodies passing through the vertex oi A) 
so j^ is the "central four-dimensional angle" of another regular polytope, viz., 
of the one polar-reciprocal to the original one. Now, if we designate — in accord- 
ance with my German text-book — by c, A;, /, r the numbers of vertices, edges, 
faces, limiting bodies of the original regular polytope, these quantities taken in 
reversed order r, /, Aj, e represent at the same time the numbers of vertices, 
edges^ faces, limiting bodies of the polar-reciprocal one. We find, therefore^ 

e 

Moreover, the number of terms under the sign S can be expressed in p^t ^i /• 
For ^,/ represents how many times any vertex lies in any face, and therefore 

at the same time how many times any face passes through any vertex ; so ^^=^ 

represents the number of faces passing through the vertex of Jl, i. 6., the number 

27C 

of edges of the regular polyhedron. So by introducing n for a we find, 

after slight reductions, the general result,"" 

^ = -^ ]720>-2)-2/(ft-2)(7t-c)}. (5) 



§ 4. The General Results for Regular Polytopes. 
By applying the general formula to the six different regular polytopes we 



get the following table of results, where e stands for ^/b. 



* Probably thli formula giving at once the angle A for all the regular poly topea is new. 
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P2 


P. 


P* 


a 


6 


e 


a 


^ 


A 


0, 


8 


3 


8 


60O 

i 


70O 31' 44" 
i 


750 31' 21" 


81° 86' 11" 


46° 84' 8" 


14° 5' 24" 

= 4c-47r 
COB 4c == }} 


0. 


4 


8 


8 


90° 



90O 



90° 



90° 



90° 



90° 



0,. 


8 


8 


4 
8 


60« 

i 


70° 81' 44" 
i 


120° 


81° 85' 11" 


120° 


60° 

i 


Cu 


8 


4 


60«> 
1 


1090 28' 16" 

116° 88' 54" 

i_ 

• 


120° 


77° 58' 6" 


180° 

-1 


180° 
-1 


C7„o 


5 


8 


8 


< 

- j(« - 1) 


144° 
-i(«+l) 


169° 41' 48" 

11 


252° 


458° 24' 


^••0 


S 


8 


5 


60 
i 


TO" 81' 44" 
i 


164° 28' 89" 
-J(8« + l) 


81° 85' 11" 


282° 28' 15" 
tJ,(61-15«) 


897° 88' 



This table gives the angles in degrees and besides the cosine of every 
angle, with exception of the case J[]2o where the angle is mensurable and the 
cosine is not. 

§5. The Angle A Gontintted. Ckmclusion. 

We indicate here how the angle A of the less complicate cells, Og, 0^, 67^, 
C24, can be found without aid of Schlafli's dififerential formula. 

The Case O5. — By a regular truncation of G^ at the vertices half-way up the 
edges, i. e., such that the truncating spaces pass through the mid-points of 
the edges, we obtain^ a polytope (10, 30, 30, 10) with ten vertices of the 
same kind limited by five octahedra and five tetrahedra. If we distinguish 
the four-dimensional angle of this new polytope from that angle J. of Q as Jl', 
the two equations 

2A + A'=2{Zc — n\ A + iA!=~n 

Q 

give A^:^4c g-n by elimination of A'. So we have only to prove these two 

equations. 

The first of the two equations is found by remarking that the portion of 
four-dimensional space round the midpoint of an edge of 65 inclosed by the three 

. , _ . 

•Soe JProeeeding9^ AmBterdam, Vol. X, p. 499. 
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limiting spaces of C^ passing through that edge is divided by the truncation into 
A! and the four-dimensional angles at that point of the two regular five-cells cut 
off at either side^ and that its ratio to 1440° is equal to that of its angle /? to 
720°. So we find 

24 -f ^' = 2/? = 2(3c — 7t)- 

The second of the two equations has quite another origin. If we cut the 
net of five-dimensional measure-polytopes by a four-dimensional space passing 
through a vertex normal to a diagonal, we obtain"^ a four-dimensional space- 
filling consisting of regular five-cells and of polytopes (10, 30, 30, 10) mentioned 
above. The 2^^ measure-polytopes round the chosen point project themselves on 
the diagonal in groups of 

(1, 5, 10, 10, 5, 1); 

of these the ten polytopes of the two groups of five are cut in five-cells, the 
twenty polytopes of the two groups of ten in polytopes (10, 30, 30, 10), whilst 
the two polytopes of the two extreme groups are left undivided. So we find 
that round the chosen point the four-dimensional space is filled by 10 J. and 
20JI' or 

104 + 204'=1440^ 

The values found for Cg, /?5, A^ furnish us limits for the numbers of cells 
G^ that can be arranged in four-dimensional space round a face, round an edge, 
round a vertex successively ; these limits are evidently the integers contained in 

^AOo 790° 1440° 

^^, -^, ^^P", t. e., 4, 15, 102. But probably the limits 15, 102 are still 

too large. For instance, in the analogous question about the tetrahedron in 

720° 
three-dimensional space gives the limit 22, whilst the icosahedron teaches 

US that we can only be sure of this, that 20 tetrahedra can concur in a common 
vertex, the central solid angle of the icosahedron being 36*^ > as, whilst it will 
probably be impossible to arrange the 20 icosahedra round a point in such a 
way as to leave place for a new one. 



*See Prauedingt^ Amsterdam, Vol. X, p. 688. 



Digitized by 



Google 



Polytopes of Four-dimensional Space. 309 

The Case Og. — From the selfevident space-filling by four-dimenBional meas- 
ure-polytopes we deduce immediately 

16-48= 1440°, i. e., -48= 90°. 

Here we find that it is possible to arrange 40^ round a face^ %G^ round an 
edge^ 16(78 round a point. 

The Case 0^%. — A C^^ is generated by taking away from a G^ rectangular five- 
cells by a regular truncation at the eight vertices of one of the two octuples of 
non-adjacent vertices extended so far as to remove all the original edges.* 
As four of the removed five-cells meet in any remaining vertex and each acute 
four-dimensional angle of these five-cells is an eighth part of Jl^ei the five-cell 
itself being a sixteenth part of Cie, we find 

4 
^i« = ^8 g" -4m, t. «•, -4.18 = 60 . 

This angle A is the smallest of the whole lot 

The same result is deduced from the well-known four-dimensional space- 
filling by Ci8* By transformation of the net {C^ into a net {(\i^ we find indeed 
that it is possible to arrange %Cy^ round a face, 6(7i6 round an edge, 24C7i8 round 
a point. 

The Gaae G^. — A G^ is obtained by joining to a Cg at each of the eight 
limiting cubes a regular four-dimensional pyramid, the base of which is that cube, 
whilst the height is half the edge of the cube. So we get 

in accordance with the well-known four-dimensional space-filling by cells Gf^, 
from which we deduce that it is possible to arrange 3C^ round a face, 46^4 round 
an edge, SG^ round a point. 

*See my *«Mehrdimeiisiozia1e Geometrie'\ Vol II, p. 242, «nd Froceedingtf Amsterdam, Vol. X, p. 586-646. 
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If we indicate the numbers of cells round a face, round an edge, round a 
point by q^^ qi, ^o successively, we have the results laid down in the following 
small table 





?« 


?! 


9o 


0, 


4 


16? 


102? 


c. 


4 


8 


16 


(\. 


3 


6 


24 


(^ 


3 


4 


8 


c^ 


2 


2 


3 


^m 


2 


2 


3 



The figures in heavy type correspond to the cases of space-filling. 



Digitized by 



Google 



THE JOHNS HOPKINS PRESS 

BALTIMORE 

AMERICAN JOURNAL OF MATHEMATICS. 

Frank Morlbt, Editor. Quarterly. 4to. Volume XXXIin progress. $5 per yolume 
(foreign postage 50 cents). 

AMERICAN CHEMICAL JOURNAL. 

Iea.' Rbmsbn, Editor. Monthly. 8vo. Volume XLII in progress. $5 per year (foreign 
postage 50 cents). 

AMERICAN JOURNAL OF PHILOLOGY. 

B. L. Gilders LEE VE, Editor. Quarterly. 8vo. Volume XXX in progress. $3 per volume 
(foreign postage 50 cents). 

STUDIES IN HISTORICAL AND POLITICAL SCIENCE. 

Monthly. 8vo. Volume XXVII in progress. |3 per volume (foreign postage 50 cents). 

JOHNS HOPKINS UNIVERSITY CIRCULAR. 

Monthly. Svo. $1 per year. 

JOHNS HOPKINS HOSPITAL REPORTS. 

Svo. Volume XV in progress. |5 per volume (foreign postage 50 cents). 

JOHNS HOPKINS HOSPITAL BULLETIN. 

Monthly. 4to. Volume XX in progress. $2 per year (foreign postage 50 cents). 

CONTRIBUTIONS TO ASSYRIOLOGY, ETC. 

Paul Haupt and Fribdrioh Delitzsoh, Editors. Svo. Volume VI in progress. 

MEMOIRS FROM THE BIOLOGICAL LABORATORY. 

Five volumes have been issued. 

MODERN LANGUAGE NOTES. 

A. M. Elliott, Editor. 4to. Volume XXIV in progress. $1.50 per volume (foreign 
postage 25 cents). 

AMERICAN JOURNAL OF INSANITY. 

Henry M. Kurd, Editor. Quarterly. Svo. $5 per volume. 

REPRINT OF ECONOMIC TRACTS. 

J. H. Hollander, Editor. Third series in progress. $2.00. 

TERRESTRIAL MAGNETISM AND ATMOSPHERIC ELECTRICITY. 

L. A. Bauer, Editor. Quarterly. Svo. Volume XIV in progress. $2.50 per volume 
(foreign postage 25 cents). 

REPORTS OF MARYLAND GEOLOGICAL SURVEY. 
William B. Clark, Editor. 

ANNUAL REPORT. 

Presented by the President to the Board of Trustees, reviewing the operations of the Univer- 
sity during the past academic year. 

ANNUAL REGISTER. 

Giving the list of officers and students, and stating the regulations, etc., of the University. 
Published at the close of the academic year. 

The University Circular, including the Annual Report, and Annual Registery will be sent by 
mail for one dollar per annum. 

Communications in respect to exchanges and remittances may be sent to The Johns 
Hopkins Press, Baltimore, Maryland. 



Digitized by 



Google 



CONTENTS. 



PAOS 

The Birational Transformations of Algebraic Curves of Genus Four, By 

Anna L. Van Bbnschoten, 213 

On Some Loci Associated with Plane Curves. By C H. Sisam, . . .263 

Plane Sections of a Weddle Surface. By P. Morlet and J. R. Conner, .263 

The Dififerential Equations Satisfied by Abelian Theta Functions of Genus 
Three. By J. Edmund Wright, 271 

Differential Equations Admitting a Given Group. By J. Edmund Wright, . 299 

On the Angles of the Regular Poly topes of Four-dimensional Space. By 

P. H. SCHOUTE, ' 303 



The American Journal of Mathematics will appear four times yearly. 

The subscription price of the Journal is $6.00 a volume (foreign postage, 50 cents); 
single numbers, $1.60. A few complete sets of the Journal remain on sale. 

It is requested that all scientific communications be addressed to the Editor of 
the Amejrican Journal of Mathematics, and all business or financial communications to 
The Johns Hopkins Press, Baltimore, Md., U. S. A. 



7$e Mot^ ^aitimott (preae 

BALTIMORE, HD., U. 8. A. 



Digitized by 



Google 



AMEEIOAISr 



Journal of Mathematics 



EDITED BY 

FRANK MORI.EY 

WITH THE CJOOPERATION OP 

A. COHEN, CHARLOTTE A. SCOTT 

and other mathematicians 

Published under the Auspices of The Johns Hopkins University 



VOLUME XXXI, Number 4 



BALTIMORE: THE JOHNS HOPKINS PRESS 

LEMCKE & BUECHNER. ^etc York, A. HERMANN, ParU, 

G. E. STECHERT & CO., New York. MAYER & MULLER, Berlin. 

E. STEIQER & CO.. New York. KARL J. TRUBNBR, StrMsbury. 

KEGAN PAUL. TRENCH. TRUBNBR & CO.. London. ULRICO HOBPLI. Milan. 



October, 1909 



Entered as Second-Class Matter at the Baltimore, Maryland, Postofflce. 



Digitized by 



Google 



Digitized by 



Google 



The Asymptotic Representation of the Elliptic Cylinder 

Functions. 

By William Marshall. 



Introduction. 

We are indebted to E. Heine* for the first serious treatment of the functions 
of the elliptic cylinder. Starting from the defining equation 

• w + ii""-^ + *'>='>' 

where h and z are constants, Heine shows that E{ip) can be expressed in the 
form of the following infinite series : 

E{ip) = ^Oq + ^ cos 24> + Og cos 4^) + . . . . , 

where the coeflScients, functions of h and Zy are subject to a certain recurrence 
formula, namely, 

«n+i = K^^ — ^K — «n-l • 

But this series, as was pointed out by Heine, is not convergent for all values of 
h and z, but only for certain particular values which he found as the roots of a 
certain function of h and z. This function, however, was not carefully defined 
by Heine, nor was his proof of the convergence of the series suflSciently rigorous 
to satisfy modern mathematical requirements. 

S. Dannacherf cleared up the inaccuracies and supplied the deficiencies in 
Heine's presentation. He subjected the function whose roots determine the 
convergence of the series to a careful investigation, and showed how these roots 
might be calculated. He gave also a satisfactory proof of the convergence of 
the series. 

• B. Heine, Kugelf nnktionen, Bd. I, % 104. 
t Inaugural DissertatJon, ZQrich, 1906. 

41 
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W. H. Butts* made a particular study of the roots of this so-called limiting 
function, and calculated for different values of 6 a considerable number numerically. 

In the present paper^ following an idea originally due to Stokes,f we obtain 
asymptotic or semi-convergent developments for the elliptic cylinder functions. 
These asymptotic expansions^ which hold approximately for reasonably large 
values of the argument^ have two decided advantages. In the first place these 
series are extremely well adapted to the calculation of the numerical values of 
the function when the argument is large, or even reasonably large; and in the 
second place they indicate without serious calculation the behavior of the function 
for large values of the argument, and particularly for an infinite argument, and 
they afford the most satisfactory method of determining where the function 
vanishes. 

I, The Trans/ormdtion of the Equation. 

The equation of the functions of the elliptic cylinder may be written in 
the form 

^+{J^cobVu+^)U=0, (1) 

where k and ^ are constants. If we change the independent variable by 
putting e^ = z^X since 

cosh u = — ^ — z= - ( 2 4- - ) 
the equation (1) goes over into 



d^ z dz 



We can remove the term containing the first derivative by putting Dj = J7z*. 
Then (2) assumes the form 



* Inaugaral Dissertation, Zurich, 1908. 

t Trans. Cambridge PhiL Soc, Vol. IX, Part I, or Math, and Phys. Papers of 6. G. Stokes, Vol. II, p. 829. 

I As a result of this transformation, or, in general, e^^ = 2, the singular points of the resulting equation 
lie only at and oo . Of this family of transformations, a = 1 is the only one which reduces the equation to 
a form such that, for large values of 2, It becomes approximately (9); and this form is desirable for our 
present purpose. 
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kz 



Finally, if we put -^ = a, (3) becomes 

or, as we may write, 

where the following relations exist between the quantities involved in (6) and 
in (1): 



(6) 



p 


2 ^ 


!+»/ 


2 


~ 16' 




TI, 


1i 




X 


~" 2 • 





IL T%e SoltUions in the Neighborhood of the Singularities. 
The point a; = is an essential singular point of the equation (6), as is also 



the point a; = oo . For if we put a = ^, (5) becomes 



+rf +(?+?+*) ^■=»' 



d'Ui . 2 d^ 
if 



(7) 



SO that ^ = is an essential singularity of (7). 

Following the known method, we might now obtain an asymptotic solution 
of (5) in the neighborhood of a; = by putting 



Ui = e*x"(ao + <^i^ + <^9^ + )i 



(8) 



and then determining a, % and the coefficients Ooy ^ly ^^ - - * * ^^ ^'^^^ (^) ^^ 
formally satisfied ; it will, however, in this case, be somewhat simpler first to 
obtain a solution in the neighborhood of a; = oo , and from this to obtain the 
solution which holds in the neighborhood of x = 0. 
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For large values of x, (6) becomes approximately 

of which the complete solution is 

Ui = Gi cos x+ Gi sin x. 



(9) 



(10) 



Our solution of (5), then, which is to hold in the neighborhood of » = oo must 
be such that for large values of x it assumes approximately the form (10). 
We assume, then, as an asymptotic solution in the neighborhood of « = « , 

Cr, = sina;(jo + ^ + ^+..-.) + co8a!(5o + § + § + ....), (H) 

where the A^, A^, A, ••••, -Bo, ^i, ^«, • •• • a^e constants which must be 
determined so that the equation is formally satisfied. We have, then, from (11): 

+ eo=x(-§-^.-J^-.. ..)--K^. + f + § + ■•••)- 

-..in.(-§-^-^-....)-o».Ki».t ft §+....)■ 

When we now substitute this and the value of Ui from (11) in equation (5) 
and arrange according to descending powers of x, we have for the left-hand side: 



sin X 



1.2^1 , 2.3^2 , ZAAa , 4.5At 



+ . 



JB* ' X* ' »• 
, 2.l5j , 2.2-Bj8 , 2.3-B8 . 2.4^4 . 2.5 A . 



V 



X 



, pA , pA , 



P^- + 



X* 



X' ^ 

Is . pK , 

5- "• r« r 



X' 



X" 






a^ 






+ .... 
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+ cosx 



1.25, , 2.3Bj! , SAB, , 4.6Bi , 



2.1A 1 2.2Ai 
5^ 



pBo 



2.3As 2AAi 2.5Af 



a? 



+ ^^ + 






If 



x' 






+ 



g^o I H^i 






x" 



If 



In order that this vanish, the coefficients of cos x and sin x must vanish 
separately. The necessary conditions for this are that the coefficients of the 

various powers of a, namely, a;"^, «"', a~*, , should vanish separately. 

This gives us the following relations for determining the A^s and J3's in terms 
of any two of them, say in terms oi A^^kuA Bqi 



A=f5o=-Bo/i(/>,g)(8ay), 



A,= 



_Bi{p + 2)_ A, 



2.2 



2\2 



pip+^) = -AA, 



-^^^^iP — ^,PiP^n — B.A, 



B,= - 



. _ftr -p(j> + 2)(i> + 6) q-\_ 
^8 — -Oo L 2873I ^ 27sJ "•'" 

■tf8-A>L 2*73l iTsJ"^-^" 

>. -J r p(j> + 2)(j> + 6)(j) + l 2) g(j)+12) pq I.. 

A-^o|_ - ^r^T 2.4.2.3 ~ 271:274] -"*"'^*' 

o _ « r j)(i? + 2)(jp + 6)(j) + 12) g(p + 12) pq - | _ 

^*-^»L 2^4! 2.4.2.3 -2n:2:4j-^»-^*' 

A = « r f>(i> + 2)(i> + 6)( J> + 12)(i> + 20) (j) + 12)(j> + 20) 
'^ "L 2».6! 2.4.2.3.2.5 



(12) 



_ j>g(j> + 20) i>g(j> + 2)- 
2.1.2.4.2.5 2^2*. 



iB, = -^/„ 
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Here /i,/a,/a, • • • • are simply abbreviations. We have, in general, 
A _ ^n-i[p+n (n-l)] B„.,q 

"^ « _ ^»-i[j> + n(n — 1)] il„_,g 



(13) 



From these relations we may determine the constants A^^ A2y A^^ , 

Bi, B2, Bs, • • • • as far as we choose, though, as might have been expected, 
it is not possible to give general formulas for A^ and B^ except in terms of the 
coeflScients which immediately precede them. Substituting now in (11) the 
values of the coefficients as given by (12), we thus obtain for the asymptotic 
solution of (6) for large values of a; the following: 

rr — «;« <^ r J _l -^^^^ ^o-^* -^o/s 1 A/4 . "I 

+ cosx^B,-- ^^ .|--^-+._^__....J. (14) 

This we may write in the form 

+ ai(o<«;c + ^^--^^"'--^ + ....). (16) 

If now we change the arbitrary constants by putting 

A^Biax + Bq cos X = < 
— (A^ cos X — Bq sin x) 

we may write (14) or (16) in the form 

?7i = C7cos(a-x)[l-^ + ^-§+....] 

+ (7sin(a-a:)[{»-5» + ^-/?+....]; ^''^ 

or we may write 

Ui = GlP cos (a — a:) + G «n (a — »)], (18) 

* This amounts to putting 

a = tan-> ^ . 

-Oft 



= (7 COS (a — »), 1 
= G sin (a — a), J 



(16)* 
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where P and Q denote the following infinite series : 






(19) 



If we return to the original variables CTand u, we may write (18) in the fornri 
(see the relations (6)) 

U=^[P COS (a-^) + Q sin (a - ^)] , (20) 

where, in P and Q, a; is replaced by -^ and p and q by their equivalents. 

The series denoted by P and Q are at first, for reasonably large values of ar, 
rapidly convergent; they are both, however, ultimately rapidly divergent, as 
may be seen from the relations (12). The point at which they begin to diverge 
depends on the relative magnitude of /^ and x^. In fact if we stop after taking 
2n'^terms of the solution (14) (n 'terms containing sin x and n*^ containing cos x) 
and set the result in (6), we obtain 

+ 5ocos(x + ^^7i)]; (21) 

and the right-hand side of this is small if *^^^ is also small. In using such 

series in numerical computation, we need not take all the terms up to and 
including the smallest; the number taken will depend upon the closeness of the 
approximation desired. 

To obtain a solution of equation (6) which holds in the neighborhood of the 
other singularity a: = 0, we proceed most conveniently as follows : in (5) we put 

a; = - ; (5) becomes then 

We can get rid of the term containing the first derivative by putting Ui = ?72<"*^ 
Then (22) becomes 

^'+(l+$ + i)^' = ^- (28) 
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Finally, if we put t = ^y"*, we obtain 

^• + (l + f.+ Pl7. = 0. (U) 

Equation (24) is, however, of exactly the same form as (5), so that we may use 
the former solution (14) or (15). The solution of (24) which is valid in the 
neighborhood of ^ = oo is then 

77 _ c^r. c /^^ I *o/i ^0/2 h/s j_ ^ 

+ cosf(6o-'^-^^ + '|{'+...., (25) 

where the /i, /„ /g, • • • • have exactly the same meaning as in (12). If now 
in (25) we restore the values of the variables U^ and ^, we have 

rr „:„ ?* /'„ . "'^o/i g^^o/g ^hA , 

+ xGoa^^{b^—-^ _+__+.... (26) 

We may write (26) in the form 

l7, = aox|sin-|-(l — y /«+ ^/*— • •) 

+— $(-7/.+^/.-|/.+ •)1 

We may adopt then, as the two fundamental integrals of equation (5) which 
are valid asymptotically in the neighborhood of a; = : 

U,^=x(^ABm^-BcoB-^), (28) 

Ui, = xfBBin^-\-AcoB^\ (29) 



where 



■8= -^ /i- ^/.+ |r/'— 



. . . , 



(30) 
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These integrals have no meaning when 9 = 0. This case, however, we need not 
consider, since for q^=-0 (6) becomes 

0'i" + (l + |r)^7i = 0, (31) 

and this is a reduced Bessel equation with n? = -j p.* 

It remains to bring the integrals (18) and (28) or (29) into connection ; 
that is, to determine the constants C and a in (18) so that (18) shall be an 
approximation to the fundamental integrals which are denoted by Ui^ and Ui^ 
in (28) and (29). In general this is brought about by expressing the function, 
here Ui^ or Ui^j in the form of a definite integral and then, from this, deter- 
mining the leading term in the function as the argument increases. But the 
expressing of these functions Uip and Ui^ in the form of definite integrals of 
sufficient simplicity seems to involve difficulties not as yet overcome.f However, 
for any particular case, for any particular pair of values oip and ^, the constants 
67 and a might be determind in the following manner : Having chosen a value of 
X for which (18) and (28), for example, give a sufficiently close approximation, 
compute the numerical values of these expressions (18) and (28) for this value 
of X. This would give one relation between G and a. By proceeding in a 
similar way for a second value of x^ the values of G and a would be determined.^ 

III. The Roots of CT = 0. 

Although we have not determined the constants 67 and a in (18) so that (18) 
shall be an approximation to the fundamental integrals U^p and Uiq^ yet it is 
possible to determine from (18) the general behavior of these functions for large 
values of x. For the sake of simplicity we carry the discussion through with 
the variables Ui and x and denote by Uu either of the integrals Uip or U^qj 
where the a will serve to indicate that on the value of the constants a and G 

•That is, if in (SI) we put U^ = «7a^, we have, after reduction, 

1 



•^"+^+'^0-^^^)=«5 



and tl&is is the ordinary form of the Bessel equation with n* replaced by -r p. 

t See III, where the value of a is approximately determined, but not in this general manner. 

tSee the numerical example in V. Here the arbitrary constant is determined in the above-mentioned way. 

42 
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will depend whether the one or the other of these integrals is intended. We 
have then, from (18), 

?7i.= (7[Pco8(a — x)+ g sin (a — a)]; (31) 

and we proceed to find where Z7i. vanishes. We put 

P = Jfcos^, g = ifsin^, (32) 

where, as before, 

(31) becomes then 

Uu = Cif [cos (a — x) cos '^ + sin (a — x) sin •4'], 
Uu=CM coBi-^' — a + x), 
where, from (32), since 






•^ = tan- D , 



M=l 



/2 2 •^^ •^ ^•'^ 2 8 



Now, from (34), Ui. will be zero when 

cos ('J' — a + a) = ; 
that is, when 



that is, when 



2n— 1 



2n— 1 



X = a + 



2 



— . n — '4' 



(19) 



(33) 
(34) 



(36) 



4> = tan-^ (^ + -^^-^^r"^' + •^»~-^»-^* ~y'-^' +-^'-^» +....) , (36) 

(37) 



(38) 



(where n is an integer). This equation we have to solve for x on the supposition 
that X is large. If in (38) we put, for shortness, a H ^ — . »i = ^, then we 



have to solve 



sc = ^ — '^. 



(89) 
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If now we expand 4 in terms of x by means of the expansion of tan"^ z^ 
namely 

1 o . 1 . 1 

z — 

we obtain^ after reduction, 

+=4+ — ^^+ ? -+■■■■ fo) 

Putting this value of '^ in (39) and solving the resulting equation, namely 
f f\f% A 3" 

A — f\f^ — Aft '^/ifz /i/g "^fiA "1 5" 

^ + ••••, (41) 

by the method of succeseive approximations, we obtain 

— [A — A A — A/*8 +/1/I +/i^ — /i+ "g- 

+ 4/1/8-4/f/, + ^ + 2/f)-^ -h . . . . (42) 

We have, then, for the general formula for the nth root of the equation C7i«=0, 
the following : 

2n-l /i . /s-A/i + -^+/1 

a+— 2-^ (,« + — ^— ^; 

By means of the relations (12) we may express this in terms of p and q. We 
find, after some reduction, 

, 2n— 1 p , bf +6p—12q .^. 

a: = a + — 2— ^— 2a + (2n-l)n+3[2a + (2n-l)7l7---" ^^^^ 

By means of the relations (6) this may be transformed into terms of the original 
quantities U, u, k and 93. 
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The expression (44) shows clearly how the roots are spaced along the axis. 
It shows also distinctly the influence of the undetermined constant on the 

2n 1 

position of the roots. The leading term in (44) is of course a H ^ — ^i so 

that a change in the value of a amounts to a displacement of the roots along the 
axis. (44) shows also how the position of the roots depends upon the values of 
p and q. In (44) q appears first in the fourth term, which for ordinary values 
of p and y, on account of the rapid convergence of the series, will be small, so 
that a change in the value of q will produce a very slight change in the position 
of the roots. 

In the calculations involved in the preceding pages — that is, in finding the 
values of '4^ as given in (36) and (40), and M as given in (37), and in solving 
the equation (41) — we may proceed as there indicated, performing the arith- 
metical operations upon the infinite series there involved, and carrying the 
results to the desired degree of accuracy. These results may be obtained more 
briefly (particularly if many terms are desired) and much more elegantly by the 
following method.* 

We had found, as a solution of (6), 

Uu =ClPcos{a — x) + Q8m{a — x)']. (31) 

If now we put 

P = ifcosa|/, g = if8in^, (32) 

and further set 6^= 1, a = 0, we have, as a particular solution of (6), 

Ui = Mcoa{'4^ + x). (46) 

By substituting this integral in the differential equation (6), and determining 
the coefficients so that (5) is satisfied, we should be able to deduce recurrence 
formulas for the coefficients of if and i|^. We have then, from (45), 

Cr/ = if cos(a; + ^) — ifsin(a5 + ^)(l + ^% (46) 

Ul' = Mff cos(x + 4) — 2if sin(x + 'A)(l + ^) 

— if sin {z + al/) ^4^' — if cos {x + ^){l+ ^)2. (47) 

* This method was suggested to me by Professor Barkhardt, who, however, has not published anything 
on the sabject. It is generally applicable in similar problems, being particularly advantageous in the calcu- 
lation of the roots of Bessel functions. 
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When we substitute these results in (5), we have 

W cos {x + ^)— 2M' sin (x + '4/)(l +^) — Msin {x + ^) a|/" 

- if cos (x + ^){1 +^f+(^i+^ + ^) if cos (a + 1^) = 0. (48) 

In this the coeflScients of sin (x + il/) and cos (x + '4^) must vanish separately ; 
this gives the two equations for determining if and ol^: 

if''-if(l+^)^ + (l+| + |)if=0, (49) 

2if (1 + al.') + M'^/' = 0. (50) 

Equation (50) is readily integrated, giving 

l + ^ = ;§.- (61) 

When we substitute this value of 1 + 1// in (49), we have a diflferential equation 
for Mf namely 

Now, since we are concerned only with a particular value of M^ we may assign 
to the constant of integration c^ any value we choose. As we shall see later, 
it will be most advantageous to take Ci = 1. We know from the equations (19) 
and from the defining equation for M, namely M=z \/P* + ©'; t^^* ^ must be 
an even function of x, and moreover that the first term is 1. We therefore 
assume 

if=l + ^ + ^ + ^ + .... (63) 



gf 



Then follow 



*'=-7^-i?'-^ + - ••' (") 



M' = h^ + t^ + 'L^ + .... (66) 



x" 



"^ 
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Also, by the binomial theorem, 



where the a^j a^^ a^j 





1 


= 1 + 


? + ^ 


+ - 


' ' -> 


f • 


• ■ • 


are given by the relations : 




<h 


z= - 


-Zk,, 






1 


a* 


=: _ 


4k^ 

2 


-3*4, 






«« 


= - 


3 


- 7ha, _ 


-3*,, 




/!« 


= - 


-eSjo,- 


-8*,a«- 


-lOk^ 


3*8, 

• * • • 


«8 

• • 




4 





(56) 



(67) 



If now we put the value of M" from (66), M from (61), and -™ from (66) 
in (62), we have, after putting Cj = 1, 

3.2*^,, 6.4*4 j_ 7-6*j , 



1 h . h 

i>*8 



.p |. jp*^ ^ y^i + 



. *. 






X' 



as* 

"4 









a* 



»° 



= 0. 



(68) 



When the coefficients of the various powers of x are put separately equal to zero, 
the following recurrence formulas are obtained : 



4Xi = 

4*4 = 

4*,= 

4*8 = 



— J>i 



(j> + 6)*8— ff + &4, 

(p+20)*4 — £Ai + 6,, 
(i) + 42)*,-<7*4 + 68. 



4*„ = — [i> + (n — l)(n — 2)] *,,_, - £*„_4 + &» , 



(69) 
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where b^^ b^y b^^ .... are the same as a^, a^^ Og^ 
only with the last term dropped ; that is, 

6,= 0, 



as given in equation (67), 



6,= . 

6. — - 


2 ' 


-7*402 




6-= - 


3 


> 
-8*404 — 


-10A^K»« 


C/g 


...»•.• 


4 


> 



(60) 



We have then, in (69), a formula for any coe£Scient in the expansion of M 
expressed in terms of the preceding coeflScients, so that any coefficient can be 
at once expressed in terms of p and q; naturally, for the later coefficients the 
calculation becomes somewhat laborious, owing to the complicated character of 
a,, a4, Oq, .... when expressed in terms of p and q. Below will be found a list 
of the first few coefficients calculated in this way. 



h= 


4' 




*4 = 


5p» 3^ 
32 ^ 8 


-f. 


*.= 


ISp" 


37/3^ 


28 


32 


k,= 


195/)* ,( 


51l£» 



8 ^^^16 + 4/' 



, _ 195/)* , 611/)' . 182iy , 315/) 46j/q 157pq , 6£*_ 106g 
^"2048" 256 128 16 128" 32 "** 32 8 " 



(61) 



We may use these coefficients of the expansion of M to good advantage in 

the further computation, particularly in the task of solving by the method of 

approximation the equation 

a; = ^ — 4^. (39) 



4/ = — 



To show how this may be done, we have from (61), after putting c = 1, 

1. (62) 

Expanding Jf "* by the binomial theorem, we have 

_ Cg j_ C4 _L ^ J. ^ J_ (g3) 



*=§+f+3+5+ 



' t 
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where c^, C4, C(, .... are given by 

C = — 2A^, 
2c4 = — 3*ij<% — 4*4, 
3c, = — ATe^i — b\Ci — 6A%, 



(64) 



If we now integrate (63), putting the constant of integration equal to zero, 
we have 



J. _ _ j% ^ ^« 



• ' i 



(65) 



from which i^ can be expressed in terms oi p and q if desired. In order to solve 
the equation (39), however, we may use the value of •J' as given in (66). We 
have then to solve 



-AO- ^ 



c* 



^=»+-3+^+i&+s'+- 



The successive approximations are readily found to be : 

Xi = ^, 



(66) 



a!8 = ^ + 



^' 






+ 



O 



(67) 



and by means of (64) and (61) these can be expressed in terms of p and 9, 
giving the results previously obtained in (44). 

The fact that in (44) the value of the roots of ZTJ. = depends only on 
the undetermined constant a suggests the following method of determining 
approximately the value of this constant. We have 



I7ip = x{a sin ^— B cos ^), 



(28) 
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where A and B have the values given in (30). If we put 

A = 
B. 

(28) becomes _ 

Ui^ = xN(&m ^cos e— cos ^ sindV 
\ » X / 



= i\rco8d, 1 

f=iVsind, J 



This will vanish if 
that is, if 



?7,p=aiVsin(^ — d). 

sin(^-d)=0; 

* = fl^ (n=0,l,2,3,....). 
We find now, as in (40), 

»=f+f(/./.-/.-4) 

+ ^(/. -/i/.-/,/1 +/Ji -/!/■ +/?/.+ 4) + ••■ ■ (73) 



We have now to solve approximately the equation 



X = 



nn 



+^+i-(/'/'-/'-4^)+-' 



on the supposition that x is small. 

It will be more convenient to write (74) in the form 

The Bucoessive approximations are : 



(68) 

(69) 
(70) 

(71) 

(72) 



SBj 



*»=^(^--(^+-(^jO-^' 



(74) 



.). (76) 



(76) 



43 
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If vre put this approximate value of x equal to the approximate value obtained 
in (44), we have an equation containing only a. This is 

., , 2n-l p 6y> + 6p-12g 



This gives, as successive approximations for a : 

2n— 1 



«! + 



■n — In, 



^ 2n— 1 _, , j> 
2w— 1 _ , , /> 



24Z« 



(78) 



This approximate value of a, which should hold for certain values of n neither 
too large nor too small, would indicate that the true value of a probably is a 
rather complicated function of the two parameters of the equation, p and q. 

In a similar way the value of a might be determined so that (44) would give 
approximately the position of the roots of the other fundamental integral 27^^. 

IV. The Boots of UL = 0. 

In a similar way we may compute the roots of Uia = ; that is, we may 
find the maxima and minima of Ui^. We have 



where 



Cr. = ^[poo»(a-^) + e.io(.-^)], 



2% _, ay, 



p= 1 



2% . 2% 



2% . 



(20) 



(79) 



Now, since Ul exists, and indeed also in the form of an asymptotic expansion, 
we may differentiate (20) term by term, the results having of course the same 
meaning as the original expansion. We thus obtain 

^•^-^Lt^ •^"^(**--2-;+°°<"— 2-r 2 ^("~x; 

+ sin(a-^") . (3']-A.[pcos(a-^")+(2sin(a-^)]. (80) 
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(81) 



p,_ 2«.2/, 2*. 4/, 2«.6/, 



A?*!** 



p; 



A««i** 



+ .-.., 



(82) 
For convenience we may return to the former variable, putting, as before, 



O' --M A. g'-S/a _ 2'. 6/, 



&e" 



1?^ 



W=~ 



iS»< 



a; ^ -^ , 80 that we have 



P=l_4 + 4 



/. 



n — /i /s I /s /t 



X 



l?^-^ 



X* 



^ ~ a:* aJ* ^ -• 



a" 



a:« 



• • 9 



Q'=-^+^-^'+^- 



Then the expressions in the square brackets in (81) become 
n f^'^ Twi ft + iffh 



a** 



= ^ (say), 



We put now, for shortness, 

/i + 3 = — fl'i ( J>, 2)1 (or simply — g^, 

o 



= A 



(19) 



(83) 



(84) 



(86) 
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Then the series in (84) become 



«=4f-f+^-f + •••] 



(««) 



The equation (81) becomes then, after dividing by x^ 

Bi sin (a — x) + Si cos (a — x), 



where 






' f 



9i. 



(87) 



(88) 



As in III, we put 



^1 = Ml cos 4^1 , 1 
<^ = ifisin4'i, J 



(89) 



where Mi and o^^ have exactly the same form as the M and 4^ in (37) and (40), 
except that the ^-functions now replace the /-functions. Then (87) becomes 



or 



Ml [sin (a — a;) cos i^i + cos (a — x) sin i^i] = 0, 
sin (a — 05 + il^i) = 0, 



(90) 
(91) 



which vanishes when 

a — 05 + 1^1 = — nTi (n an integer or 0) ; 

x=z a + nn + 4^1. 



that is, when 



(93) 



We may solve this equation in exactly the same way as in III we solved 
the equation (39) ; we need only replace each /-function by the corresponding 
^-function, due regard being paid to the algebraic signs. We thus obtain 



a; = a + nn + 



a +nn (a + nn)^ 



(94) 
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If we express this in terms of the /-functions, we have 

x = a + nn -. — .^ + , (95) 

a + nn {a + nnf 

or, in terms of p and q^ 
_,_ 2 24 ^24^^ 

X a -h WTI 7 rn — 

a + n7« (a + nnf 
5 4 ,103 8 169^ 107 113 , /23 . 11\ 
, ^48^ +9-60^-240^- M-^-480 + gC20^+T) ^ ,,6^ 

+ (a + nnf ■*"••• ^^^^ 

If we put for X its value a; = -— , we have, finally, 

2 

gr* L a + nn (a + n^tf J 

This formula gives, then, the position of the (n + l)th maxima of the curve U^. 
Here also a change in the value of the undetermined constant a has practically 
the efiect of displacing the maxima or minima along the axis. A comparison of 
the equations (96) and (44) shows further that the maxima and minima as given 
by (96) alternate with the crossings of the axis as given by (44). 

The magnitude of the maxima and minima ordinates, or indeed of any 
ordinate, is of course given by 

Z7: = |[pcos(a-^) + g8iii(a-^)], (20) 

which may be written in the form 

?7: = |jfco8(a-^-,/.), (98) 

where M is given by (61) as 

- 2?^ + 6p — Aq 

^=i-^&= + :^ + •••• (»»> 






and 'i/ is given by 

= tan-M 

+ ^^6» + •••/ 



316 
^ 3_ 



(100) 
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The length of any ordinate is then given by (98)^ thus depending upon both the 
undetermined constants C and a. This formula also shows how, for increasing ti, 
the lengths of the maximum and minimum ordinates continually decrease. 

V. Numerical Verification. 
The equation considered by Heine, Dannacher and Butts is written in the 



form 



d^E . / 8 



f (^ cos 2^ + Az\E= 0. 



If we put ^ = ttt, we have 

If now we make the following substitutions : 

cosh 2t« = 2 cosh^u — 1, 

b -*^' 
8 



(101) 



(102) 



(103) 



equation (102) becomes 



»+^ = 4z, 



^-(*»C08h«« + S)^=0, 



(104) 



which differs from equation (1) only in the sign of the second term. Now, by 
means of transformations similar to those employed in I, we reduce the equation 
(104) to the following form : 

where 



da? V 


/ 1?" 


-^. 


)^x 


•• ^-» . 


1 


If 


», 




4 


2 


« = ■ 


16- 







(106) 



(106) 



For large values of x, (106) becomes approximately 



(107) 
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so that we may assume as an asymptotic solution of (106), for large values of x, 
^i = *«(A + A+-^ + ^- + ....). (108) 

Proceeding now as in I, we find, for the semi-convergent solution of (102) for 
large values of x, 



E=A, 






(109) 



where J« is an undetermined constant, and where the hi,hg,hi, are abbre- 
viations for the following : 

^i = "2"' 

_ rir+2) 

"i — ga 9. I » 



A,= 



2*. 2! 
_ r{r -I- 2)(r + 6) . « 



2r3T 



2.3 



, _ A,t-i[r -H n(n — 1)] + h,^ . s 
«»- 2(n— 1) 



(110)* 



and where 









4 2 '°» 

16 • 



(111)* 



Also between the constants of equation (102) and (109) there exist the following 
relations : 



r = 7 4z, 



= 



4 
16 



*= 



6» ' 
4 
V6* 



(112) 



•It may be remarked that A}, A,, A,, are the same as /i, /,>/,,...., m defined by (18), except that 

here all the signs are positiye. Also p = — r and g = — «. 
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A solution of (102) as given by Heine is 



E{u) = -^ + Oj cosh 2u + a^ cosh 4w + . 



(113) 



where a, = 1, a, = -=- Jz, and the other o'b are given by the recurrence formula 



a»+i = Hn' — 2)o» — o»-i . 



(114) 



This series (113) converges (for any assumed value of &) only for values 
of z which are the roots of a certain transcendental function.* For large values 
of u it at first diverges rapidly, and ultimately converges slowly. The series 
given by (109), on the other hand, at first converges rapidly, for reasonably 
large values of u, and then diverges rapidly. It may be used for approximate 
numerical calculation, provided care is taken not to include any terms after 
divergence begins. We wish to show by means of a numerical example how 
the asymptotic expansion given in (109) leads to the same result as (113), but 
with much less labor in computation. 

It has been shown by Butts 'f that if & be taken equal to .1, then one root 
of the limiting fvmdion, that is, one value of z for which the series (113) con- 
verges, is 5.68134 (correct to five decimal places). He gives the values of the 
coe£Bcient8 computed for this value of h and z as 



oo = 

Oi = 

<h — 

<h = 

a^ = 

ttj = 

o, = 

a, = 

a, = 



II 1.0000, 

— 0.2790, 

— 0.8721, 
0.4169, 
1.0147, 
0.6402, 
0.2284, 
0.0548, 
0.0096, 
0.0015, 
0.0001. 



(115)1 



*8ee Dannacher, I. 6., p. 89. 

t W. H. BnttB., I. e., p 20. 

I a, EDd a,« are not exactly as giyen by Bntte, bnt haye been changed slightly by means of Heine's 

formnla a^ 






whlch holds from a certain n on. 
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If we put now u = .7, equation (113) gives us 

^(,7) = .6 —.2790 cosh 1.4— .8721 cosh 2.8 + .4169 cosh 4.2 
+ 1.0147 cosh 6.6 + .6402 cosh 7.0 + .2284 cosh 8.4 
+ .0547 cosh 9.8 + .0096 cosh 11.2 + .0015 cosh 12.6 
+ .0001 cosh 14. (116) 

With a four-place logarithm table this gives 

^(.7) = .5000 — .6000 — 7.7980 + 13.9100 + 136.9000 + 351.0000 

+ 507.3000 + 494.2000 + 354.2000 + 222.5000 + 60.7500 = 2 133. (117) 

In order to use equation (109) we must in (112) substitute the values of 6 and «, 
namely .1 and 5.58134. This gives 

r = — 22.47536, " 

« = — 1600^ - (118) 

h= 4\/T0. J 

Substituting these in (109), putting u=. .7, and using four-place logarithms as 
before, we have, using four terms of the series, 

^^(.7) = 239500 ^[1 —.8824 + .3546 —(.1291 + .0765) 

+ (.0079 + .0138 + .0863)] = 239500^(.3727). (119) 

A comparison of (117) and (119) serves now to determine Aq, We have, using 

four-place logarithms as before, 

A = .02388. (120) 

This value of ^o ^^y ^^^ ^ employed in finding the value of E(u) for other 
arguments, by means of the series (109). For example, if we put u = .8 and 
use, as before, four terms of the series and four-figure logarithms, we have 

^(.8) = 869600 Jo[l — -7976 + .2904— (.0966 + .0566) 

+ (.0052 + .0089 + 0572)] = 869600(.02388)(.4119) = 8562. (121) 

We may verify this by means of (113). Carrying the series to ten terms and 
using, as before, four-place logarithms, we have 

E{.S) = .5000 — .8672 — 8.5130 + 25.3400 + 305.20 + 964.2 

+ 1766 + 2004 + 1599 + 1346 + 444.0 = 8434. (122) 

Considering the roughness of the approximation used, and particularly the 
possible incorrectness of ae, %, o^, o^, Oiq^ this may be regarded as a very close 

44 
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agreement. The fact that (122) is too small may be accounted for by the fact 
that the next few terms would contribute materially to the result. In using 
series (113) for large values of the argument it would be necessary to know the 
value of z and the corresponding values of ai^Osi • • • • with much greater exact- 
ness. This fact determined in a way the choice of the particular values ti = .7 
and u = .S in this illustration. For values of u much smaller than .7, (109) 
does not converge at all ; and for values of u much greater than .8, the use of 
(113) is too uncertain. That the example is a particularly unfavorable one is 
due to the fact that b was chosen so small and z large in comparison, which has 
the effect of making both r and a large. Under more favorable circumstances 
(109) would converge much more rapidly, and for smaller values of the 
argument.* 

* Since the above was written, my attention has been called to an article by R. C. Maclanrin in Vol. XVII, 
Pt. I, of the Trantaetiotu of the Cambridge PhUoeophieal Society. In this article, which is entitled ** On the 
Solntions of the Equation (A* -\- k^hff = in Elliptic Coordinates and their Physical Applications," Mr. 
Maclanrin reduces the equation (A* + ik')V' = to the form 

<*•- 1> ^ + * -^ + ^^•^•--P')^ = 0. 

He then obtains power-series solntions in the neighborhood of — 1, + 1,'ao , this latter being asymptotic. He 
suggests the possibility of using this asymptotic expansion in finding expressions for the roots of the function 
itself and of its first deriyatiye, and calls attention to the importance of these roots in practical applications. 
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A Theory of Invariants. 

Br Leonard Eugene Dickson. 



General Theory, §§1-6. 

1. Consider a system S of forms /i, . .,/, on m variables, where /< is the 
general polynomial of degree di^ having as coefficients arbitrary parameters in 
any given field F^ finite or infinite. Let L be any given group of w-ary linear 
homogeneous transformations with coefficients in F. The particular systems 
S\ S^'f ••, obtained from the general system S by assigning to the coefficients 
particular sets of values in the field, may be separated into classes Ci under the 
group Lf such that J^ and S" belong to the same class if and only if they are 
equivalent under L. 

We shall employ the term function in Dirichlet's sense of correspondence 
and shall consider only siugle-valued functions taking exclusively values in the 
field F. 

Let the function ^ have one and only one value in field for each of the 
systems S', S'^, ... In particular, if, for each i, ^ has the same value t;^ for all 
the systems in the class C^, then ^ is an invariant under the group X. 

For a finite field such an invariant is a rational integral function of the 
coefficients of S^ an explicit expression for which is given in § 4. More con- 
venient expressions may be given when S ia €l special system (§§ 10-18). 

2. Let the invariants /i, ••, Ir completely characterize the classes (7^, 
i. e., each /^ has the same value for two classes only when the latter are identical. 
Let ^ be any invariant of the kind defined in § 1. Then ^ takes one and only 
one value for each class, while there is one and only one class for each set of 
values of the Ij^. Hence ^ is a single- valued function of /j, . ., i^, as related. 

In particular, let ^ be a rational integral function of the coefficients of S. 
Let ^ be of degree a^ in the coefficient a^. Then ^ is completely determined 
by N=:H{aij+ 1) distinct '^ sets of values of the a^ in the field. By means of 

♦ For the OF[pn], we may set o^^^l^"— 1. 
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the resulting N sets (not necessarily distinct) of values of /i, .., Z^, we may 
construct by a general interpolation formula (§3) a polynomial in I^, •., I^ 
which takes the same values as ^ for the N sets. Hence any rational integral 
invariant is a rational integral function of Ii, . ., /^. 

3. Interpolation for Any Number of Variables. We construct a polynomial 
in X, y^ z, . ., which takes prescribed values for a finite number of distinct sets 
of values of the variables. Consider first the case of two variables. Let x take 
the distinct values Xi, ••, x^.. When x^=Xi, let y take the distinct values 
yii) ••> Visi' ^® desire a polynomial P{x^y)f which shall take the value t?^ 
when 05 = a;,, y=iy^^ for each set of subscripts i, j. By any interpolation 
formula in one variable y, construct for each i a polynomial F« (y) which takes 
the value v^ for y = y^j[jz=i l^ . ., Si). For example, Lagrange's formula gives 

F,(y) = 2t;« n (^^Y 0) 

Next, we construct a polynomial P in a; which becomes Ti for a; = ar<. If we 
again use Lagrange's formula, we have 

P(x,y) = ir,(y) n (1^). (2) 

When the function (l) is inserted into (2), we obtain the required interpolation 
formula for two variables. The extension to three or more variables is obvious. 
Speaking geometrically, we first interpolate for the points in each line parallel 
to one of the Cartesian axes of coordinates, then for the various lines in a plane 
parallel to a coordinate plane, etc. 

4. An important case is that in which each variable ranges independently 
over the p^ elements e^ of the Galois field GF^p^']. Then* in (l) the product 
may be given the form (y*'* — y)!{^j — y)- Thus 

In general, the integral function obtained from 

P(x x)-'''^'^\ {x r-x^)..{xr-x,) ,3) 

takes the value t;<j_.,<, for aji = e<j, .., Xf,:=ze^. Any polynomial, of degree 
<p^ — 1 in each x, which takes these values v is identical with P. 

* Of. AnnaU of Mathematics^ 1897, p. 69. 
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For a system S of forms in a finite field the investigation of invariantB, 
which take one and but one value in the field for each set of values of the 
coefficients, may therefore be restricted to polynomials in the coefficients. The 
characteriatic* invariant /^ for the class Cjc is that invariant which has the value 
unity for the class Cj, and the value zero for the remaining classes. Let Oj, . ., a, 
be the coefficients in the system ^S^; af\ . ., af^ the coefficients in a system of 
forms in the class C^ . Then by (3), 

/*= 2 n ^f — ^J (4) 

<, ..,af>^=^af>-a^ 

In particular, for the class Gq^ composed of the system of forms with all 
coefficients zero, the characteristic invariant is 

Io = n{l-af). (40 

From the definition of the 1,^ or from their expressions (4), we have 

Ii = Ik. hl, = 0{l^h\ ^2/,= l, (5) 

*=o 

where / denotes the number (necessarily finite) of the classes. 

Any invariant / takes certain values t?o, . . , Vy^.j for the classes ^o, . . , C^_,, 
so that /= Svjfeilfc. Any invariant ca/n he expressed in one and hut one way as a 
linear homogeneous function of the characteristic invariants. The numher of linearly 
independent invariants equals the numher of classes. 

The fact that any invariant is a linear function of the Ij, also follows from 
(5) and the general theorem in § 2, since the present set of Ij^ is a special case of 
the set there discussed. 

5. When the group L is the group O of all m-ary linear homogeneous 
transformations in the field F^ the invariants, defined in § 1, are ahsolute in- 
variants of the system 8. When L is the group Oi of all the transformations of 
determinant unity, those invariants of Oi which are multiplied by A^ under 
any transformation of determinant A are relative invariants of weight w of the 
system S. 

The theory of the characteristic invariants enables us to prove {Trans- 
actions^ I.e.) that when F is the OF\^p^']j the number of linearly independent 
invariants f relative and ahsolute, equals the numher of classes under the group Oi. 

* Tranaactiona Amer,Math, Soe.y Vol. X (1909), p. 126. The existence of the inyariants was there established, 
but not the explicit formnlse (8), (4). 
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In the special systems investigated below, we do not presuppose this result, but 
obtain a direct verification of it. 

6. In the investigation of the invariants of a system of forms in a field F 
under a group L, the chief aim is the determination of a fundamental system of 
independent invariants'*' (all invariants being single-valued functions of these) 
and a complete set of independent relations between them. A practical method 
of determining these relations for the case of a finite field may be based upon the 
knowledge of a complete set of linearly independent invariants. As we shall 
usually not go to the trouble (in general very great) to determine f the characteristic 
invariants, we propose the following procedure;!; for the determination of a com- 
plete set of linearly independent invariants, which establishes automatically 
their linear independence. 

Let the classes be separated into sets ^j, -Ki, . . , JT^ (in practice by specifying 
the ranges of certain parameters) and let there be associated with K^ a set V^ of 
linearly independent § invariants, in number equal to the number of classes in ^{, 
and such that every invariant in the set V^ vanishes for all sets Kj (J > i). The 
aggregate of the invariants in the sets F^ constitutes a complete system of linearly 
independent invariants. Indeed, their number is the total number of classes, 
while any linear relation has its coefficients all zero, as shown by employing in 
turn the classes in Ki, ifl_i, .., K^. For instance, for the classes in ZJ, the 
invariants in Fj, . . , F^.j vanish, and those in Vi are linearly independent. 

In particular, if L is the group Gi (§ 5), we obtain a complete set of linearly 
independent relative and absolute invariants, when the chosen invariants of the 
sets Vi are of that kind. 

Field II G of all Real and Gomplex Numbers. 

7. Consider a single quadratic form on m variables. Denote its deter- 
minant by D. Within the group Gi, a complete set of canonical types is 

Da^ + 4+'' + ^m{D^0), a| + .. + a:f(i=l,..,m-l), 0. 

* To be chosen on the basis of their expressing fundamental properties of the system of forms, rather 
than the simplicity of their expressions or the smallness of their number. 

t More explicitly than by the general expression (4). ^ 

t First employed in my paper on the modular Inyariants of the general system of q linear forms in 
m variables, Proe. Lond. Math, Boe., 1909. 

S Tested by employing the classes in Xi alone. 

n The discussion in SS 7-9 applies also to the infinite field Fp given by the aggregate of the Qalois fields of 
orders ji», n a 1, 2, 8, . . , provided p<m (also to certain fields contained in F,). 
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The classes are completely characterized by the invariants D and r, where r is 
the rank of the matrix of the form. Thus D and r form a fundamental system 
of invariants. A complete set of independent relations is 

r (r — 1) . . (r — m) = 0, rD = mD. 

A polynomial in D and r therefore equals the sum of a polynomial in D and a 
polynomial in r. Thus (§ 2) the only rational integral invariants are the poly- 
nomials in D. The characteristic invariant for Oi + . . + a^ (* < m), including 
for i = 0, is 

n(f^) (« = 0, 1, ..,m; <:^i). 

8. A binary cubic form in G can be transformed within Gi into one of the 
canonical types a?, xt/{x + ry), 0, where r is a particular square root of the 
discriminant Z>. The corresponding classes may be designated T^ Cj,, V. Let 
m be the function of the coefficients which specifies the maximum multiplicity 
of a linear factor, viz., m = 3, 2, 1, for classes T, Co, Cj, {D ^ 0), 7, respectively. 
Hence D and m form a fundamental system of invariants. A complete set of 
independent relations is 

m(7W — l)(m — 2)(m — 3) = 0, mD = D. 

Thus P(2?, m) = Pi(D) + Pt{m), where the P's denote polynomials. Hence 
(§ 2) the only rational invariants are Pi{Dy The characteristic invariants for 
T, (7o, V are 

im(m — l)(m — 2), — im(m — l)(m — 3), — Km — l)(m — 2)(m — 3). 

9. For the field C we consider a pair of binary quadratic forms with the 
determinants a, 5, bilinear invariant 6, and resultant B (§ 13). 

If B^Of the family has two independent unary forms, which become 
multiples of ^ and ^ under a transformation of Gi. Then 

ft = a^^ + a,y«, ft = b^a? + b^y^, B = — (a^b^ — a^\f^iQ. 

Applying (y, — x) if necessary, we may set o^ ^ 0. Applying (pa, p"^y), where 
p* = a^\ we obtain a similar pair with Oq = 1, viz., 

' Q^^T^ + ay", Q^ = B^a? + B^y', B,B^ = b, B^ + aB^ = e. 
If a = 0, then e^ = — B, 0:^0, B^ = e, B^^b/t Ifa^zO, 

5o = (0 ± ^/~:::rM)/{2a), jB, = (0 =F V=:S)/ 2. 
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But the two resulting pairs of forms are interchanged by (a^, — a~^). Hence 
the invariants a, 6, completely characterize the classes with B^O under Gj. 

If the rank rj of qi is zero, so that 9i = 0, the classes are characterized by 
r| =: and the values of b, r^ (§ 7). For use in characterizing'^ the classes in 
which qi $ 0, j, = oji, let Jf = c in that case, but Jf = if jj = or if jj ^ 
and q^ is not a multiple of qi. According to the definition in §1, if is an 
invariant. We may also define M by means of the pencil Xqi + iiq^, X and [i 
being arbitrary variables; if the functions ?m^ + fibi have a common divisor of 
the form X + C(i, we take M=zc; in the contrary case, we take if = 0. 

It remains to consider the case 5 = 0, if=0, Vi >0, r2>0, so that neither 
qi nor q^ vanishes identically, and q^ is not a multiple ofqi. Then 

^ = «o*i — «iib, e=za^b^ — atbo, /=<hh — <hh («) 

are not all zero, viz., the Jacobian of ^^ and q^ is not identically zero. We have 

the relations B=:4d/-i?, a^-«,e + M = 0. (7) 
Multiply (7i) by oj and eliminate / by (Tj). Then since jB = 0, 

!^ = — 4acP, S = a^e—2a^d. (8) 

For the present case, a and b are not both zero. 

(i) aq|bO. First, let Oo^fbO. Then dq|bo. Let r = S/{2d). Then r is a 
particular square-root of — a. Applying the transformation of determinant unity, 

x = '^^X + '^^T, y = -X+^T, (9) 

we get (since r* = — a) 

q,= 2rXT, q, = fi,JP-r''eXT+ fi,T^, (10) 

^o = («-2rrf)/a5, ^, = (« + 2rd)/(4r^). (11) 

Inserting the special value of r, we have ^q = 0, ^^ :^ 0. Applying a trans- 
formation (p, p~^), we obtain 

Q, = 2rXT, Q,= -r-'eXT+r*. (12) 

Next, let Oo = 0, so that Oi :^ 0. Eliminating e from (7), we get 

(«j = 0, Aj=4af/— a|A 
The factors d, k are not both zero. If d = 0, so that ib = 0, the transformation 
of determinant unity ^ = X-^ar'<hT, y=T (18) 

• It suffices to employ M alone if Jf ^ 0, bat r^ > 0, a, f, = 0, if Jf = 0. 
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replaces qi, q^ by (10) with r=:a^^ ^^=1 6^, ^^ = */(4ai) =^0. If d :^ 0, so that 
k=^0, the transformation 

a; = iaf*aj|X+ F, y — — X 

replaces q^qt by (10) with r-^ — a^^ i3o = i/(4af), ^8 = 6o:^0. In the last 
two cases we obtain (12) with f^-a^ and — Oj, respectively. 

In every case we have obtained the canonical type (12) in which r is a 
particular square-root of the invariant — a. No transformation of Qx replaces 
(12) to a like pair with the parameter — r. The additional invariant 7^ 
necessary to characterize the classes may be defined by its values as follows : 
If i2:#=0, or if:^0, or r8=0, or a=0, set 7^=0. If J2= Jf=0, r2>0, a:^0, set 

7^ = 3/(2d)forao^O, 7^ = ai for ao = <i = 0, 7^ = — aj for ao = 0, <2:#=0. 

Since 7^ has the same value for all sets of forms in a class, it is an invariant. 
For the corresponding rational integral invariant in a finite field, see § 14. 

(ii) 6 :^ 0. We employ the invariant 7^ derived from 7^ by interchanging 
the a!% and 5's. By modifying our definition of 7^ when a = 0, we could make 
a single invariant cover both cases a :^ and a = 0, 6 ^ 0. 

We have now shown that a complete system of invariants is given by 

a, 6, e, r,, rj, M, 7^, 7^. (14) 

Invariants of Two Binary Qtjuidratic Forms in the G^J?'[2**]. 
10. Since the modulus is 2, the forms are designated 

grj = a^a? + a^xy + a^y^, q^ = h^T? + Jjary + \f. (15) 

A single form jj has the invariants,* the third being (4'), 

«ii ^a = a:(aoafa2), /a= n (1 — af), (16) 

i — Oi i« « 

where e = 2" — 3 ifn]>l, e = l ifn:=l, while 

»» = 2»— 1, ;k(«) = 2««'. 

The necessary and sufiBcient condition that qi be irreducible in the field is 
JST^ = 1 ; that it be the product of two distinct linear factors, 5"^ = 0, Oj :^ ; 
that it be a perfect square, Oj = /^ = ; that it vanish identically, ^ = 1 
Within the group O^^ the corresponding canonical forms are 

Qi — d{7? + aixy + ct^, a^xy, of, 0, (17) 

* Concerning the inyariants here employed, see Ambbioan Joubnal of Mathbmatios, Vol. XXXI (1909), 
pp. 109, 115. This paper it cited henceforth as A, J. 

46 
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where aj :^ and c is a particular solution of % (c) = 1. Hence^ by § 2, the 
three invariants (16) form a fundamental system of invariants of q^. 

When qi is transformed within G^ into one of the types (17), let q^ become 

For (17i) it suflSces to normalize 

Qt-<^^hQi = l\ l^Tx + sy. 
For the eliminant of ^j, 7 and the resultant of ji, q^^ we have 

j& = of «* + a^rs + ci^, B = E^. 
If E=0, then r = s=:0 by the irreducibility of ft, so that the forms are 
already in their canonical form (I). If JS^s^ 0, 

Kkra, k{r + 9a,)J' ^-^ 

is an automorph of ft, has determinant unity, and replaces I by E^a^^y. 
Hence, if ^^ is irreducible, the canonical type is 

(I) Qi = d\7? + a,xy + cy', Qt = ar'b,Q, + aT^ie^y" (ai:#=0). 

As in A. /., § 18, § 19 (with A; = l), the remaining canonical types are 

(II), (III) Qi = a,xy, Qt = ^ + b,xy + ar*By', or b,xy (a^i^rO); 

(IV) Q,=za?, Q, = hicB-'^a? + b,xy + ie^y'.{b,B4^0)i 

(V), (VI) ft = x«, ft = b,xy + i2^y« (Jj, B not both 0), or i^a^ ; 

(VII)-(X) ft = 0, Q, = Ma? + b,xy + cy', b,xy, t?, {b^^^O). 

To construct the additional invariant required by the type YI, we may 
proceed as with Jf in § 9, or as follows. The relation 



m 



r=l 

defines certain absolute invariants Z^. But Z^^^Zl^ as shown in A. /., § 21 ; 
while Zi has the following characteristic properties: If ^j is not identically zero, 
Zi = < when ^2 = ^19 '^i =0 when q^ is not a constant multiple of qi) if 9i=0, 
then Zi = 0. Thus Zi = (1 — i?^) of » J^ for type I, a^^^ for III, \ for VI^ 
zero for the remaining types. 

We thus employ Zj to difierentiate the types YI from each other, and 
type II with i2 = 0, bi^Q from type III with b^ ^ 0. The invariants 

au fla, 4, 6i, ^5, ^, B, Z, (18) 

completely characterize the types I, . . , X and hence (§ 2) form a fundamental 
system of invariants of farms (15) in the (7jP[2**]. 
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These eight invariants are independent {A. J.^ § 23). By employing in- 
variants whose interpretation is not so immediate, we may obtain {A.J.^ §32) 
a fundamental system of six invariants (four if n = 1). 

11. Theorem. The 2'**+^ + 2** invariants* in the accompanying table form 
a complete set of linearly independent invariants of tioo binary quadratic forms 
in the G^jP[2**]. 

The following table is arranged according to the principle in §6. The 
number N of canonical types specified in any line equals the number of 
invariants in that line, the linear independence of the latter beiug readily 
established by inserting the values of the invariants for the forms in that line. 
The linear independence of all the invariants then follows from the fact that 
each invariant vanishes for all the types in the later lines of the table. 



Paibs of Fobmb. 


Inyabiants. 


NVMBBB. 


I, fii=l 




HaHr,a\hiB^ 


m»2»-» 


I, 5, = 0, 


h,^0 


H^H^^B^ 


m*2»-» 


I, 6, = 




H,a\Ri, Byj, 


♦n2» 


III 




(^+1/,, <»Z„ a\MZ,U>0) 


m2'' 


II, JS.= 1 




Hr,a\^n{.B^ 


»n«2»-> 


II, 5, = 0, 


h^^O 


ol+»6{+»E« 


m«2»-i 


11, 6, = 




aj+»i2^, aJ+'JB™ 


m2» 


VII 




Iah\H^ 


m 


VIII 




laW' 


m 


X 




lah 


1 


IX 




la 


1 


IV 




E„h\Bi 


m« 


V, B:P0 




h\Bi+\ bTB^*' 


ni2'» 


V, i2 = 




bi"' 


m 


VI 




/m 21 


2" 



Throughout the table the exponents have the ranges 

i,y = 0,l, ... m — 1; c = 0,l, .., 2^-1—1. 

• Identical with the set (82) of ^1. /., f 28, there proved complete for n < 8. For n a 1, we may delete a, Zi 
from the fourth line of the table and insert Z^ , in view of (69), A. J, 
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On account of the complexity of the expressions for JJ5 , we have made three 
subdivisions for types I and II. Since ;t(c) = 1, ;^' = ;^, we have for I, 

s, = xW) + xi<^r' vr-'i^) = ^™ + z(ar«6r-'i2), 

the final term being also the value of Hj, for type II. Hence in lines 1, 2, 6, 6 
of the table, B satisfies an equation of degree 2*^^^ 

Relations (68H73) of A. J., §25, together with hiZ^^a^Zi for n=l, 
enable us to express any product of the invariants (18) as a linear function of 
those in the table. 

One Binary Quadratic Form in the 6r-^[p**], i>>2. 

12. For a single form in the G^^M, p > 2, 

jj = aoa*+2aiCcy + a8y^ (a = aoa, — af), (19) 

the canonical types within the group Qi are 

«* + «y* (« =^ 0), a?, vi7?^ (vj a fixed not^square), (20) 

according as respectively a :^ 0, — Q = square, — Q = not-square, or a = § = 0, 
where Q denotes the absolute invariant {A, /., § 7) : 

e = (ao + a5){2aSa|ar-«-l} \r = \{p--iy\. (21) 

<=o 

Hence a and Q form a fundamental system (§ 2). The identically vanishing type 
may be characterized by /= 1, where 

/=l_a«^-Q« = (l_ar)(l-ar)(l-ar). (22) 

A complete set of linearly independent invariants is (§ 6) 
a*(i = l, ..,2t), g, C", 1; 
any relation between them follows from 

a^'^^^a, ag = 0, (^ = Q. 
The last two are proved by multiplying (22) by a and §, respectively. 

Two Binary Quadratic Forms in the GF\^p'''], p>2, §§13-17. 

13. Consider a pair of forms defined by (19) and 

q^ = ft^aj* + 2\xy + h^i^ (6 = \h^ — 6}). (23) 

They have the simultaneous invariant 6 and resultant Bi 

=ao6i— 2ai6i + o^ib, B — Aab — BK (24) 



Digitized .by 



Google 



Dickson : A Theory of Invariants. 347 

Invariants (21) and (22) will now be designated Q^ and la. For q^ we have 
invariants Qi, and Ij, . We define absolute invariants Ki by 

Q^^=Qa + Jc^Qi,+^k'K, {J^^' = h). (26) 

The values of certain K^ for various types are given in A. J.^ §§ 8-11. 

14. First, let — a be a square :^0 in the field. For Oq:^ 0, let r be a 
particular element for which 7^= — a, and employ formulae (9)-(ll). For 
ao = 0, set r = ai, and employ (13). In either case, we reach type (10). Within 
the group 0^^ a pair (10) is transformed into a similar pair only by (pX, f^^T)^ 
whence r, ^, ^ are unaltered, and by (pF, — p~^-2P), whence r is changed in 
sign and ^Sq^ i% interchanged. In each case, < = r(^o — i^S) ^^ unaltered. We 
therefore seek an invariant V^ of the general pair of forms such that F^ = 
when — a is zero or a not-square, and Va=^t when — a = r*. We thus set 

Fa = ijl + (-arfF. (26) 

First, let the coefficients be such that — a is the square of an element r:^0. 
Then V^ = W. For Oq :^ 0, we may employ (11) and get t = F, 

F = r\{S—2rdy—{^-\-2rd)']. (27) 

Since F involves only even powers of r, it equals a polynomial in the original 
coefficients. For Oq == 0, we apply (13) and get t=:L, 

L = a,|i5- (oiitt - 4a,a,6i + 4af i^)'}. 

For any a,, W—F-\-M{\ — c^). Set ao = 0; then L = Fi-{-M, where F^ 
is the value a^ hi of JF" for Og = 0. Hence 

TT^J*— ai(a| 60—40,0,61 + 4c^6j)^(l — of). (28) 

Next, let = 0. Then ^"=0, TP = 0, since 

<^(1 - oT) = (<h«- o„o,) (1 - oT). 

Hence the invariant V^ with the prescribed values is given by (26)-(28). 
Its weight is 1. In particular, for j)'* = 3 and p^^6, we obtain, respectively, 

Fa = 6i(of + OoO,)(o,-o,) + oA(«§-l) + «i6o(l-«i), (29) 

Va = ^ai(l -«l) + H<h{<'-i) + (^-26»,6s)(of-2aoO,)oi(aS-o|) 

+ 6i6,P-6Ai', (80) 
where 

P= 2a}a8(l— oj)— aSo(l + a«) = 2ojo2+2a5<^— 2a,ofo|— ojol— ojoj, (31) 
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while P is derived from P by permuting Oq with a, and changing the sign of aj. 
By inspection, (29) and (30) are unaltered by (y, — x). 

The pair (10) may be transformed by (p, p"^) into a pair with 

^0 = 1 or r^; i^o = 0, ^^ = 0, 1, Vi {vi a fixed not-square). (32) 

The resulting types are difierentiated by the invariants 

a = -f^, b = PoP, + ^a-'GP, e, Kr = ^, + ^,, Va = r{^l-^). (33) 

15. Next, let a = 0, /a = 0, so that qi is equivalent under (?i with qqU?, 
where a© = 1 or Vj according to the value of the invariant Co = — «o* Within 
6^1 an automorph of qi transforms q2 into 

e-'aoba? + a^'0y' (0:^0), 2a^'Vj,xy (0=0,6:^0), 2a5-^^i»« (0=6=0), (34) 

in which T^ is derived from T^ (§ 14) by interchanging the a's and Vs. 

If /a = 1, so that 9i = 0, invariants 6 and Qi, characterize the types g^. 

16. Finally, let — a be a not-square v. Within the group Oi, the pair qi, q^ 
can be transformed into 

qi = ^-vv', qi^ = ea?+2fxy + gf, (35) 

1/ = — a, gr — ei/ = 0, eg—p-^h. (36) 

We enlarge the G^^[j?**] to the QF\^'j^'\ by adjoining a root of 

€« = r. (37) 

By the transformation of determinant unity, 

X-{x- cy)/(28), F= a + fy, (38) 

a = 6-r+iF, y = --r+4«;-^F, (880 

the pair (35) becomes 

Ci = 2€xr, g, = «x« — i/-^e6-rF+ <Tr», (39) 

x = *— 2A <T = (A+2/e)/(4i;), * = gr + ei'. (40) 

The only automorphs of determinant unity of Qi are 

X' = XX, r' = a-^r. (41) 

The corresponding transformation T on the variables x^ y has its coefficients in 
the GFlf''] if and only if V^ = X'^, as follows from the fact that Y is the 
product of — 2e and the function conjugate to X with respect to the (}P[p^\ 
A direct verification follows from 
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whence A, = a — yc, A,"^ = a + ys, 2J^ = ^'\ The equation 

X^+^ = 1 (42) 

has ^~+ 1 solutions in the GFlj^]. By (40) 

a = x^/{4v), x^^^ = k^—4vf^ = d^+4vb = — B. (43) 

If B = 0, then « = 0, k=/=0, qfi = — kv'^dqi. 

Henceforth, let B:pO. By (43), there are ^** + 1 pairs of forms (39). 
Since « ^ 0, (41) is an automorph of Q2 only when X* = 1. Hence the pairs of 
forms (39) fall into two sets each containing i(j>^+ l) pairs equivalent under 
transformations (41), satisfying (42). For given values of the invariants r, 6, 6, 
with jB ^ 0, the pairs (35) fall into two non-equivalent sets under O^; the sets are 
differentiated by the two square roots of — B in the G^^[^]. 

To prove the last statement, %^tj^\{p^ + 1). Under transformation (41), 
subject to (42), the pair (39) is replaced by a pair with x' = x/i£, where /i£ = >l^ 
is a root of /£^=:1. Hence we may restrict x to two values xi, X2, such that 
x{ and 74 are the two square roots of — B. 

We proceed to the construction of an invariant Ci of the general pair of 
forms 3i, q^ in the <7-^[i>**], P^% which will differentiate the two sets just 
mentioned. To this end, we first determine a non-vanishing of multiple of x^ 
which is expressible rationally in terms of the coefficients of (35). Since 4 is a 
square and v a not-square, {Av)^ = — 4v. Hence, by (43), 

x^ ± Ava^ = »^ [1 =F (— i?)"], T = \{p'' — 1). (44) 

According as — B is a not-square or a square in the Q'F\^p^'\^ we employ the 
upper or lower signs in (44) and see that the non-vanishing functions 

u,^B\{k-2fsy-{jc+2fBy\, u,^{jc-2fsy + {Tc+2fBy (45) 

equal polynomials in v^ e, /, g, which are unaltered by every transformation of 
determinant unity which replaces (35) by a like pair. Set "^ 

n, = 4[l-(-a)']Tr„ fl, = i[l-(-a)'](-arTr„ (46) 

in which Wi is to be determined so that it shall equal Ui when the general pair 

of forms becomes (35). Now (^y) will replace a? — ry* by (19), with a = — v, 
and will have determinant unity if 

a*— vy» = ao, ^3 = {a^a + ry)/ao, 5 = (a + Oiy)/^- 

• Whence Q« sO if — a it a square ^0. For a » 0, TT, = 0, TT, ^ 0; hence in 0, we insert the factor 
a power of —a. 
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The inverse ( ~ ) replaces (19) by a? — vy^, and (23) by ql^ with 
\ — y a / 

/= ai"*(«d — ay<), h = a^^{6t — 4rayd), < = Oq^ + 2i;6oi « = a* + vy*, 
with d given by (6). Inserting the values of /, A, v = — a, e = (A? — fi)/(2v) into 
(45), we have the required functions W^. The resulting forms have the dis- 
advantage that they contain the auxiliary quantities a, y. For small values of 
p** we may eflfect the expansions, ^-PP^y ^ — ^y^ = ^; ^^^ obtain functions free 
of a, y. We shall, however, make use of a different method of attack. 

According as Oq is a square A^ or a not-square vV^ we apply 

to the general pair of forms (19), (23). For a© = A*, we obtain (35), with 

c = 6o/«o, /=(«o*i — «i*o)/«o, g — (ioh—^(hhi + albo/a^. (47) 

For ao = rA*, we get 

— ^ + vy^, V^ga?—2/xy + vey'. (48) 

To the latter we apply transformation (38') and obtain 

-26-rr, x^X^ + v''0BXT+a^T^, (49) 

each coefiBcient beiug conjugate with the corresponding coefficient in (39). The 
only transformations of determinant unity multiplying XThj — 1 are 

L:=(jiT, —fi^^X). (50) 

By a discussion similar to that for (41), we see that L corresponds to a trans- 
formation (56) on a, y with coefficients in the GFl^p^'] if and only if 

/'^^^=i- (61) 

Applying transformation L to the pair (49), we obtain 

2eXT, XiX^—v^dsXT+ (TiF*, x^ = d^'^fii^ a^ = n^x^\ 
As noted above, (4r)^ = — 4v, so that by (43) and (51), 

xi = — x^, a(= — aK 

Hence by (44) and (46), the functions Ui for the pair (48) are the negatives of 
the functions Ui for the pair (36), subject to (47). Now oj = + or — 1 in the 
respective cases. Hence in each case the desired function Wi is Oq times the 
function obtained from 17^, in (45), by inserting the values of k and / given 
by (47), viz.. 
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(62) 



Expanding the binomials and replacing ^ by — a, we get 

a=l 

a, = <-i[(_ar-(-a)^]f ^8^(-a)'(2<i)*' P-'', 

Invariant fli is of weight 8, Hj of weight 2. Under {x + ty, y), Oq, 6o; <^ 
are unaltered so that each Cl^ is unchanged. To complete this direct verification 
of the invariance of IX^, it remains to test the transformation {y, — x). The 
following special forms of the Cl^ are obviously unaltered by the substitution S 
which interchanges Oq and a,, b^ and b^^ and changes the signs of 04, bi. 
For ^~ = 3, 

111 = ba^Mih — oo) + 6i(*o — 6i)(«(/2t5, + ajol + c^i^J), 

the product of 1 + a by the invariant bai{a2 — Oq) — abi{b^ — 60) 5 

n, = {b{l-a^)+H+^\{a^,+a^)+a^a^{aJl>^^^ 

For 2>** = 5, Hi = OoOsAo where 

+ii(*?-^)(«o«2^-l-2a}) [m = aaa,+ 2a?], 

Hi = 266iai(aS+a|)(l— aaa8af)+6V+6J/+Jot?+ J|t/ 

+(6S+2^»)Vi(2af-a8a|(^»-aSa|), 

< = 2a|(l-aJ)-2a8ti^l+ch*)+«aa!(l-2a§ai), 
» = ag-aoaS(l— aj)+aga!(aga|~2), 

<' and t/ being derived from t and t; by the substitution S. 

The classes with — a a not-square are completely characterized by the 
invariants a, b, 0, Cif. Instead of (39), we may employ canonical types with 
coefScients in the initial field. For the case — B a not-square, let JS; be a fixed 
element for which (A? + Ii)/{4tv) is a square p*. Then by (43), (862), (403), 

/=±p, e = ik-e)/{2v), g = {k+e)/2. (53) 

Hence any pair of forms with — a and — B not-squares is equivalent under (7, 
with one of the two pairs (35), subject to (53). In view of (45i), the sign of f 
is determined by the invariant Aj . 

For — B SL non-vanishing square m\ there occur types (35) with/=0, 
in view of (43). For such a type, 

/=0, c = (— e=Fin)/(2v), g = {e^m)/2 (m = \/=:K). (54) 

46 
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If an automorph T of a? — ry* replaces ea? + gjf by a form lacking xy^ then T 
is either (db a, db y) or (ryy, ya:), where y^v = — 1. Hence the two types (35), 
with the specification (54), are not equivalent under Oi^ if — 1 is a square, 
and may be taken as representatives of the two classes with the invariants 
a = — v,b,d. Now Iljj = 2(:^ m)^, so that Q^ determines T fn, since / is here 
odd. But if — 1 is a notnsquare, the two preceding types are equivalent ; 
we then employ 

± {x^ - v/), J(=F + m)i;-V + 4(± e + m)f, (55) 

m being a fixed square root of — B. The two types (55) are not equivalent 
under Gi when — 1 is a not-square. The only transformations of determinant 
unity which multiply a? — ry* by — 1 are 



C;=7). -'-n'= 



(»«) 



viz., transformations (60) on the original variables. If (66) replaces (662), by a 
form lacking scy, then may = 0, whereas a :^ 0, y :^ 0, — 1 and v being not- 
squares. For (65), H^ = db 2 m*^. Now j is even. Hence Cl^ differentiates 
the two types. 

Theorem. As a ftmdamental system of invariants 0/ a pair 0/ binary quadratic 
forms in the QF[j>'*'], p > 2, tre may take* 

«, 6, «, Qa, Qi>f ^u Kf Va, n, ill, iit. (67) 

17. To determine a complete set of linearly independent invariants, we 

employ the method of § 6. The invariants in any line of the table are linearly 

independent, equal in number to the classes in that line, and vanish for the 

classes in the later lines. 



Clabbbb. 


IMTABIAMTB. 


NUMBBB. 


—a, — B not-squares 


a'B' e'n„ [{-aY— 1] ii-Sy— 1] a'+iiB'+i 0" 


2t«P» 


— i2 a square, - 


-0 not 


a^R'S^Ci,, [(— a)'— l]o*+»i2'+»6* 


2T*i)» 


— a not-square. 


i2 = 


[(_«)' _l]a*+>e' 


T2>" 


— a = square 




a•+>^♦(6^ l^K, 6*7„ Jr«, KV,) 


Ti)»(2/>» + 3) 


(840 




h'&'Q'a 


4rp^ 


(34.) 




i^^'Qi, b'^'QlVj, 


4t 


(34.) 




QTa^i 


2p» 


?i = 




K Qt,, 1 


i>« + 2 



* In place of Q,, we may employ K„ and Z'^ (In differentiating the elaaaes at the end of this section). 
Cf.u4./., flO. 
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The exponents take independently the following values: 
tf, <T=:0, 1, .., T— 1; « = 0, 1, .., r; t, r = 0, 1, . . , 2t; j= 1, .., 2t; e= 1, 2. 

The total number of linearly independent invariants is thus 

2^»«+^««+ 2^~. 
Obvious linear combinations of those in the table give a simpler set. 

Binary Quadratic and Linear Form in the G^-^[p**], p !> 2. 
18. Consider the pair of forms 

J = OoO* + 2aia:y + Ogy*, l = rx + 8y. (58) 

In addition to the invariants in § 12, we have 

B = aQ8^— ia^ar + a^f», J= (1 —r^)(l —«'*), (59) 

where R is the resultant of the pair (58) and (i=zp^ — i. 

We construct an absolute invariant V with the value a when q = aPf ^^0, 
and with the value zero in the remaining cases. Thus 

F=v(l — i2'*)(l— a'*), a = \q\. 

To determine v consider the pairs (58) with i2 =: a =: ; then 

g = aZ*, ao = ar*, ai = ar«, 0,5 = as*. (60) 

First, take r:pO. Then t? = Og/r*. Hence for any r, 

i; = aor'*-« + Aj(l — 7^). 

Next, take r = 0, « :^ 0. Then v = Og/*^ = k. Thus, for any s, 

k = a29^'-^ + c{l — e^). 

For r = tf = 0, t; = by definition. Hence c = 0. Thus 

F= (1 — i20(l — a'*)|aor^-* + ag^-«(l — r^)}. (61) 

Finally, we shall need an invariant K with the value ^ when 

q-2plk. ?i = y« + «y, r« — «y=l, ^:^0, (62) 

and with the value zero when q is not the product of two distinct linear factors 
one of which is Z^O. Thus Jr=x(l — R^). To determine x, consider the 
pairs (58) with £ = 0, Z^O, qjP not a constant. Then (62) holds, whence 

ao=2firy, a, = fi{rS + sy), a^=2^8S. (63) 
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First, take r^O. Then by (62,) and {6Zt)f ^ = ^{^»y + l). Eliminating y 
by (63i), we get fi = o^ — a^s/r. Hence, for every r, 

X = Oj — ao«r^-^ + m{l — r*'). 

Next, take r = 0, « :#= 0. Then «y = — 1, ^ay = a^ . Thus 

x = fi = — ai, x = ai + ni. 

Thus, for every «, m = — 2ai + ^(^ — ^)» Finally, take r = « = 0, so that 
X = by definition ; while x = — ai + d. Hence c2 = a| , 

K= (1 — i2'*)]air^ — a^sr^-^ — ay8^{l — r^)\. (64) 

It remains to test the pairs for which (60) holds; but the second factor in (64) 
then vanishes. Hence ^is an invariant of weight 1. 

We may now characterize invariantively a complete set of canonical types, 
under the group 6^^, of pairs of forms (58). 

J=0, B^O: X, R^^aa^ + Btf^. 

J=R = 0^ a^O: x, 2Kxy. 

For J= 1 , then, 1=0 and the types ( 20) for q are characterized by a and Q{^1 2). 
Hence J, i2, a, Q, K, V form a fundamental system of invariants. As a com- 
plete set of linearly independent invariants we may take 

1, J, Q, g*, B\ a\ B^ai, K\ 7' (i,y= 1, ..,/*). (65) 

Any product of the invariants (66) can be expressed as a linear function of 
them by means of the following relations : 

J^z=zJ, JQ = Q—V>^'''\-B'^^ia<^—\), JB = JK = JV=0, 

Ja = a{l-B'^) + K^, (? = Q, Qa = 0, QB = (l — a'')B^+'''', QK=0, 

gy—yi+M^ ji^—jiY—aY—^y—Q^ aK= — K', ir*^=it {t = B,a,£,V). 

Defining the invariant / by (22), we have 

(1 — /)(1 — J) = i?" + iT" + 7". 

Thb Uniysssitt of Chicago, January^ 1909. 
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Symmetric Binary F&rms and Involutions.— GmHnued.* 

By Arthur B. Coble. 



§10. The Form H^^ ^ ^ Ternary Quartic. 
In the representation of § 2, the symmetric form 

is viewed as a ternary quartic with reference to an arbitrarily chosen proper 
norm-conic N. If no conditions are imposed on the form the quartic is general. 
An involutive set of the form determines a set of five points on i^Tsuch that any 
four of the five are apolar to the quartic, t. c, an antorthic five-point or J.J 4 of 
the quartic. The ^,4^8 are subject to five conditions and are oo'^ in number. 
A conic will pass through each one. If Nhe chosen as such a conic, ^a, s has 
one involutive set and therefore, according to (26), has 00^ involutive sets. 
Hence 

(83) The 00 '^ antorthic sets -45^4 0/ a general quartic are distribiUed 00^ ai a 
time on each of a system of cc^ conies. Chi each conic of the system the Al^^^s con- 
stitute the involution Hi^^ of (26). 

In the representation of § 3, the translation of (26) is : 

(84) If a pentahedron in S^ his its five points on a quadric and its five S^s 
on a norm-curve N^^ there are 00 * pentahedra with points on the quadric and S^^s 
an N^. 

The next and last stage in the number of involutive sets of H^^^ is when it 
has 00 ° sets and becomes an I^^. Hereafter we shall suppose this to be the case. 
The quartic, Q, has then 00 ® -44,4's on the norm-conic N. If a point x^ on N be 
fixed, the I^^ reduces to an I^^ ^^^ i^T is an involution conic of a cubic, /, the 
polar cubic of 0^4 as to N. Since the invariant, Vi/^ of this polar cubic is of 
the second degree in the coefficients of the /^^g, there are four points on N 
whose polar cubics have S=:0. These four points are determined by the 
equation 

(85) {a^ai){a^)[{a^a,){a[ai) + (a,ai)(ala2)](a8a^)«(a4a:)V;x)«== 0. 

* This article is a continuation of one under the same title In this yolume, pp. 182-212. The numbering 
of paragraphs and theorems is consecntiye with that of the preyions paper. 
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Let the four parameters of points on N^ determined by (86), be y^ yj, yg, y^. 
Since Nis an involution conic of the polar cubic of y^^ for which /S'= 0, it must 
pass through the vertices of the Hessian triangle of the polar cubic. But these 
also are known to be points on the covariant 8 of the quartic Q and therefore 
must be the points yi^ y^^ y^. Hence the four points are a symmetrical set on N\ 
the polar conic of any two is the square of the line joining the other two or any 
three of the four are apolar to the quartic. If H^^ is an I^^^ the quartic Q has 
an antorthic set A\^^.* To show that this condition is sufficient and to find the 
number of conies N when it is satisfied, we employ the convenient canonical 
form of a quartic with an J.|^4, namely, a sum of the fourth powers of the six 
lines joining the four points. Let then the four points be the vertices of the 
triangle of reference and the unit point. 

(86) Q = ax\ + bxt + c4 + l{x^ — x^y + m{x^— a,)* + n{x^ — x^y. 

Since the conic iV^must contain oo ^ A^^^Sj the polar conic of any two points 
y and s on ^ as to Q must be (when taken in line form) apolar to N. Since also 
^must pass through the ^^4 its equation is 

axi{x^ — ag) + P^{^z — Oi) + yajg (aJi — ««), 
where 

Then if y and z are two points on N^ we have 
(^_y):(y_a):(a-/?) = 

Viivt — ys) • y?bz — Vi) - y^vi — y») = ^{^ — ^) ' %(i% — ^i) : 2^(21 — ^a). 

Forming the line equation of the polar conic of y and z as to Q and substituting 
for the coordinates of y and z their values in terms of a, /9, y^ the apolarity 
condition reduces to 

(87) al{^ — y)8 + bm{y — af + cn{a — /?)» = 0. 

Hence if Q has an A\^^^ there are three conies on the A\^^ each of which contains 
co^ A\^^s of Q which constitiUe an /g,,. Such conies will be called involution 
conies of Q. 

The binary cubic (87) is apolar to the cubic (/3 — y)(y — a)(a — fi) and its 
Hessian is 

bcmn{y — a)(a — /?) + canl{a — ^){^ — y) + ohhn{^ — y)(y — a). 

*Qnartic6 of this type haye been noticed briefly by Caporali ; Memoirt^ p. 347, SS85, S6, 87, 40 and 44. 
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But fi — )^ = determines the parameter of a degenerate conic in the pencil 
through J.i,4. Hence the two conies of the pencil which form the Hessian pair 
of the three involution conies are 

bcmn scgSCsC^s — *i)(2^i — ^2) + • • • • > 
which according to Caporali is the covariant S. Thus the triad of involution 
conies is completely defined by its apolarity with the triad of line pairs on Al^^ 
and with the pair of conies into which S degenerates. 

That Q have an A^^ is a single invariant condition which is easily deduced 
from the canonical form (86). Denote this invariant by Si because of its 
resemblance to the invariant S of sl cubic. Caporali calculates the invariant of 
Q of the third degree 

A = 63,0,0= (« + i + c)(mn + nl+ Im) + al{b + c) 

•+- bm{c + a) + cn{a + b) + abc. 

The invariant B of degree six which is the condition that Q have an apolar 
conic is 

B = Ci,o,o = ohclmn. 

The covariant conic of degree five which, when .8 = 0, is the point equation of 
the apolar conic is 

'^^ { I ' m ^ n ^ a ^ b ^ c J 

The invariant D of degree fifteen, the discriminant of (7, turns out to be B^A^ i. «., 

D-B'A* = 0. 

Since in general D does not factor into B^A,1[ this is an invariant condition 
satisfied by our special quartic and furnishes the required invariant, /Si=Z> — B^A, 
of degree fifteen. Summing up the above we find that 

(88) The involution form, /g^^, with reference to a norm-conic, N, represents 
a ternary quartic which satisfies the single invariant condition of degree fifteen, 
A^j = 0. Q has an A^^^ and the covariant S of Q is two conies on the A\^^. In the 
pencil of conies on A\^^ there is a set of three which is apolar to the set of three 
degenerate conies of the pencil and whose Hessian pair is S. On each of these three 
involution conies, one of which is N, the sets -4J, 5 0/ Q lie in an I^^' 

* The namerical factors of the inyariants are not adjusted to any giyen system. 

f jE?. ^., D is irreducible for the special quartic of Salmon which contains only eyen powers. 
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The simplest picture of an ^a is the system of intersections of a rational 
quintic R^ in ^3 by the planes of 4^. Hence we have shown that 

(89) The rational invariant theory of the rational quintic in Ss coincides wiih 
that of a ternary quartic subject to the condition ^^ =: after the a^unction of the 
cubic irrationality which separates the three involution conies* 

To every comitant of Q there corresponds a binary comitant of the form 
4^2, the transition being made with formulae (29) and (30). And to every 
comitant of J^2 there corresponds a comitant of the ternary form Q which may, 
however, according to (89), be irrational. Each covariant of Q cuts the involu- 
tion conic i\r in a set of points whose parameters are the parameters of a set of 
covariant points on R^ ; e. g., Q itself determines on N the parameters of the 
eight hyperosculating planes on R^. The Hessian of the polar cubic of any 
point xi on N cuts N in three pairs of corresponding points; each pair with x^ 
determines the parameters of a triple secant of R^. The covariant S determines 
on N the parameters of the four meets with -B5 of its unique fourfold secant. 

Let us consider the 24 meets of N and the Steinerian of ^, R=iT^ — ^JS\ 
a curve of order twelve. If Xi is the parameter on N of one of the 24 points, 
for this fixed x^ /a^s becomes an /s,^ represented by the nodal polar cubic of xi 
for which N is an involution conic. Since the discriminant of / (for any point 
Xi on N) breaks upf into two rational factors of degree six, the 24 points separate 
into two sets of 12 points. The involution conic passes through the nodes of the 
polar cubics of the points of the one set. The node and flex-line of the polar 
cubics of points of the other set are pole and polar with regard to N [see pp. 
206-6]. Hence 

(90) Each of the three involution conies of a ternary quartic with an A\^ 4 meets 
the Steinerian in the 12 points (/?) which correspond to the 12 points (a) in which 
it meets the Hessian. It meets the Steinerian further in 12 points (y) of whose 
nodal polar cubics the node and flex-line are pole and polar as to the conic. 

To the sets (a), (/?), (y) on N there correspond on R^ sets of twelve points 
described as follows : 

(91) R^ has tteelve tangents at points (a) which meet the curve again at 
points (fi). 

* In some special cases noted hereafter the part of this theorem which concerns the nnmher of involution 
oonicB requires modification. 

I This separation does not involye a degeneration of S into two cnryes of order 6. Similarly for any 
point z, on N the inyariant S of the polar cubic of Z| is the square of a rational expression, but the coyariant 
S is not the square of a conic. 
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(92) A triple secant of R^ on a point r meets R^ in points Si and s^ and con- 
tains two planes which totich R^ at points ti and t^; there are 12 points r, points (y), 
such that the three triple secants on r determine three pairs SiS^ involutorily pro- 
jective to the three pairs t^t^. 

To every invariant of Q there corresponds an invariant of R^. Let us 
examine for example the invariant B. When /Si = and Q is in the canonical 
form (86), clearly J3= requires that one of the six coefficients, say Z, he zero. 
J3 = is also the condition that Q have an apolar conic which in this case is the 
point pair v^v^^ two points of ill, 4. The conic G is then orf and it cuts N in the 
apolar point pair whose parameters are, say x^ and x^. The polar line of the 
three points a:^, <i, ^, where t^ and t^ are arbitrarily chosen on iV) will cut N in 
the points x^ and t^^ i. e., every one of the set of AI^^^b which contain a^ contains 
also X2* This requires on R^ that every plane on the point whose parameter is 
Xi meet the curve again in the point whose parameter is X2y whence these are the 
parameters of a double point on R^. 

(93) The condition thai R^ have a double point is the vanishing of the invariant 
B of the sixth degree in the coefficients of its I^^. The parameters of the dovhle 
point are determined from the two double roots of {cixf{c^Y = 0, where {cja^\^^hP^^ 
is the symmetric form of degree five in the coefficients of I^^ '^hich represents the 
conic C. 

Instead of using known properties of Q to obtain facts concerning R^ the 
reverse process can be employed. It is well known that an R^ can lie on a 
quadric surface, in which case all generators of one kind are fourfold secants. 
The 78,2 of such an JS5 determines an interesting ternary quartic not noticed 
hitherto. As before, to each fourfold secant, there corresponds on iV^four double 
points of 8^ whence S must be the square of the conic N and its points must 
fall into sets of four which belong to an J^ s* Each set of the /,,8 is an A\^^^ of Q. 

We shall show first that 8 the square of a conic is a sufficient condition for 
this phenomenon, the necessity of the condition being obvious. Let s^ be any 
point on the conic 8. The polar cubic of ^^ as to Q has a Hessian triangle whose 
vertices, ^, t^j ^, also lie on 8. Each set of three points, s^t^tjc^ is apolar to Q. 
The polar cubic of ^ has a Hessian triangle with vertices s^r^r^ on 8. But Sit^ 
and Syt^ are apolar to this cubic, whence t^ is the line of the Hessian triangle 
opposite Sly i. «., the lines ^g ^^^ "^2*^8 coincide. Hence the pairs t^ and r^^ on 
the same line and conic coincide. Thus any three of the four points Sit^t^t^ are 
47 
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the Hessian triangle of the polar cubic of the remaining point and the four are an 
A^^ of Q. Evidently there are oo ^ such -48,4^8 of Q on S in an /j^g. That S is 
an involution conic follows from the fact that S is on the Hessian triangle of the 
polar cubic of any point on S and therefore is an involution conic of the polar 
cubic (p. 204). But if an j5^3 for any assigned value of one variable reduces to 
an 4.2i the H^^ is an J^,. Hence 

(94) TJiat the covariant Sofa quartic Q he the square of a conic is the neces- 
sary and sufficient condition that Q have oo ^A^^^s which must lie in an 7]^ s on the 
conic. The conic also contains oo ^Al^^^s of Q which lie in the I^^^ ^f on Rf, on a 
quadric surface. 

Further it is clear that 

(96) An /i,8 <^ <^ conic determines a imique quartic Q whose covariant S is 
the square of the conic. The sets of /i^a ^^^ -^t 4'* ^f 0- 

The JSs on a quadric, the J^gy ^^^ the quartic Q each depend on three 

absolute constants. The quartic Q with a unique J.|,4 depends on five absolute 

constants. It is one condition on a, b, c, I, m^ n that S be the square of a conic. 

Writing 

Ti = aZ, r^ = 6m, r^ = cn^ 

«i = ri + r8 + r8, «2 = ^g^'s + ^s^ + ^1^21 «8 = ^i^2^2y 

this condition is s\ — 4«i«8= 0- When this is satisfied, the number of constants 
is four ; but the reduction to the canonical form is possible in oo ^ ways, whence 
the number of absolute constants is three. In treating Q we must suppose 
B ^0, which emphasizes that an B^ on a proper quadric can not have a 
double point. 

The Steinerian and Hessian of Q have remarkable properties. It will 
happen six times that two points of an A^^ coincide. Let the coincident pair 

of such an A^^ be p^ and the other two points be (T^ and t«, i = 1, 2, , 6. 

Then pf(r«, pfr^, and pfifli are each apolar to Q. This requires that the polar 
cubics of Ci and r^ have cusps at p^ with cusp tangents p^Tf and p^a^ respectively. 
So all points on the line a^i have polar cubics with a node at p^ and the line is a 
part of the Steinerian. Since the Jacobian of a net of curves has a double point 
at a point where all the curves of a pencil in the net have a double point, the 
Hessian of Q (the Jacobian of the net of first polars) has a double point at p^. 
Evidently the Steinerian, R = T^ — iS\ factors into two sextics when S is the 
square of a conic. The factors are i2i= T+^/jSS and B^= T—^/~^S. We 
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shall see that^ to accord with our earlier convention/ the first factor must repre- 
sent the six lines a^t^. Since jr= and -Kg = 0, when jB^ = /S = 0, we find that 
the line afl^ must meet both i^ and T three times at (Ti and three times at r^. 
Thus R^ and T each have the line a^ti for a double flex-tangent at the flex-points 
(T( and T{. Since the cusp tangents of first polars touch the Hessian at the cusp, 
the tangents to the Hessian at p^ are p/r^ and p«(Ti. 

(96) The Hessian of Q has six double points p^ on the conic S whose tangents 
cut S again in pairs of points a^Ti. The Steinerian decomposes into the six lines 
a{ti and a seo^ic R^ which has the six lines Ofti for double flex-tangents which touch 
at Ci and r«. jB^i being in one-to-one correspondence with H, has six further double 
points not on S. The polar cubics of points on Ofti have double points ai fi, the 
double-point tangents being harmonic with ffli and p^a^ which are the cusp tangents 
of the polar cubics of (r< and *r< respectively. 

According to (94)^ N^^VH is an involution conic of Q. But Q has also 
other involution conies. From the definition of the involution conies in (88) we 
conclude that when /S is a perfect square two of the three involution conies on 
an ^4 coincide with S. But the third is distinct and still has the property that 
taken with the conic S twice it forms a triad apolar to the three degenerate 
conies on the A^^. But this requires that the involution conic be apolar to S in 
line form.f The four points on JS being given, there is a single conic of this 
kind and the /|^8 ot ^li's determines a pencil of conies M which meet in a set 
of four points, O^, orthic| to the conic S. On an involution conic M there is a 
single As^i of Q and its involution is that of an E^ which does not lie on a 
quadric. As before, we show that the twelve meets of M and H correspond to 
the twelve meets of if and -Sji whence the sex tics JET and B^ are cut by oo ^ conies 
in twelve pairs of corresponding points. 

Through a point a; on a line (t^t^ there passes a conic M which is an involu- 
tion conic of the polar cubic of x. The invariant B^ of this cubic vanishes ; 

* In the first paper the general cubic was considered with regard to a proper inyolntion conic, the polar 
conic of a point P as to the cubic A. If, howeyer, P were on the Hessian of J., A^, its polar conic would be 
degenerate and the entire construction would fail. From (54), A^ = — ^BiiB— 2 V\Sf), The condiUon that 
P lie on ^j^ is giyen in (52). Comparing this condition with (49) we find it to be iS, = 0. For this case, how- 
eyer, a new determination of the inyolution conies was made (p. 305). 

t A triad of conies in a pencil, {ax)\ (&z)<, (cz)*, is apolar to the triad of degenerate conies in the pencil if 
(abe)^ = 0. 

tJ. e., 5 in lines Is a sum of squares of the four points. 
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hence its flex-line is the polar of its node pi as to M. The polar lines of p^ as to 
the pencil M meet in a point r^, the partner of p^ in the quadratic Cremona 
involution determined by 0*. The line r^p, is touched by two conies of the 
pencil at r^ and p^ . Since the conic on p« touches N at p^, the line r^p^ is the 
tangent to iV^= V^^ at p^. This is also evident from the fact that this tangent 
is the flex-line of the cuspidal polar cubics of Ci and r^. 

(97) In addition to the special involution conic N whose square is S, Q has 
00 ^ involution conies M which lie in a pencil apoiar to N in lines and cut N in the 
^8. 4'^ of Q' Th^ conies M each cut the Steinerian sextic R^ and the Hessian in 
twelve pairs of corresponding points. 

The flex-lines of the polar cubics of points on a line afli meet in a point r^, each 
line on r^ being a ftex-line of two cubics. r« is on the tangent to N at p^ and the pair 
of points r^pi is apoiar to all the conies M. 

We shall show further that the six Steinerian lines touch a conic. Take 
P<> ^ii "^i *8 tb® reference triangle Ui^u^^u^ and let a:^ + a:8= be the tangent 
to i\r at 1^1. Then Q takes the form 

B = a6ky 

and 

C = a^y4 — aSy^^si — aS^fi^si + 2a5V ^i{^ + t^Y 

Thus Xi = meets C in two points apoiar to tigt^, the two points in which it 
meets N. Hence this line lies on the conic locus of lines which cut N and C in 
harmonic pairs. 

(98) The six Steinerian lines touch a oonic^ the intermediate or Clebschian of 
C and N. 

Further study of the comitants of. Q would no doubt yield results worth 
noting. For example the point equation of the contra variant ^ of degree 6 and 
class 4 has been determined^ to be 

2{ZBS— 2C^){2HC— S^) — {SBH— SOf = 0. 

Its twenty-four cusps are the meets of ZBS—2C^ = o and SBH—SC^O. 
From the equation of ^ we find that it has the six double points of H as double 
points with the same tangents as H. Also since SBS — 2(7^ factors, the 24 cttsps 
of ^ lie 12 at a time on two conies of the pencil determined by *^ S and G. The 

* Coble, Amsbioan Joubnal, Vol. XX VIII, pp. 844-45. 
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locus of lines whose associate conies degenerate is in general a sextic 4^ The 4 
of Q is the square of the cubic whose lines join pairs of points in the /^.s on N. 
The above discussion suggests a classification of non-singular i^s's into 
three types: 

(S9) Type (A). B^ is the general quintic with a single fourfold secant. 
Q is the general quartic with an J.a,4 ^^^ three involu- 
tion conies (90). 
Type (B). R^ has a single fourfold secant. Q has qo ^ A^^^^b. The 
involution conic is one of a pencil and contains a single 
^1^4. B^ depends on four constants, Q depends on three 
constants and the involution conic on one. 
Type {C). -B5 has qo^ fourfold secants on a quadric. The involu- 
tion conic is unique. B^ and Q each depend on three 
constants. 
In the usual classification according to the number of fourfold secants, 
types (A) and (B) coincide. In this classification with reference to Q, types {B) 
and (C) hang together. 

To characterize the B^ of type (B) we observe that on the involution conic 
M the 12 Steinerian points whose corresponding Hessian points do not lie on M 
are cut out by the six Steinerian lines and separate into six pairs. The polar 
cubics of a pair have the same flex-line. But this line cuts if in the fixed points 
of the binary involution described in (73) and (92). Hence 

(100) On an B^ of type (B) the 12 paints (y) o/(92) separate into six pairs, 
the points of a pair determining the same binary involution on the curve. 

This is not a very marked geometrical peculiarity of the curve. A better 
condition should arise from the existence of the four special points of the curve 
which correspond to the base points of the pencil of involution conies. 

When B^ has an actual multiple point, the number of A\^^b of Q and the 
number of involution conies vary. 

If B^ has a double point, Q has an apolar point pair, pip^^ The polar 
cubic of either point is three lines through the other. The Hessian pairs of the 
two sets of three lines form a quadrilateral with opposite vertices p^, p^] ^1, q^\ 
and rj, r^. Then both pi, p^, g'l, q^ and Pi^p^, r^, rg form an -4J^4 of Q. On 
each il^4 there are three involution conies. S is the product of the four sides 
of the quadrilateral. 
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If R^ has two double points^ Q is a sum of the fourth powers of four lines. 
Any two of the three pairs of opposite vertices of the quadrilateral are an A\^^ 
of Q^ there being three involution conies on each A\^^. Again 8 is the product 
of the four lines. 

If R^ lies on a quadric cone and has a triple point at the vertex, Q is a 
sum of three fourth powers. S vanishes identically. Any conic through the 
vertices of the three-line is an involution conic. The vertices determine the 
parameters of the triple point. 

I will obtain finally a covariant conic of Q which becomes 8 when 8 is the 
square of a conic. Taking Q in the canonical form (86) and using the notation 
of p. 360 we find that the conic whose polar as to Q is ^ is 

K= Sfi [ 2 -^[th(t^i + ti3 + Us) - tiBtis] |. 

This conic and 8 involve the six coefficients only in the combinations ri, r^, r^. 
The point equation of K is 

Ci = 5*|2-^[-3a:f + a5| + a:i-3(x,-aj8)« + (a%-a:0»+(^^ 

The polar of jE' as to 8 \% 

Ci = B»J2-^[-3a:f + 2a| + 2a5-3(a8-a%)«+2(a^-x0'+ 

+ 2-^[-4a5 + a| + a|-4(a%,-a%)« + (a%-»i)« + (^ 

Then 

Ci + 5a2=658{2(rj7|-rft|-rii|r8 + rir8i|)x,(x,-X8)}. 

Evidently this covariant conic of degree twenty goes through A\^^. When Q 
has 00^ ^m'^i ^^ must either vanish identically or pass through all and coincide 
with 8. But one easily verifies that its vanishing imposes further conditions on 
^19 ^21 ^8 than the one, ^ — 45i«8= 0, which requires that 8 be the square of a 
conic. Hence it must coincide with 8. 

A discussion of the relation between a ternary rational quintic and the 
cubic surface determined by its I^^ is reserved for a later article. 

Baltimosx, April. 16, 1909. 
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A Theory of Geometrical Belatiofis.* 

By Arthur Richard Schweitzer. 



Introduction. 



In the present paper we aim primarily to establish the result that descriptive 

or projective order in n-dimensions (n = 1, 2, 3, ) may be generated j>-dimen- 

sionally (^ = 1, 2, 3^ f^)f^o that the corresponding geometric spaces Sp^^f Sp.n 

may be said to have the index {p, n), where p denotes the dimensionality of the 
generating relation and n is the dimensionality of the space generated.f Each 
of the geometric spaces is generated by two indefinables, viz., the element point 
and the generating relation ; the other indefinables, such as that of the ordered 
dyad, are more broadly logical. Provided n > 3, each of the descriptive spaces 
Sp^^ is extensible to the usual n-dimensional projective geometry by well-known 
methods. I 

Among the ^-dimensional relations which are effective for the generation 
of descriptive or projective n-space, those which involve a minimum number of 
points, viz., ^ + 1, are especially important. We designate such a relation, 

which is necessarily descriptive, by aj-BpOj ap+i, where 2> = 1, 2, 3, 

This relational proposition may be interpreted concretely for ^ = 1 by, "ai pre- 
cedes 02,'* and hence Ri is the well-known relation of Yailati;§ for ^= 2 by, 
"if a person swims from a^ to os, the point ai is at his right '^; for p=^3 by, 
"to a person stationed at ai 'motion' along the triangle a2a8a4 in the indicated 

* Read before the American Mathematical Society under the following titles : "On the Fonndations of 
Abstract Geometry/' April, 1900; *< Concerning Abstract Geometrical Relations,*' "Systems of Axioms for 
Pro jectiye Geometry," September, 1900; ** On the Aasdehnangslehre of Grassmann," March, 1907; "On the 
Relation of Right-handedness in Geometry," September, 1907. 

tThe interesting memoir by F. Morley, ««0n the Geometry Whose Element is the 8-Polnt of a Plane," 
Traru, Am, MatK 8oe, (1904), Vol. V, p. 407, has an important relation with onr development. 

X Klein, MiUhtmatitehe AnndUn^ IV, VI; Pasch, " Vorlesungen tiber Nenere Geometric"; Bonola, QiomdU 
di Matematieh$, XXXVIII. 

S Vailati, MiviUa di Matematiea, II, pp. 71-75. 
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order appears clockwise/' * hence B^ is equivalent to a relation of (absolute) 
right-handedness. In general, the relation lip is ^-dimensionally transitive and 
alternating, t 

The p-dimensional systems ^JSp generated by the relation Bj, are equivalent 
to the systems ^Kp generated by the (^-dimensional) linearly transitive and 

symmetrical relation i^ between two ordered (2> + l)-ads,J ai 02 ap+i 

^p i^i i^j i^p+i (jP = 1> 2, 3, ). For ^ = 3 the relation Kj, expresses 

sameness of sense, or relative right-handedness. An important distinction 
between the systems ^Bp and ^Kp is seen when each system is extended to 
n-dimensions, n ^p. For such an extension an infinite class of relations of the 
type Bp is required, whereas a single relation between {p + l)-adB, analogous 
to the relation Kp , suffices in case of the extension of the system ^Kp . 

For 2^>3 the systems ''-ffp are made "complete/' for euclidian geometry 
by adding a certain number of axioms which permit the introduction of the 
real number system in a very simple manner. § These "complete" systems are 
shown to provide an elegant basis for Grassmann's Ausdehnungslehre and the 
exposition of the latter by Peano. || 

Finally we discuss, in addition to the relations Bp and Kp , their projective 
analogues and other ;>- dimensional relations which generate n-dimensional 
geometry; also we consider their mutual definition. For example, we show 

that the well-known relation of "betweenness" ai n^ fiifi^ has the ^^-dimensional 

extensions ailpfiifif^ fip^^ and ajOj. . . .o^JSp/Si^s, where the order of the 

elements in the terms of each relation is immaterial. The former proposition 
expresses concretely, "a^ is in the interior of the p + 1 independent points 

^1^9 i^p+i*'; *^® latter proposition expresses, "the p independent points 

OiOj ttp are between ^j, ^g." ^ 

• Of. Mobias, '^Der barycentritche Calcal,'* OuamrMlteWerke, I, H 17-20. 

f For deflnitions, t«e Chapter III. 

X If the (p+ l)-ads are Identical, the order of the elements Is immaterial. 

SCf. Oraesmann, ('Ansdehnangslehre/* 1844, OesammeUe Wwke^ I, p. 188, note 1. 

I Peano, *«Calcolo Geometrico ; '* FormulaWe Mathimatiqu€, Turin (1008), pp. 277, 888; (1905), p. 188. 
Of. also Schweitzer, **0n the Logical Basis of Orassmann's Extensiye Algebra," Bulletin American Math, Soe,^ 
November, t908. 

t In connection with these relations we find it desirable to formulate descriptiye axioms in terms of a 
relation a^a^SPiP^,.,, p,, which expresses that, ^^a^a^ are on the same side of the independent points 
PiPi"" Pf^* A comparison of these *</$*' systems with our ••i?" systems is most Instmctiye. 
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Chapter I. 

Historical Remarks on the Theory of Relations. 

Previous to De Morgan the subject of relations was considered almost 
wholly from a metaphysical standpoint. Thus De Morgan says : "^ 

''Much has been written on relation in all its psychological aspects except 
the logical one, i. e., the analysis of necessary laws of thought connected with 
the notion of relation. The logician has hitherto carefully excluded from his 
science the study of relation in general; he places it among those heterogeneous 
categories which turn the porch of his temple into a magazine of raw material 
mixed with refuse.*' 

Again, on the inadequacy of the previous logical treatment of relations 
the same author says : f 

''The only relations admitted into logic, down to the present time, are those 

which can be signified by is and denied hy is not Accordingly, all logical 

relation is affirmed to be reducible to identity, A is A, to non-contradiction^ Nothing 
both A and not-A, and to excluded middle. Everything either A or not-A. 
These three principles, it is affirmed, dictate all the forms of inference, and evolve 
all the canons of syllogism .... I cannot see how, alone, they are competent 
to the functions assigned." 

Observing that one may ignore on the logical basis the metaphysical aspect 
of relations, De Morgan was the first to investigate their formal theory, J His 
suggestive memoir on relations has been of marked influence on subsequent 
authors and contains features which have been generally recognized as funda- 
mental. § 

Although De Morgan first emphasized the formal theory of relations, it is 
due to Peirce || to have systematically developed his ideas and to have pointed 
out their adaptability to a calculus. The work of Peirce has been carried to a 

* Cambridge Fhilotophieal TranMctionSf 1861, p. 881. 

On the definition of a relation J. 8. Mill says (James Mill, «• Analysis," II, 10) : " Any objects, whether 
physical or mental, are related .... in virtue of any complex state of consciousness into which they both 
enter, eyen if it be a no more complex state of consciousness than that of thinking them together." 
Compare De Morgan, I. c, p. 208; Peirce, Ameriean Journal^ III, p. 43. 

1 1 c, p. 886. 

t "On the Syllogism I, II, III, IV," Comb. 1%«. 2Van«., 1847-64. 

S Of. Peirce, Ameriean Journal, VII, pp. 201, 202; III, p. 21, etc. 

II American Journal, III. 
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high degree of elaboration by Schroeder.''' On the plan of his discussion of 
relations the latter saysif 

^^Bei der fast unermesslichen Mannigfaltigkeit der Bichtungen, nach welchen 
sich die Disziplin entwickelungsf ahig zeigt, der Fiille ihrer Anwendungsmoglich- 
keiten auf die verschiedensten Gebiete — zu denen die Begriffe von 'Endlichkeit', 
'Anzahl', ^Funktion' und 'Substitution' ebensowohl geboren als wie z. B. die 
'menschlichen Verwandtschaftsverhaltnisse' — , bei ihrer Doppelnatur als einer 
Algebra einerseits und einer Entwickelungsform der Logik andrerseits, namlich 
ihrer AusgeatdUung zur Logik der Beziehungen {und Bessiehvngsbegriffe, 'Relative') 
iiberhaupt, scheint es unerlasslich — soil nicht die Uebersicht leiden und der Ein- 
druck der Schonheit und Konsequenz des Ganzen verloren gehen — dass wir die 
verschiedenen Gesichtspunkte, unter welchen unsere Theorie zu betrachten sein 
wird, thunlichst scharf von einander getrennt halten. Ich werde deshalb 
zunachst eine Seite der Theorie fast ausschliesslich bevorzugen, und zwar dieselbe 

lediglich als eine Algebra, einen Kalhd auf bauen Erst wenn auf diesem 

Wege ein gewisser Grundstock geschaffen und ein schon recht ansehnliches 
Kapital von absolut feststehenden Wahrheiten — Thatsachen der Deduktion — 
gesichert ist, gedenke ich .... auf die Fundamente der Disziplin zuriick zu 
kommen, um deren zuerst nur einfach hingestellte Festsetzungen dann auch heu- 
ristisch zu motiviren und aus allgemein logischen Gesichtspunkten reflektirend zu 
erortem, insbesondere sie als den Zwecken eben dieser Wissenschaft, der Logik^ 

dienstbare nachzuweisen Meine Bezeichnungsweisen schliessen sich sehr 

nahe an die von Peirce;]; in einer seiner Abhandlungen gebrauchten an und 
werden die Abweichungen spaterhin gekennzeichnet und gerechtfertigt.'' 
The genesis of a ''binary Relative'' is thus given by Schroed6r:§ 
"Die Disziplin geht aus von der Betrachtung eines Denkbereiches 1^, 

bestehend aus ^Mementen^ A, B, O, , die als einander gegenseitig aus- 

schliessend und von dem Nichts (0) verschieden vorausgesetzt werden. Als 
Inbegriff dieser Elemente wird der Bereich mittelst 

V = A + B+G+ .... 
= 2,1 

• t'Vorlesangen Qber die Algebra der Logik." 

1 1, c. III, 1 (1805), p. 1. 

I Schroeder, {. e., I, p. 710, Note 9c. 

3 MtUhemati9eh$ Annalen, XL VI, p. 144. 
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in (xestalt von deren 'indentischer Summe' (logical aggregate) dargestellt. 
Doch ist sogleich zu betonen, dass diese Elemente — wie die (reellen) Zahlen 
oder die Punkte einer Geraden (ev. Strecke) — auch ein Kontinuum bilden 
diirfen. Irgend zwei Elemente % und j lassen sich — etwa unter dem Gesichts- 
punkt einer gewissen von % iu j bestehenden ^ Beziehung^ — in bestimmter 
Folge zu einem Ekmentepaar (oder individuellen binaren Relative) i :j zu- 
sammenstellen, und bildet die Gesammtheit aller erdenklichen Elementepaare 

einen zweiten aus dem ursprunglichen abgeleiteten Denkbereich, der aus den 
Yariationen mit Wiederholungen zur zweiten Klasse von des letzteren Elementen 
besteht. In diesem zweiten Bereich bewegt sich unsere ganze Disziplin, und es 

wird unter einer binaren Relative (a oder by c, ) nichts anderes zu verstehen 

sein^ als ein Inbegriff (identische Summe) von Elementenpaaren (keinen, 
einigen, oder alien) irgendwie hervorgehoben aus genanntem Bereiche/' 

That iSy a class of elements gives rise to a class of ordered dyads^*^ and one 
obtains a relation^ say aQ^^ satisfied by every ordered dyad a/3 of a class of 
dyads derived from the initial class in virtue of given principlea of selection. 'j[ 

Schroeder's treatment of relations contains many valuable contributions^ 
such as the preceding generation of a binary relative; but^ as he himself 
indicates, it is primarily an independent discipline, an algebra of relations. 
It is due to Russell :|; to have developed a theory of relations which is at once 
free from a complicated symbolism and, as he shows, broadly accessible to 
mathematics. In accomplishing this task Russell has been very materially 
aided by the investigations of Peano.§ 

* On the meanlDg of an ordered dyad, see Chapter II. 

t Royce, TrafuactUmM of the American Mathematical Society ^ VI, p. 858, has also generated relations on the 
selectiye basis.. Cf. also Schroeder, « Algebra der Logik," Vol. II, 2 (1905), Anhang 8. It is an interesting 
problem to arrive at onr <t^'* or <«ir'* systems by means of pnrely selective methods on the basis of a suitable 
existential domain; undefined principles of selection will then take the place of onr formal indeflnables. 

X See his •« Principles of Mathematics." 

S Gf. A. T. Shearman, «« The Development of Symbolic Logic," Chapter VI. The general logical position 
of onr paper is formal (cf. De Morgan, RnsseU, /. c), not selective. The reader will find it interesting to 
compare onr paper with the following secUons of «« Bnssell " : %% 58-55, 71, 81-82 (cf. 54), 88 (last lines of 
p. 87), 89, 96, 98, 187-208, 222, 225, etc. 
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4 

Chapter II. 

On the Theory of n-Dimensiondl Ghains* (n = 1, 2, 3, . . . .). 

In the following^ as indeed throughout the present paper, we assume as 
logical indefinable the functional ordered dyad xy in the variables x, y. 
A functional ordered dyad xy has the property that xy is a proper ordered 
dyad when x and y are given specific values from their respective ranges. 
If a ^ by then the ordered dyads ab^ ba are distinct ; also if c :^ a or 6, 
or d=t^a or b, the ordered dyads ab and cd are distinct. Thus the necessary 
and sufficient condition that ab=:cd is a^=^c and b=:d. Also the elements 
of an ordered dyad are not necessarily distinct. 

Of the dyads ab, ba any one is called the conjugate of the other. The dyad 
aa is conjugate to itself. The dyads ax, xb are said to be connected, ah is their 
resultant and x is their element of connection. We define now a linear permu- 
tation of the elements ai, a^, . . . ., a^ to be the set of ordered dyads formed out 
of these elements with the following properties : 

1. Every element appears in dyads as the associate of the remaining 
elements. 

2. A dyad and its conjugate are not both in the set. 

3. If any two connected dyads are in the set, then their resultant is also 
in the set 

A linear permutational set in n elements ai, o^, , a,^ is then of the 

following type: 

^l<h <^2<h «8<*4' • • -^n-l^w 

dj ^4 . • • • a^_Q a^ 



Two permutations are identical if they contain the same elements and the dyads 
of one set can be. identified with the dyads of the other set. 

A set of elements S gives rise to a set of dyads called a linear chain under 
the following conditions : 

* On the term "chain," as naed in this chapter, compare article on Kinematics in Jlfnqfelopaedie d&r 
MathematUehen WiMsensehaftm, IV, 3, % 28. 
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1. Every element appears in at least one dyad of the set. 

2. A dyad and its conjugate are not both in the set. 

3. Every dyad is connected with some other dyad. 

4. If there exists a dyad connected in only one element^ there exists at 
most one other such dyad. 

6. No element appears in more than two dyads of the set. 

These conditions are satisfied by the following sets of dyads : 

1) ab be ca ef fg, 

2) ab be ca ef fg ge. 

The conditions are also necessary, as is shown by these systems : 

1. This condition is obviously independent. 

2. ab be cd ef fe. 

3. ab be ca ef 

4. ab be cd ef fg. 

5. ah be ca ce. 

In order that the chain of dyads satisfying 1-6 be unique it is necessary to add:*^ 

6. If a set of dyads satisfies 1-6 it also satisfies the condition : The set of 
elements S is contained by any set T of elements with the following properties : 

1) If there is a dyad ab such that a is not an element of connection, then 
T contains an element a; if there is no such dyad, then T contains some 
element of S. 

2) T contains every element x of S such that some element u common to 
S and T forms with x a dyad ux in the set of dyads. 

Under postulates 1-6 two cases may arise : there exists a dyad which is 
connected in only one element, or there is no such dyad. In the former case 
the chain is said to be open ; in the latter, it is closed. An open chain in a finite 
number of elements contains two dyads, ab, kl^ such that a and I are not elements 
of connection ; a and I are called the first and last elements of the chain respect- 
ively. There is, moreover, a unique second element in an open chain, a unique 
third, etc. An important property is the following: Every linear permutation 
contains uniquely an open linear chain in the same number of elements. Con- 
versely, given an open linear chain of dyads in a finite number of elements we 
may arrive at a permutational set of dyads by adding to the set of dyads of the 

•Of. R«Mell, <*Th« PrlnciplM of Mathematics," SS189, 829. 
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chain the resultants of the connected dyads in the chain, adding the resultants 
of the connected dyads contained in the set thus obtained, and so on. 

In an interesting memoir on tactical systems E. H. Moore* has given 
a valuable generalization of a closed linear chain by means of his systems 
S{k,l,fn\. In fact, every closed linear chain is a system iS { 2, 1, m }, but not 
necessarily conversely; since, for example, the dyads 12, 21, 34, 43 are an 
^1 2, 1, 4f, and the dyads 12, 23, 31, 46, 66, 64 are an ^{ 2, 1, 6 [, but contradict 
postulates 2 and 6. 

An important generalization of open and closed linear chains may be made 
in the following manner. By a planar triad [abc] we mean the dyads c&, ac, ha. 
The triad \ahc\ has a unique conjugate, namely, \hac\. The three-dimensional 
tetrad \ahcd^ is the set of planar triads [dbc]^ \pdc\^ [aftcTj, \hac\ ; and [Joed] 
is the conjugate of [a&cc2]. In general, we define the {p — l)-dimensional ^-ad 

[tti Og flp] to be the set of {p — 2)-dimensional {p — l)-ads {cLpO^ «p-J 

[ajOp. . . .Op^i] [«i^' • • -S-J^p] [^^- • • -^p-J; *^d [ogai- . . .Op.iOj,] is 

the conjugate of \aia^ Op]. The {p — l)-dimensional ^-ads {xa^ a^ 

{oix Op] \P'i<h x\ are connected, x is the element of connection 

and {a^a^ o^] is their resultant. A set of connected {p — l)-dimensional 

p-ads (jp = 2, 3, ) may be exhibited in the following formal way : 

\ax\ [aj6] 

[aa6] [bxc\ \cQca\ 

\acx})\ [bxdc\ \cdax'\ \xahd\ 

\hcxde\ [edxha\ \ahxec\ [cexad] [cULxch] 

etc., etc. 

If p is odd each set is obtained from a definite set of closed linear chains and 
the element a; by a simple process of formal interpolation; if ^ is even, each set. 
is obtained from a definite set of open linear chains by a similar interpolation. f 
To construct now ^-dimensional open chains we proceed thus. We illustrate 
the construction for j> = 2, although the method is easily recognized to be 
general. With every planar triad [abc] three systems of connected triads can 
be constructed in the elements x^ a, &, o, each system containing the triad [abc]. 
For we need only find the sets of connected triads of which each of the triads 

•Anuriean J<mmal, Vol. XVIII, p. 268. 

f The p-dimenBional open and closed chains which we shall construct below are made accessible to the sab. 
stitntion theory by exhibiting them formally in a manner analogous to the aboye exhibition of connected p-ads. 



Digitized by 



Google 



Schweitzer: A Theory of Geometrical Relations. 373 

[xbc], [cuccjf [abx] is the reBultant respectively; we get then 

[ahc] [xac] [xba'] 
[bzc] [ahc] [axb'] 
[cx6] [acx] [abc'] 

Consider now the triad [abc'] and let x^f^ a,b, c. This triad gives rise 
to an open chain of triads if 1) [aJbc] is replaced by the three triads [x6c], [axc]^ 
[abx] J of which [abc] is the resultant, 2) or to the triad [abc] is added any one 
of the three sets of two triads which form with [abc] a set of connected triads. 
Thus an open planar chain in four elements a, b, o, x consists of three connected 
triads and the triad [abc] gives rise to four distinct chains in four elements. 
Likewise the conjugate triad [bac] will give rise to four distinct chains, each of 
which is distinct from the former, so that the total number of planar chains in 
four elements is 2.4 = 8. Each of the preceding chains may be lengthened 
in a manner analogous to the above, viz., we replace any triad of a chain by the 
three triads of which it is the resultant or we add to the given chain of triads any 
one of the three sets of two triads which are connected with the boundary of the 
chain of triads. The boundary of a chain of triads is that triad which gives rise 
to the given chain under the following successive processes: 

1. Replacing the triad by a set of triads of which it is the resultant; 

2. Replacing some one of the set of triads thus obtained by a corresponding 
set of connected triads ; and so on. 

The boundary of a set of connected triads is evidently their resultant. 
It is easily seen that five elements give rise to 2 . 4 . 6 = 48 planar chains 
and that the total number of planar chains in n elements (n = 3, 4, . • . . ) is 

2.4 • 6 .... 2(n — 2) = 2~-«.(n— 2)! 

For three-dimensional chains the discussion analogous to that for planar 
chains may now be carried out. We find that the complete number of spatial 

chains in n-elements (n = 4, 6, 6, ) is 2.6.8 (3n — 10). The preceding 

is also easily extended to ^-dimensions ;>> 1. We may show that the complete 
number of ;>-dimensional chains in n-elements 1 <^ <^ n is 

N= (0 .p + 2) (1 .p + 2){2p+2).... ([n -^ — 1]^ + 2). 
Thus, for p = l, N=n\i i> = 2, ^= 2"-*(n— 2)!; etc. 

The preceding p-dimensional chains were open ; if to each such chain we 
add the conjugate of its boundary, we get closed chains. 
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From a ;>- dimensional chain arises a j>-dimensional permutation by adding 
to the (j> + l)-ads of the chain the resultants of the connected (^ + l)-ad8 in the 
chain, adding the resultants of the connected (p + l)-ads contained in the set thus 
obtained, and so on. Of course, a ;>-dimen8ional permutation may be formally 
defined independently of a p-dimensional chain, and vice versa. Evidently a 
j>-dimensional permutation in n elements contains a ^-dimensional chain in the 
same number of elements. The formal theory of ^-dimensional permutations is, 
moreover, intimately related * with the ^-dimensional generation of jj-space, 
which is discussed in Chapter IV. 

Chapter III. 

On the OeneraJ Theory of Relations, Glasses, and Operations. 

As formal types of relational, class, and operational propositions we take 
aRb, aeO{b), Oi,{a) respectively. These propositions may be considered as ex- 
pressing, ^*a possesses the relation R with reference to &,'' ''a is in the class C 
with reference to 5," "the operation with reference to b aflfects a." With 
respect to the interdependence of the preceding propositions, we assume that 

aRb -^ a€G{b) -- Oi,{ay, 

that is, they are equivalent to one another, f 

We assume the following analysis of the above propositions: 

aRb = aR + b = a + Rb, 
asG{b) = aG+b = a+ Gb, 
Oj,{a) = Oa+b = a + bO. 
The symbol of composition "+" is an indefinable which implies no ordering 
of the terms. The symbols aR, aC, Oa may be interpreted concretely by, 
"a possesses the relation -B," "a is in the class C," "the operation afiects a." 
The symbols Rb, Gb, bO may be interpreted by, "the relation R refers to 6," 
"the class C refers to 6," "the operation refers to 6." We call aR and Ra 
the regressive and progressive relational associates of a respectively; etc Two 
such associates are always distinct ; and two regressive (progressive) associates 

* For example, consider the planar permutation in 5 elements : 

[428] [5481 [158] [146] [124] [148] [128]. 
In the plane we have then the transitive property that [428] [148] [124] and [548] [158] [145] imply 
[528J [158] [125]. 

t Professor George H. Mead suggests that it may be bettor to assume aSb impliet aeCih) impliu 0i{a), 
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bBj cB {Bb, Be) are identical only if their terms 6, c are identical. Further, if 
aBb, then for any relational associate Bc^ a is distinct from Be. Thus if aBb 
and cBd are identical, we must have a:=^c, Bb:=zBd\ similarly, &=({, aB=zcB; 
that is, a = c and & = d. Hence if a:pb, aBb and bBa are distinct. The terms 
of a relational proposition have, therefore, the character of an ordered dyad. * 
We consider the equivalence 

aBb -^ aeOib) -^ Oj,{a). 
Let a'V and ah be distinct dyads and suppose that for one of the members of the 
above equivalence, say aBb, we have a'BV; then we assume that 

a'Bb' ^ a'eCiV) ^ Oj^ia'). 
Let us assume also that 

aBb '^ abBioh. 

Then ab is an ordered dyad. Finally, if aBb ^ abB^ab, and a^V ^ abj we 

assume that _ , 

a'BV -^ a^VB^a'V. 

Thus from the preceding it follows that for any two terms x, y such that xBy, 
the latter proposition is equivalent to xyBixy and therefore to xyeG{xy). That 
is, every relation can be interpreted in terms of a class of ordered dyads. 

By the ordered n-ad a^a^. . . .a^, n>2 we mean some one of the sets of 

ordered dyads obtained from the open linear chain X1X2 XzX^ ^n-i^n ^^ dyads 

in n distinct variables. Thus the elements of an ordered n-ad are not necessarily 
distinct. 

Now the terms of the proposition aBb may be, in particular, an n-ad and 
a p-ad. If the n-ad and the j>-ad are identical the relational proposition is of 
the type %a2««»«ani2aja2. • ••0,^, which we write (ii(h ' * • '^n-^i2.,..n} ^^^ 
subscript of the B being a linear open chain. In this case we say that the 

aif a^f f On are mutually related. We postulate that from the preceding 

proposition n ! derived (and equivalent) propositions exist, viz., 

including the identity, i. «., the given proposition. The relations 

are called the derived relations of the relation Bi2....n^ 1° particular, if n = 2, 
JSg is the conjugate of the relation ^. Bj^j^,^,,^ is an even derived relation 

* We need hardly Sfty that the analyaia in this paragraph and the equiyalence in the preceding paragraph 
are specnlatiye. The reader may compare onr remarks with Rnssell, {. c, {$ 88, 71, 76, 77, 90, 21S-315. 

49 
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of Aa-.-.n if '^® (** — 1)- dimensional n-ads (cf. Chapter II) [12 n\ and 

[/i/s jn\ *ro identical; otherwise -B/ij,....i^ is an odd derived relation of 

^12.... n- If all ^1^6 derived relations of a given relation are identical, then the 
given relation is symmetrical ; if only the even derived relations are identical, 
the given relation is alternating.* 

Mutual relations may or may not be transitive. Transitiveness is either 
linear, or planar, .... or n-dimensional. We define the mutual relation R to 
be n-dimensionally transitive (n = 1, 2, 3,. . . .) if the propositions (dropping for 
convenience the subscript of the B) 

Xdf^ .... df^^i x2, 
d^X . • • « CLn+1 Rf 



9 



0^03 xR 

imply 

The analogous definition in the case of relations which are not mutual is 
easily found. 

If 0102* . • •an'^i8....n Is a mutual relation, we assume that it is equivalent 
to the mutual relation 



where 



h = «A+i «/!+« % 3% —k —3\ I 



the numbers j^j^ jj^^i being chosen arbitrarily.' It is also assumed that the 

mutual relation a^cig af^i2i2....„ is equivalent to each of the following relations: 

QiRP'^a^ a^. 



An illustration of the latter equivalence is easily given. Consider a point x 
in the interior of the triangle ahc. We may look upon these four points as 

« For the snggestion to use this term In the present connection we are indebted to Profeseor E. H. Moore. 
If the relation R^^ ••••!• is alternating, then the alternating relation JS^j, . . * . n i^ called the conjugate of 
J2|,. . . . «, and conyersely. Such a conjugate will sometimes be denoted by S. 
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constituting a system ; the points are then mutually related, t. e.j we have 
xabolxabc. Then the statement that x is in the interior of abc expresses 




xabclxdbc 



xT^^ahc. xal^^bc is implied by the existence of y such that y is in the 
interior of 6c and x is in the interior of ay. Finally, xabl^^^c is expressed 
by the statement that the compartment of the triangle ara& at the vertex x 
has c in its interior. 

Chapter IV.* 

Oeometrical Relationa: The Systems ^R^ (n = 1, 2, 3, ). 

In the present chapter we give systems of axioms for descriptive geometry 
in terms of the relation i2^(w = l,2, 3, ....). For w>3 each of the corre- 
sponding systems is sufiQcient for projective geometry if an axiom of continuity 
is added ; the discussion of the systems thus amplified is, however, reserved for 
a later chapter. Under the respective axioms, the relation R^ involves n + 1 
independent points and therefore it may be termed n-dimensional. Since the 
generating relation R^ is n-dimensional and involves precisely n+1 points, we 
call it fundamental. The relation R^ is, moreover, n-dimensionally transitive 
and alternating (cf. Chapter III). 

* In tbe original exposition of the system 'J?, the author used the expression apyS = Q' to denote aBpyd. 
The expression apyd as Q' may be read "the tetrad apy6 is in the class O'/' Further, apyd = iV' was defined 
to be paydzsiy, and by afiyds^Q was denoted, afiyd^Q' or Q'^ If apyd^Q' and a'P'y6'=iQ\ then aPyd^a'P'yd', 
which may be read ««a^/d and a'B'fd^ are in the same class,** or, "the points a, p^y^d and a', p\ /, d^ are in 
the same order'*; similarly, if apyd^Q," and a'^Vd'»Q'', then aPyd^a'P'yd'. If aPyd^Q' and a'p'^d^^Q" ^ 
then apyd ^ o!pfy*^\ ^^ similarly if apyd a W and a'p^yd'^ fi^, apyd ^ a'p^^d*', i. «., <« the tetrads a^yd and 
ofpfYtf are in opposite classes" or «*the points a^ p^y^S and a', p'^y', 6' are in different orders." The 
expression apyd = Q^ may be read «<the points a, /9, /, 6 are in the order a)9>d." With reference to the term 
«« order,** as here need, compare O. Veblen, Tran$aeti<m$ Am, Math, 8oe,^ Jnlyi 1904. For the suggestion to 
employ, instead of the symbols ••=**, "^**, vnifomdy a relation JT, the anthor is indebted to Professor E. U. 
Moore. The author takes pleasure, in this connection, in acknowledging the stimulation of Professor 
Moore*s suggestion in the preparation of the present paper. 
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The systemB ^B^ will retain validity if for the generating relation aiRnaL2 
* • - -^n+i is substituted the well-known outer (alternating) product of n + 1 points 

[ai . 03 ^n+i] ^^^ ^o Grassmann. * In this way the systems become a 

fundamental part of Grassmann's calculus. 

System ^B^. I. Axioms. 

1. There exists a. t 

2. The existence of a implies the existence of oq, i^o such that olqR^o 
or PoBoq. 

3. aB^ implies ^Ra.X 

4. a-B/8 and |^a, ^ imply aRJi or JiB^. 

5. ai2/? and ai2^ and f qf:/? imply $i2/? or j3i2f. 

6. a£^ implies the existence of ^^ such that ^B^i. 

7. a A^ implies the existence of ^2 such that ^^iZa. 

8. a A^ implies the existence of ^ such that aB^ and ^£/9. 

II. Definitions. 

1. ^ is on a^ means, aB^ and {aB^ or ^B^). 

2. ^ is in the interior of a^ means, a-B/8 and ai2^ and ^B^. 

That is, we obtain one definition from the other by the proper interchange 
of "or" and "and". 

III. Theorems. 

1. a^^^ implies aBfi or ^Ba. 

By axioms 1 and 2, oloB^q or ^qBuq. Suppose cl^B^q. Then if the 
points a, ^ are the points oq, /So^ ^^^ theorem is true. We distinguish, 
therefore, these cases: 

1) aqf:ao, .^oi /^t^ooj i^o- Since Oq-R^o ^^^^ a=^ao> i^o, by axiom 4, we 
have ajB/?o or aoi^a. If aB^Q, since i^T^a, j3oi tl^©n ^^^o or ai2^. 
If aBpQ and ^B^q, then ai2^ or /3i2a, by theorem 2. If og^a, since 
^i^oo^a, we have ^£a or ol^B^. If oqB^, then by axiom 5, ooi^a and 
olqB^ imply aBfi or ^Ba. 

2) a = 00 or jSq, ^^a^^ ^q. That is, we have aB^Q or agJ^a. Proof 
as under 1). 

* Cf . Oesammelte Werke^ **AiiBdehnangslehre," 1844 and 1802. For farther details of the development 
from this view-point, see Chapter VI. 

t Greek letters are ased to denote points nnleas otherwise specified. 
X The rale over the J? is a symbol of negation. 
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3) i8 = ao or ^o> a=5f=ao; i^o- That is, PB^o or oo-R/?. Proof analogous 
to that under 1). 

2. aBp and ^Bp and ^^a imply aB^ or ^J?a. By axiom 7 there 
is a point y such that }^£|. Then assuming a^y^ we get by axiom 4^ yBa 
or ai2f. If yBa, then since yi2f we have by axiom 5, ^Ba or aB^. 

3. ai2^ and fi2/3 imply ai2/?. By axiom 3, ^i^a,^, P4^a. Then 
since aB^ and ^ :^ a, ^, by axiom 4, i8i2f or a-B/?. Since ^B^, by 
axiom 3 ^^^ is impossible and aBfi ib true. 

We have thus shown that our linear system ^Bi implies the system 
due to Vailati.* Our system has, however, advantages which arise from the 
particular form in which it is stated. Namely, let us inquire whether the 
system ^i2] is extensible to higher dimensions or not. That is, if we omit 
axiom 4 from the system ^Bi and leave the remaining axioms in force, is it 
possible to add axioms in terms of the relation B such that a geometry of 
dimensionality greater than unity results, and what is the character of this 
geometry ? In answering this question, we observe first that there exists a finite 
system of elements which satisfies all the preceding axioms except axiom 4 ; 
indeed, it is the following system f of 21 dyads in 7 elements: 

12 23 34 46 56 67 71 

25 57 74 41 13 36 62 

61 16 64 42 27 73 35 

Thus the dyads form three linear closed chains ; the dyads of any two closed 
chains can be obtained from the third by means of the substitution 

(4) (126) (376). 

Every element is common to six dyads, and on every dyad lie five elements. 
The dyads may be arranged into a system of 14 (planar) triads : 

[712] [625] [361] 

[234] [674] [164] 

[456] [413] [427] 

[671] [362] [735] 

[125] [367] 

* VailaU, BivUta di MaienuUica, Vol. II, pp. 71-75. 

t The extension of this system to n dimensions (n > 1) we shall discuss elsewhere. The above system 
is one of an infinitude of analogous systems. Of. Bulletin Am. Math, 8oe.^ March, 1908, p. 265. 
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and into the following system of 21 (linear) triads: 



162 


273 


364 


425 


516 


627 


741 


235 


567 


734 


451 


123 


856 


642 


671 


136 


674 


412 


267 


713 


345 



It will be observed that each dyad occupies all possible positions in the triads 
once and only once, thus occuring in three triads. Hence the preceding system 
is a subset of Moore's 3-idic system /S j 3, 2, 7 f . * It is easily verified that 
under the preceding system of dyads all the axioms of the system ^Bi are 
effective, t. e., their hypotheses are fulfilled ; and that axiom 4 is contradicted, 
the remaining axioms being satisfied. The geometry which is represented by 
the preceding system of dyads is not, however, a descriptive system ; consider, 
for example, the triangle 126: we have 3 on 12 and 25. Let us require, then, 
that the geometry represented by the extended system of axioms be descriptive. 
We define, as above : 

^ is on afi means, aR^ and (aB^ or ^jBjd),f and hence ^ not on a^ 
means, a-B/? and a-K^, ^Bfi. 

Let us see in what particular form we must put this definition. Suppose 
that ^ is not on a^ and that 

aB^, aiJ,^, ^B^p. 

Then since our geometry is to be descriptive and we have ^ not on aj3, we must 
have, also, ^ not on a^, a not on i^|3; that is. 

Different cases evidently arise according as B^ B^^ jB,, B, Bi, B^ are distinct 
or not ; these are in essence as follows : 

1) Bi or B^ = B] %.€., ^Ba or /3i2f. If aR(i and ^Ra, then let y/Ba 
and Yi^B^) hence rf is on ^ a and a/9, which is impossible since rf^^a. If 
aB^ and /3iJ^, let ^Bri" and aBrf'. Then V' is on a/? and ^g and 
yf' diz p. This is impossible. 

* Cf . E. H. Moore, " Tactical Memomnda/* Amsriean J<mmdl^ Vol. XVIII, pp. 268, 870. The preceding 
syBtem of foarieen plauar triads may be looked npon aa two tripU ay9i$nu In seyen elementa. This connection 
was kindly pointed out to as by Professor Moore. 

\L e,f for MotM relation J2. 
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2) B^B^^R.B. Ri — R^ or R^. If Ri^Rt, aR^H and $i?i/?. Let 
aRiYi and ^^i^S ^^^^ 97 is on a^, ^j3 and 97 n^^^ which is impossible. If 
R^:=lR^^ then we have aR^li and ^Ri^] that is, ^ is on a^. 

Other cases differ from the preceding only formally, so that we may say, if 
three points a, ^, ^ form a descriptive triangle, then the corresponding relations 
i2, Ri, iZjB, Rf Rif R2 are distinct from each other. Further, on the basis of the 
preceding we may say that if two descriptive lines intersect, then the corre- 
sponding relations ^ _ 

-Bj, iZjg, Ri, R^ 

are distinct. To construct, therefore, an n-dimensional descriptive geometry 
(n ]> 1) an infinitude of relations of the type R is required.* However, all the 
axioms of system ^Ri except axiom 4 are satisfied if we define aR^ and a'Rfif 
to mean that a^ and a'^' are two euclidian parallel and similarly directed f 
segments. Thus any set of euclidian, similarly directed parallels in n-space 
(n ]> 1) will satisfy all the axioms of the system ^Ri except axiom 4 ; so that, 
on the basis of the remaining axioms, the single relation R is capable of 
generating an (unlimited) linear vector. 

The independence of the axioms of the system ^R^ may be briefly discussed. 
Axiom 1 is obviously independent, since if there is no point, the remaining 
axioms are not effective. For axiom 2, take one point a such that aRa. For 
axiom 3, take one point a such that aRa. The independence of axiom 4 is 
established by the above finite system of 21 dyads ; the latter system also shows 
that axiom 4 is necessary to prove the existence of an infinitude of points. To 
show that axiom 6 is independent, take as points the ordinary system of rational 
numbers, and the imaginary unit i ordered thus: aR^ means a<<^, and we 
define iRfi if /3>0 and aRi if a<0; also ORi, iRO. Then axiom 5 
is contradicted, since ( — 1)jB0 and ( — l)jBt do not imply iRO or O^t; 
the remaining axioms are satisfied. The independence systems for axioms 6 
and 7 are the sets of positive and negative rational numbers, respectively; 
the independence system for axiom 8 consists of the positive and negative 
integers ordered in the usual manner. 

*In the extended Bystem, Instead of axiom 4, we hate the axiom of traneitiveness : aB^ and ^Ep 
imply aEp. 

fNot to be confounded with sameness of sense. This confusion has occurred with many authors. 
Similarity of direction is excluded by means of the axiom, ^*aEp and yE6 imply a My or yBa^^; cf. 
our paper, Tram, Am. Math. Soe.y July (1909), p. 809. 
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System ^R^. I. Axioms. 

1. There exists a. 

2. The existence of a implies the existence of ao, /Sqi /o ^^^^ that oqE^q^q 
or oo-ByoiSo- 

3. aB^y implies aRyP. 

4. aRfSy implies fiBya. 

5. aBpy and ^^a,^,y imply ^Bfiy or ajB^y or aB^^. 

6. aBfiy and ^B^y and ^^^a imply ^jBya or ^Bay or ^B^a or 

7. aBPy and a^^^y^a* imply the existence of d such that d^ay 
and 8B0a. 

8. a-Bj3y, sB^y^ aBsy^ aB^e^ e^a^^^y imply: the existence of ^ 
such that ^BaSf ^Rsa, and the existence of d' such that S'B^y implies 
i'B^y and 5'i2/?^, and the existence of 8" such that S^Byfi implies 5"jB$/8 
and 5''i2y^. 

II. Definitions. 

1. f is on a^y means, aB^y and {j^B^y or aBj^y or aB^^). 

2. ^ is on a ^ means, ^^? ^^'^ the existence of / such that yBa^ 
implies yBa^ or yB^^. (Cf. Fig. 1; shaded portion, including linear boundary 
through a, j3, indicates possible domain of ^.) 





FlO. 1. Fio. 8. 

3. { is in the interior of ajSy is defined by substituting, in definition 1, 
"and" for "or". (Cf. Fig. 2.) 

4. ^ is in the interior of aj9 is defined by substituting, in definition 2, 
"and" for "or". (Cf. Figs. 3.) 



* That is, a, p,y tun distinct. 
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As aD equivalent definition under the axioms we may give : 

I is on aP means, 0L:pp and ^Rafi. 

For if ttT^/? and ^Mafi, the existence of y such that yi2a/? implies 
yRa^ or yB^^, by axiom 5. Conversely, if the existence of y such that 
yBa^ implies yBa^ or yB^p, then ^Bafi; for ^Ba^ implies ^Ba^ or 
^B^^, which in either case is impossible under the axioms. 





^'ts^^" 



Fies. 8. 

If we adopt the latter definition, then the corresponding definition of "^ in 
the interior of a ^" is : 

^ is in the interior of a^ means, aq^^, ^Ba^ and the existence of y 
such that yBap and {yB^fi or yBa^) implies yB^ii and yBa^. 

On the basis of the above definitions we may define: 

^ is on the plane of the points a,fi,y means, ^ m on a^y or fiay. 

^ is on the line of the points a, p means, ^ in on afi and ^a. 

^ is in the interior of, or between,* the points a, /?, y means, f is in the 
interior of afiy or (3 ay. 

^ is in the interior of, or between, the points a,/8 means, ^ is in the 
interior of a^ and fia. 

III. Theorems. 

1. aBfiy implies a^^^^y^^a. 

By axiom 4, aB^y implies ^Bya] similarly, fiBya implies yBa^. 
Hence, by axiom 3, we have, respectively, P^^y, y^a, a^^\ i.e., 
a^P=t^y=t^a. 

*0n the terminology cf. Grastmann, ('AaBdehnnngslehre/* 1844, $110 (Bckgebilde) ; also Vahlen, «*Ab- 
•trakte Geometrie,*' p. 10. 

50 
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2. There exist three distinct points. 
By axioms 1 and 2, and theorem 1. 

3. ^R^y, aB^y, aB^^ imply aBfiy. 

We have ^Bfiy and a:#:^,^,y. Hence by axiom 6, aB^y or ^Bay 
or ^Bfia. But from the hypothesis it follows that j^Bya and ^Bafi. 
Hence by axiom 3 we must have aB^y. 

4. aBfiy and aB^y, f :#:/? imply ^B^y or ^By^ or ^Bafi or j^B^a. 
This follows at once from axiom 6, since we have ^Bya and ^Bya 

by axiom 4. 

^ 6. ^Bafi, ^Bfia, riBa^, riBfia, f :#=>;, a^fi imply aB^ri, aBri^j 
^R^n, fiBn^. 

It is sufiBcient to prove that aB^i^, aBriJ^. Suppose aB^i^. Then since 
fi^a and we may assume fi^^^rj^ we have by axiom 6, ^B^r; or aB^yj 
or aB^^. Therefore fiB^rj. But by axiom 6, aB^r! and ^B^vj imply 
aBfiri or aBrjfi or aB^^ or aB^^. Hence fiB^iq is impossible; i c, 
aB^rj is true. Similarly, aBvj^. 

6. ^^97 implies the existence of ^ such that ^B^rj. 

By axioms 1, 2 there exist the points aoy/^oi/o ^^^h ^h^^> ^^Yf oL^B^nyQ. 
If ^=#=00, /3oi yo, we have by axiom 6, fJBi^oyo or ooB^yo or o^B^q^. 
Let ^jR^oyo- Then if >7=#=^, /^o^ yo l>y axiom 6, riB^^y^ or ^ByjyQ or 
^B^^yj. If riB^^y^^ since ^B^^y^ we have by axiom 6, ^Briy^ or ^By^vi 
or ^B^^iq or ^B^^q. Suppose ^By^ri] that is, yoBri^. Then by axiom 7 
there exists a point ^ such that ^B^rf. 

In the preceding proof is contained implicitly the following theorem : 

7. aB^y^ ^=#=>7 imply ^jB>7a or tjB^a or ^Brifi or riB^fi or £jB)7y 
or rjB^y. 

8. a^ ^ implies the existence of ^ such that ^ is in the interior of a, /9. 
By theorem 6, a:^/? implies the existence of y such that yBa^. Then 

by axiom 7 there is a j such that hBy^ and SiZay. Since yBaff, SByfi 
and 5 22 ay, we have by theorem 3, hBa^. Therefore, by axiom 8, there is 
a point ^ in the interior of aj9 and ^a. 

9. a-Bj3y, a'Byfi and a:#=a' imply the (unique) existence of ^ such that 
^B^y, ^By p and ^ is in the interior of a', a. 

Since i^ =^ y, there exists by theorem 8 a point ^o i^^ tJ^® interior of /3, y. 
Then let, first, ^^Baa' or ^^Ba'a. Suppose ^^Baa'. Since i^o is in the 
interior of ^,y, ^oBya and ^oBa^y; that is, £o is in the interior of aa'y. 
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Hence by axiom 8 there exists an tj such that 97 is in the interior of a, a' and 
vR^oy, ^^y^o- Since ^o^^y and ^^Ryfi, it follows by theorem 5 that 
flIifiy,flEyfi. A similar proof holds if ^^Ea'a. 

Let now ^^Eaa^ ^oEa^a. Since ^o4^yf there is an rj in the interior of 
^Of yy l>y theorem 8. Hence riRya, viEa^ and iqEa^y *^^ yjE^a'. Since 
vjE^a' and a^ri, ^, a' by axiom 6, aE^a' or yjEaa' or rjE^a. Hence 
yjEaa'. That is, >7 is in the interior of aa'y. Hence by axiom 8 there is 
a point f in the interior of a, a' and such that ^Eyri, ^Eyjy. Since viE^Qy, 
vEy^Q and ^oE^y, ^oEyfi, it follows, by theorem 5, ^E0y, ^Eyfi. 
Thus the theorem is valid. 

With the aid of the preceding theorems we can easily derive, on the basis 
of the axioms 1-8, the usual properties of the (unique) descriptive plane,* ex- 
cepting, of course, the continuous property. A set of points satisfying system 
^Ez may be said to be cyclically ordered. 

We inquire now into the extensibility of the system 'JZg . In the extended 
system, the axiom of dimensionality, axiom 5, will be contradicted, the remaining 
axioms being valid. There exists a finite system of planar triads such that 
axioms 1-4, 6-8 are satisfied or are not efiective, and axiom 6 is contradicted ; 
it is the system consisting of an arbitrary number of closed chains of the type 

[^/8y] [a^y] [a/3^] [/Say]. 

In such a system, axioms 1-4 are satisfied ; axiom 5 is contradicted ; axiom 6 
is not effective ; axiom 7 is satisfied ; axiom 8 is not effective. The preceding 
system of triads is, however, not a part of a descriptive geometry; for if so, 
there would be a point 6 such that dE^^ and in the plane a^£. Then 6 is in 
the planes a^^, ^^y and a is not in the plane ^^y. But this is impossible in 
a descriptive geometry. Let us require, then, that the extended system be 
descriptive. Let ^ be not on the plane a/?y. That is, if aE^y we have 
^Effy, aE^y, aE^^. We may suppose a-R^y, ^Eifiy, ^E^ya, ^E^afi. 
We consider these cases : 

1) E^=Ei or E2 or E^. If E=zEi ^ is on a/3y, which is contrary to 
hypothesis. Similarly, E^E^^ E^. 

2) E=:Ei or iZ, or iZg, where E is the conjugate of E. If -S = i2i, 
we have aE^y and ^Eyfi. Let 6 be in the plane ^yfi and such that dEfiy. 

* Cf. B. H. Moore, Tran$. Am. Math. See., Vol. Ill (1902), p. 142. 
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Then 6 is in the planes a^Sy, ^y^, not on the line ^,y, and f is not on the 
plane afiy. Hence E^zR^ is impossible; similarly, B^iR^or E^ is im- 
possible. 

3) El, iig, E^^E, E. Suppose Ei = E^. Then ^E^fiy and ^E^ya, 
i. e., ^Eiy^f aE^J^y. Since ^ is not on the plane a^y, a is not on the plane 
Py^. Then we may take a point Q in the plane a^y such that dEiy^. 
Then 6 is also in the plane fiy^. Since d is not on the line y, ^, jBi= jB^ 
is impossible. Let Ei:=E2. Then ^Ei^y and ^E^ay. Hence a is on £/9y. 
That is, i^ is on a/9y. Therefore, Ei=z E^ is impossible. 

Since the preceding cases are the only essential ones that can arise^ we 
conclude: if ^ is without the plane a^y, then the corresponding relations 

^1 Rlf -^81 -^^8^ ^f -^1, -Bg, E^ 

are distinct. We may say further, on the basis of the preceding, that if two 
descriptive planes intersect, the corresponding relations 

i2', E", E\ E" 

are distinct. To construct, therefore, an n-dimensional descriptive geometry 
(n > 2) an infinitude of planar relations of the type E is required. However, 
axioms 1-4, 6-8 are satisfied if we make the agreement that aE^y and 
a^Efi^y mean that a^y, a'^'y' are two euclidean parallel and similarly 
directed triangular segments; that is, any class of euclidean parallel, similarly 
directed planes satisfies the above-mentioned axioms; the relation E, then, may 
be said to be capable of generating in this case an (unlimited) planar vector. 

The independence of axioms 1-8 can be established in the following 

manner. Let us denote by C!^ (n = 1, 2, 3, ,8) the class of points such that 

with respect to this class axiom n is contradicted and the remaining axioms are 
satisfied or are not effective. Then Cj consists of no point. 64 consists of one 
point a such that aEaa. C^ consists of one point a such that aEaa. 
Ci consists of two points a, /9 such that aEafi and aE^a. G^ iB indicated 
above. For C^ we take the ordinary Cartesian plane (rational coordinates) and 
the point i = {i^ ^2)1 where t is distinct from the elements of the preceding 
plane. The class is ordered thus : the plane is ordered in the usual manner ; 
lEPy is valid if, and only if, oE^y, where g) = (0, 0); and if ^ is any point, 
then ^Eqi, ^Elq. The necessary and sufficient condition that aE^y is 
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i^i/^sl >0, 

where a = (aiOg), fi = (/^i^g), y = (^1^2)- Thus if a = i, Pir^ — P%ri > 0. 

O7 consists of three points a,7?,y with the agreement that aR^y. 

O^ is the set of points in the usual Cartesian plane with integral coordinates; 

aBfiy if, and only if, 

aiOg 1 

/?l/?2l >0, 

yiygi 

where a = (aj o^), (i = (/3i /Jg), y = (yi y^). 

Thus it will be observed that axioms 1-6, 7 are necessary to prove the 
existence of an infinitude of points. 

[We note that for axioms 3, 4, 6 of 'jB^ the following axioms may be 
substituted: 

3'. aEfiy implies fiRay. 

4!. aRfiy implies yR^a. 

6'. aRfiy, ^^a imply ^R^y or l^Rya or ^Ra^. 

Theorem. aR^y implies aRyfi. 

By axiom 3', fi^a; hence if aRy^j by axiom 6', fiRyfi or fiRfia or 
fiRay. By axiom 4', ^Ry^ is impossible; pR(ia and ^Ray are im- 
possible by axiom 3' and the hypothesis. Hence aRyfi is impossible. 

Theorem. aRfiy implies fiRya. 

By axiom Z^^aR^y implies /? ^a. Hence by axiom 6', ^R^y or ^Rya 
or ^Ra^. By axioms 3' and 4', fiR^y and ^Ra^ are impossible; hence 

Theorem. ajB/?y, ^:#=a,^,y imply ^R^y or aR^y or aR^^. 
Proof follows at once from axiom 6^ through the previous theorem.] 

System ^R^. I. Axioms. 

1. There exists a. 

2. The existence of a implies the existence of oq j^o T'o ^0 such that 
o^Rfi^yQ^^ or ao-R/^o^yo- 

3. aR^yh implies aRfiSy. 

4. aR^yS implies aRyhp. 
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6. aR^yh implies yRhap. 

6. aR^yhj £T^a,^,y,5 imply ^Rpyh oraR^yS or aRff^S or aR^y^. 

7. aRfiyh and ^R^yhy ^=#=a imply aR^yS or aR^Sy or aR^^S 
or aR^S^ or aRfiy^ or aR^^y. 

8. aR^yh, ^RPyn, ^T^a.^, >7=#=a,5 imply l^R^yh or ^RfiSy or 
^R^ya or ^R^ay. 

9. aR^yhj a^fi^y^S^a imply the existence off such that sRayS^ 
sR^ah, sR^ya. 

10. aR^yS, eRfiyS, aReyS, aRfieS, aRffye, B^a,^,y,h imply: 
the existence of | such that ^Rafis, ^Rasfi^ and the existence of d'j^' 
such that yiZy'yi implies S'RS^'^S and ^iZ^'y^. 

II. Definitwns. 

1. f is on a^yh means, aR^yh and {j^R^yh or aR^yS or aRfi^S 
or aRpy^). 

2. ^ is on ajSy means, There exists 6' such that S'Rafiy^ and the 
existence of j such that SRafiy implies SR^fiy or SRa^y or SRafi^. 

3. ^ is on a^ means, a^^j^ and the existence of 6'^'' such that S'Rh^'afi 
implies h^Rh^kp or yi^y'a^ 

Definitions for ^ in the interior of a^yi, a^y, a/3 are obtained from 
the above by substituting for "or'', "and'*. We notice that if £ is on a^, 
^ is also on ^a; but if ^ is on aj^y, £ is not necessarily on ay^. 

As equivalent definitions under the axioms we may give: 

^ is on a/?y means. There exists hf such that ifRa^y and ^Rafiy. 

^ is on a/? means, a:pfi and the existence of 8 implies SRafi^. 

If we adopt the latter definitions, then we define correspondingly : 

^ is in the interior of a(iy means. There exists a ^ such that h' Rafiy^ 
and the existence of 8 such that hRa^y and {SR^fiy or SRa^y or SRa^^) 
imply SR^^y, SRa^y, 8Ra^^. 

^ is in the interior of a/S means, a^^\ the existence of j implies SRafi^ 
and the existence of ^5" such that h^Rh"a^ and (yi2«"£/3 or ^'iZ^'a^) 
imply h^Rh'^liP, S'RS^'a^. 

On the basis of the above definitions we may define : 

£ is in the space of the points a,^,y, 5 means, ^ is on a^yh or a^hy. 

^ is on the plane of the points a,|9,y means, ^ is on a/?y and ay^. 

^ is on the line of the points a,^ means, £ is on afi. 
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^ is in the interior of^ or between, the points a, fi^ y^ h means, | is in the 
interior of a/9y5 or a^Sy. 

£ is in the interior of, or between, the points a, fi, y means, ^ is in the 
interior of a^y and ayfi. 

^ is in the interior of, or between, the points a, ff means, ^ is in the 
interior of a^. 

III. Theorems. 

In Chapter Y we indicate how the system 'jB, implies the system ^K^. In 
that chapter we also show that system ^K^ is sufficient for projective geometry 
if an axiom of continuity is added ; hence a similar theorem is valid of system 
^R^. A set of points satisfying axioms 1-10 is said to be spherically ordered.'*' 

As to the extensibility of the system ^R^, we remark first that there exists 
a finite system of three-dimensional tetrads such that axioms 1-6, 7-10 are 
satisfied or are not effective, and axiom 6 is contradicted ; it is the system con- 
sisting of an arbitrary number of closed three-dimensional chains of the type 

K^y3] la^yS] [a/?^5] [a^^yf] [fiayS]. 
In such a system, axioms 1-6 are satisfied, axiom 6 is contradicted, axioms 7, 8 
are not effective, axiom 9 is satisfied, axiom 10 is not effective. The preceding 
system of tetrads is, however, not a part of a descriptive geometry. If we require 
that the extended system have this property, then in a manner analogous to that 
indicated under system ^R^^ it may be shown that if two descriptive three- 
dimensional spaces intersect, the corresponding relations 

R', R", R', 5" 

are distinct. To construct, therefore, an n-dimensional descriptive geometry 
(n y> 3) an infinitude of three-dimensional relations of the type R is required. 
However, axioms 1-6, 7-10 are satisfied if we make the agreement that 
aR^yh^ a'Rfi'y'y mean that a^yS, a^ fi' fi' S' are two euclidian parallel 
and similarly directed tetrahedral segments ; that is, any class of euclidian 
parallel, similarly directed three-dimensional spaces satisfy the above-mentioned 
axioms ; the relation i2, then, may be said to be capable of generating in this 
case a three-dimensional (unlimited) vector. 

Axioms 1-6, 9 can be proved independent by means of finite classes. For 
Ci consists of no point; 6^ consists of one point a such that a/2aaa; 0^ consists 

• Compare Vahlen, "Abitrakte Geometrle," p. 10. 
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of the point a such that ajRaaa; C^ consists of two points a, ^ such that 
aB^fiay ^Raa^j aR^a^^ ^Rafia; C^ consists of three points a, fi, y 
such that aRa^Yj aJB^ya, aRya^, (3Ryaa^ yRaa^, aRayfi] C^ is 
indicated above ; C^ consists of four points a, fi^ y^ h such that aRfiyS. Thus 
axioms 1-6, 9 are necessary for an infinitude of points. 

[We note that for axioms 3, 4, 6, 6 the following axioms may be substituted: 

3'. aR^yh implies ^Rayh. 

4'. aRfiyS implies yRpah. 

6^ aR^yh implies SRfiya. 

&. aR^yh, ^ia imply ^R^yh or l^Ryah or j^Rha^ or ^Ray^. 

Theorem. aR^yh implies (iRyah. 

Since aRfiyS, by 3', fi^a; hence by 6', fiRfiyS or fiRyaS or 
^Rhap or ^Rayfi. By 3', fiRfiyS; by 5', ^Rha^ and ^Ray^. 

Theorem. aR^yh implies yRSap. 

Since aRffyS, by 4', y^a] hence by 6', yR^yh or yRyah or 
yRhap or yRay^. By 4', yR^yh] by 3', y^yai; by 4', yRayfi; 
hence yRSafi. 

Theorem. aR^yh implies aR^hy. 

Proof by 3'-5' and the preceding theorems. 

Theorem. aR^yh, ^ia,^,y,S imply ^RfiyS or aR^yS or aR^^S 
or aR^y^. 

Proof follows at once from 6' by the first two theorems.] 

System ^R^. I. jlxioni^. 

1. There exists a. 

2. The existence of a implies the existence of aj, ajj, aj, aj, aj such that 
aJiZaJaSaJag or aJiZaJaJagaS. 

3. (X2£a2a8a4a5 implies ai£a2a8a5a4. 

4. aii2 02 asanas implies a^Roi^aiaia^. 

5. ai-B 02 08 04 05 implies Os/ZoiOiOgOg. 

6. Oi 2202030405 implies 04i2o5 0i(X2 08* 

7. 01^0,080405, f =#= tti, 02,08,04, 05 imply ^^02080405 or OijBfo804a6 
or aiJ?02^04a5 or aijBo208$05 or Oifio20804i^. 

8. oi 2202030405, £-^020804 05, ^T^oj imply Oj 22 f 0304 05 or OijBf 030504 
or aiJ?02^a40B or Oi22o2£o504 or ttj22o2a8^05 or 01220203055 or 01^020304^ 
or 01^0303504. 
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9. tti-Rog asanas, ^Ha^asairji, ^^OLifOLsf >7iT^aiia6 imply ^RotOi^aia^ 
or ^Ra^dzO'sOLi or ^Ra^a^aiai or ^iZosOCgaia^. 

10. aiRotOza^afi, ^R(H^ViVtf f T^ai>a4>«5, 97i^<^i9<3i49<^(i V9^<h9^if^^ 
imply ^ Ra^a^oiiO^b or ^^^02030504 or ^Ra^ogasai or (JBosagaias or 
^ Ra^cLsOLiai or ^ i2 02 og ^4 ai . 

11. aijBasOsa^as, ai:^at :^ 03=^ 04:^0$ =^ai imply the existence of s 
such that 6 JBa|a8tX4a5| eJBcxsttitti^sy s RcL^d^didfij BRcLfd^aioi^* 

12. aj ^ 02 0^! <3C4 as ^ 6JBa2a8a4a5| a^Rsd^a^anf oLiRa^ea^a^f ctiRdt^^^Hf 
aiJBasa8a4e| e =# Oi, Osi 03, 04, 05 imply: the existence of ^ such that 
^Reozaia^, ^RBa^a^a^j and the existence of y, y, 5'" such that aiRa^^WV^' 
imply f i2a,yy'r, a^iif i'^'^''. 

IL Definitions. 

1. ^ is on 0109030405 means, oiJBot030406 and (^^^0203040^1 or 01^^030405 
or OiJBo3^0406 or 01^^0303^05 or 0ijSa3a304|). 

2. ^ is on 01O3011O4 means, There exists 05 such that 05JS01O3O3O4, and 
the existence of 05 such that 05 £01030304 implies 05^^^030304 or 05^01^0304 
or 05^^0103(04 or 06£oi0303(. 

3. ( ison O1O3011 means, There exist 04, 05 such that 04^0^010303, and 
the existence of 04, 05 such that O4J305O1O3O3 imply that 04^605(0303 or 

04^0501(03 or 04J3050i03(. 

4. ( is on 01O3 means, 01=^03 and the existence of 03, 04, 05 such that 
03J304O5O1O3 imply that 03^0405(03 or 03J3o4050i(. 

Definitions for ( in the interior of O1O3O3O4O5, O1O3O8O4, 01O3O3, Oios 
are obtained from the above by substituting ''and'' for ''or'\ It is readily 
seen that if ( is on 01O3, ( is on cxjOi; if ( is on 01O3O3, ( is on 03O1O3; but 
if ( is on O1O3011O4, ( is not necessarily on 03010304. 

Analogous to the definitions under 'i^, we may give definitions equivalent 
to 2, 3, 4. Also we may define: 

6. ( is in the 4-space of the points 04103,03,04,05 means, ( is on 
01O3 03 04(15 or 03O1O3O4O5. 

6. ( is in the 3-space of the points Oi, 03, 03, 04 means, ( is on O1O3O3O4 
and 03010304. 

7. ( is in the 2-8pace of the points 01,03,03 means, ( is on 010303. 

8. ( is in the 1-space of the points oi, 03 means, ( is on 01O3. 
Definitions for ( in the interior of the points oi, 03, 03, 04, 05, etCr, are 

readily obtained. 
61 
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System **J8« (w>3)- 

A system of axioms for n-dimensional descriptive geometry (n > 3) is easily 
constructed on the basis of the foregoing systems. The n-dimensional analogues 
of axioms 1, 2, 3 of system ^R^ are immediately evident. Corresponding to 
axioms 4, 6^ 6 of the same system are a group of n — 1 axioms which are easily 
given by means of the rows of the following matrix : 

12 3 4 6....n — 1 n n + 1 

2 3 14 6 w — 1 n n + 1 

3 4 12 6....W — 1 n n + 1 

4 6 12 3 n— 1 n n + 1 



n — 2 n — 1 1 2 3 n— 3 n n + 1 

n — 1 n 1 2 3 n— 3 n — 2 n + 1 

n n + 1 1 2 3 n— 3 n— 2 n— 1 

Thus, from the first and second rows we get, 

aiAosOs. . • -an+i implies Os^^^' * * '^n+i> 

and from the first and third rows we obtain, 

c%2 jR 02 os * * * * ^n+1 implies og J3 a^ 04 Ot . • • • oi^f^^i ] 

and so on. It is clear that the preceding matrix gives us at once a set of 
generating substitutions for the alternating group on n + 1 symbols.* 

l%e n-dimensional extensions of axioms 7 and 8 have no difficulty. Corre- 
sponding to axioms 9 and 10 is a set of n — 2 axioms. These are as follows: 

1) ai-Bagag oLj^^ia^^a^^i ^ j^R a^a^ an-ian»7i imply ^Ra^d^ - -- 

an-ia»an+i or ^Ra^a^ an-ian+ia»i or f -Bagag . . - . a„_ia„ai or ^-RajOs 

2) ai-Boaas an-ianOtn+i, ^Rol^clb an-i>7i>78 imply ^jBogOg 

an-ianOtn+i or ^Ra^as an-ian+i^n or ^Ra^a^ On-ian+iai or f -Bogas 

• • • • CLfi-l ^1 ^n+1 or ^ RoL20iz' ' * ' ^n-1 ^l^n Or ^ jB Of a^ • • • • af|.2 CLfiOLi* 



* Ct S. H. Moore, Proe. Lond. Math, 8oe,y XXVIII, p. 867. Ovr ganeratora do not Mtiifj Moore*i relmtloni 
directly; they correspond to the standpoint of D. N. Lehmer, Bulletin Am. Math, Boe,^ XIII, p. 61« It is yery 
easy to find generators which satisfy Immediately Moore* s relations. 
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n — 2) aijBogas OLr^-i<^n<^n^ij k^<H<H<^iniyi% >7n-8 imply ^jBagttja^ 

a„_ianan+i or ^Ra^a^ai oi^n^iO^n+i^^n or fiZgtgOsaiae anan+iai or 

^iZcxaagaiae • • • • anaxa^i^.! or ^-Ragasa^a^ . . . . a^+ittittj or ^ Ra2a^(iiafi . . > • 
an+ittstti or or ^ jBosOsa^aiasae. . . .an_ia„ or ^i2a2a8a4aia6a6 

• • • • a,| GCn-l • 

w — 2) ai^agag an-ianO^n+if ^^0L2^ViV2 Vn-z ^^V^y ^ ^^^^ 

On^i-k-i or ^fioaOs. . ..an+ittn or ^iZojOgasa^ an+iai or ^-Rogasasae 

tti ttn+i or i^ £ ttg as tttf a7 ai a^ or ^ 22 ag ots ae a7 . . . . ai a^ or or 

i^ i2 ag as ttj a4 as . • . • a^.j a„ or ^ i2 Og as a^ a4 as . . • • a„ a^_i . 

The n-dimensional extensions of the remaining axioms are readily obtained. 
We may also easily give definitions analogous to those under system ^B^. The 

independence of the axioms of system ^B^ (n = 2^ 3, ), and in particular 

the associated finite systems, we shall discuss elsewhere.'*' 

Chapter V. 
The Syatema "^K^ (n = 1, 2, 3, . . . .)• 

In a former chapter we have given a set of descriptive systems in terms of 
an alternating relation B. In this chapter we give for n = 1, 2, 3 the corre- 
sponding systems in terms of the transitive and symmetrical relation K between 
two (n+l)-ads. Each jR-system implies the corresponding j^-system. Con- 
versely, on the basis of the ^-systems the jR-systems are definable.f Thus, in 
order to define a^B^fiyS on the basis of system ^K^ we need only put 
a^Bs^yS = a^yh^K^ otoi^oyo^ol Notwithstanding the definitional equiva- 
lence of the K' and jR-systems, it should be noted that as descriptive systems 
they are essentially distinct ;§ for example, they are extended to higher dimen- 
sions in very different ways, as we have already pointed out in our introduction. || 

* Cf. the abstract of the author, BulUUn of th$ Am. Math, 8oe,^ March, 1908, p. 265. 

t Compare B. Busaell, «The Principles of Mathematical' pp. 166, 885. BaB8ell*8 inaiatence on the 
asymmetry of relatione ^eems to na aomewhat atrained ; compare, for inatance, % 285, p. 286, of the 
work cited. 

% See the ayatem *Jr, in the present chapter. 

S A logical distinction ia that between the relatWe and absolute atandpointa. Compare also p. 814 of onr 
pAper, TrantaetUmt Am. Math. 8oc., Vol. X (1209). 

II Compare alao Chapter IV. 
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In the syBtems '*K^ (n = 1, 2, S, ) we may replace the statement 

0,(1,. . . .a^jKfiifi,. . . ./3»+i by the congruence* 

0,0,. ...«„+, = |lj-i^ i»,ft. .. ./3„^, 

without impairing the validity of the systems. 

System ^Ki. L Axioms. 

1. There exists a. 

2. The existence of a implies the existence of a«, /^o C'uch that oqP^K 
or P^oL^K. 

3. a^K implies j^aJT. 

4. a/?ir implies a^Efia. 

6. a/i^/T, fT^a,/3 imply f/^JTor af JT. 

6. a^K, H^K, ^^a imply a^K. 

7. ^3Ka^ implies ipKafi. 

8. a^Ka'P^ implies aj^Z: 
»• apKdP' implies a'^S'-K 

10. a^K^n, ^nKa'P' imply afiKa'fi'. 

11. a^^ implies the existence of f such that apK^a. 

12. a/3ir implies the existence of f such that a^K^fi and a^KaJi. 

13. a/?ir and a'^^'iT imply a^Ko}^* or a^K^'a'. 

II. Definitions. 

1. a/3 and a'/?' are coUinear means, ai^-fiT, a'/^'JT, a^Ka'^^ or a^K^^af. 

2. ^ is in the l-space ajS means, a^^, apK^fi or afiKa^. 

3. ^ is in the interior of the segment a^ means, a^p, afiK^fi and 

System ^K^. I. .ixiom^. 

1. There exists a. 

2. The existence of a implies the existence of oq, j^oi T'o cruch that 
oo^oyo-ff'or ^oOoyo-^- 

3. afiyK implies fiayK, 

4. afiyK implies a^yJT^ay. 

# Compare Grasimann, Ouammau Wtrhi^ 1, 1, p. 197. The terms of this congruence are symmetric products; 
see Chapter VI for further details. 

t An extension of our system ^K^ to two dimensions will be found in Ttontaeiiom Am. MatK Soe,^ 
Vol. X, p. 809. 
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6. a^yK implies a^yKfiya. 

6. a^yKy k^^j^iY imply ^fiyK or a^yK or afi^K. 

7. afiyK, l^^ylC, ^^za imply a^yK or a^^K. 

8. ^PyKaiy, ^^yKa^^ imply J^^yKa^y. 
8'. HPyKaiy, afi^E imply ^^yKa^y. 

9. afiyKa'fiy implies a^yK. 

10. aPyKd^y implies a'^'/JT. 

11. apyK^n^, ^n^Ka'P'yf imply a^yKa'^y. 

12. a j^T"^ implies the existence of ^ such that a^yK^ay and afiyK^^a. 

13. a/3yJr, ^^yKa^y, ^fiyKafi^, ^fiyKafiy implyrthe existence 
of 97 such that ri^yR, and the existence of / such that a^y' K implies 
apy' Kripy' and afiy Kai^y. 

14. a/?yir, a'P^K imply a^yKa'fi'y or a^yK^'a'y. 

II. Defimtiana. 

1. ai^y, a'^'/ are ooplonar means, apyK, a'p^K, afiyKa'p'y' or 

2. f is in the 2-8pace a^y means, afiyK, apyKj^^y or afiyKa^y 
or dfiyKap^. 

3. { is in the 1-space a/9 means, a=^/9 and afi^K. 

4. ^ is in the interior of the triangle a/9y means, afiyK^ apyK^fiy, 
apyKa^y, afiyKafi^. 

6. ^ is in the interior of the segment a/? means, a^^ and the existence 
of / such that apy'K implies a/Jy'iT^/?/, a^y'Ka^y^. 

System ^K^. I. jlasiamtf. 

1. There exists a. 

2. The existence of a implies the existence of oq, jSqi >^o> ^ ^^ch that 
ooi^oyo^^ or /^oOoyo^-ff^ 

3. a^yhK implies ^ayhK. 

4. a^yhK implies a^yhK^ayh. 

5. a^yhK implies a^yhK^yah. 

6. a^yhK implies a^yhKyha^. 

7. a^yhK, l^a,P,y,h imply l^^yhK or afyiiT or a^^hK or 
a/3y^ir. 
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8. apyBK, ^^yhK, ^zfza imply a^<y6Kor afi^SK or a^y^K. 

9. a^ySK, ^^yvl^, ^*a,5, >7^a,« imply ^fiy6K or ^^yaK. 

10. ^^y^Ka^yS, ^^ySKafi^S, ^^yhKa^yl^ Imply ^^y8KafiyS. 
10'. ^^yiiTa^yi, ^^yhKa^Hh, a/9y$Z imply li^yhKa^yh. 
10". l^^yhKakyK a^'^hK, a^y^S imply ^fiySKafiyl 

11. afiySKa'^yb' implies a^yhK. 

12. a^yhKa>^'y>h' implies a' p' y' h' K. 

13. a^yhK^ri^r, ^r,^r Ka' fi' y S' imply a^yhKa'pyh', 

14. a^yhK implies the existence of f such that afiyBK^ayS, 
a^yhK^^ah, a^yhKJ^^ya. 

16. a/3y5^, ^^yhKaJiyh, ^^yhKa^Hh, ^fiySKa^y^, ^^ySKa^yS 
imply: the existence of »; such that yjy^SK, and the exbtence of /, y such 
that a 18/ 3' J: implies a^yB'Kayjy'h' and afiy'SfKrj^y'8'. 

16. afiySK, ol^yVK imply a^ylKal^yV or a^yhK^' a' y' h'. 

II. Defimtume. 

1. a/3y5, a'^yh' are cospatial means, a^yhK, a'fiy^K, a^yhR 
o'/3'y'y or a^yhK^' a! y' h'. 

2. g is in the 3-space a^yh means, a^ySK, a^yBK^^yS or 
o/3y5Z'a|y5 or d/Sy^JTa^^i or a^yhKa^y^. 

3. I is in the 2-space a/^y means, a^yiS and there exists a j such 
that apyhK. 

4. ^ is in the 1-space a/3 means, a^/9 and the existence of ^ implies 

6. ^ is in the interior of the tetrahedron a^yh means, a^yhK, 
a^yhK^^yh, a^ySKa^yS, a^yhKa^l^h, afiySKafiy^; that is, 
a^yh K^ /8 y 5 Ka ^ y 5 Ka /3 ^ 5 JTa ^yi, where the order of the terms 6f the 
latter statement is, under the axioms, immaterial. 

6. ^ is in the interior of the triangle a^y means, There exists ^ such that 
a^yhiK; and the existence of h' such that a^y^K implies a^yi'K^fiy^', 
a^yh'KaJiy^, a^yVKa^iV, a^yVKa^yi', that is, a^yh'KJ^^yh'K 
aJ^yh'Ka^a^. 

7. ^ is in the interior of the segment a/3 means, a^^ and the existence 
of /,y such that a^y>VK implies a^y'VK^^y'V, a.^y'VKa.iy>V\ that 
is, o.^y'VKi^y'VKa.iy'V. 
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III. Theorems. 

On the basis of the system 'jBg* w© ^^1 define: afiySK means, aR^yh 
or ^Rayh) a^ySKa^^^'S' means, {aR^yS and a^R^'yS') or {^Rayh 
and (3' Ra'y'S'). Then it can be easily verified that the validity of system ^R^ 
implies that of the system ^K^. Conversely, on the basis of the system ^K^ 
we may define: aR^yh means, a^yhKa^^f^y^hf^. Accordingly we term the 
relations ^R^ and 'JTa, "absolute" and "relative" right-handedness respectively. 

By means of the system ^K^ the usual theorems of three-dimensional 
descriptive geometry can be established, excluding, of course, the property of 
continuity. This we proceed to show in detail. 

Theorem 1. li a^yhK^ then a,^,y, 5 are distinct. 

By axiom 4, a^ y 5 -S" implies afiySKfiayS. Hence a t^^. By axiom 5, 
a^yhK implies a^ySKfiyaS. Hence by axiom 12, pyahK\ i. e., by 
axiom 4, ^yahKy^ah and hence /?=^x, and so on. 

Theorem 2. There exist four distinct points. 

By axioms 1 and 2, and theorem 1. 

Theorem 3. If a^ySK2,(ivQ^ then T^fivoKafiyS] i.e., the relation K 
is symmetrical. 

Since a^yhKT^nvid^ by axioms 11 and 12, a^yhK^ XfivoK, Hence 
by axiom 16, ^(ivoKafiyS or ^(ivoK^ayS. If the latter, then by 
axiom 13 and the hypothesis, a^yhK^ayh. But this is impossible by 
axiom 4. 

Theorem 4. If afiySKXfivQf then afiySKfiXvo^ fiya^KfivT^cdf 
yha^ Kv (d^fi. 

If afiy8K(i2,vQ^ then since the K is symmetrical and transitive by 
theorem 3 and axiom 13, XfivoKfiXvcd, which contradicts axiom 4. 

Since afiySK^fivc^, by axiom 12, XfivoK. Hence by axiom 6, 
?^(ivoK(iv2,Q. Therefore a^y^KfivT^o. Again, by axiom 11, a^ySK; 
hence by axiom 5, a^yhK^yah. Since afiySKfiv^cd and a^ySKfiyaS, 
PyaS K(i V Jl o. 

The remaining part of theorem 4 is proved in an analogous manner. 

Theorem 4'. If a^yS K^ then the order of the points a, /3, y, i is 
immaterial. 

* Compare Chapter IV. 
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Proof follows at once from axioms 3, 6, 6 through the application of 
axiom 12. 

Theorem 6. If a^yhK, ^^ti, then Uria^K or J^v^Y^ ^^ ivY^^ 
or f^ay^or j^iqphK or j^iqahK. 

Since afiySK, if f =5^ a, j3, y, 5, we have by axiom 7, ^fiy^K or a^yiK 
or afi^SK or afiy^K. Suppose ^fiySK; then ti^ySK or irty^K or 
i^rihK or ^PytiK. If H^yhK and ri^yhK, then by axiom 8 and 
theorem 4' theorem follows. Similarly for the other cases. 

The(yrem 6. If a^ySK, ^fiyiE, ^pyaE, then for any A,* ^PyAE. 

For suppose that ^fiyi^K. Then theorem follows by the application of 
axiom 9 and theorem 4'. 

Theorem 7. If afi^SiK, afi^yR, afi^SE, then a^yhE. 

For if a^yhK, since afi^yE, a^^SE, by theorem 6, afi^AE for 
any A, which contradicts the hypothesis. 

For brevity, we introduce the following definitions: f 

1. a^yhKt means, afiySE^ but there exists a Si such that apyiiK. 

2. afiySKi means, a^^fi and there is no 8i such that a^yhiK. 

Thus, theorem 7 says, a^^yK^^ a^^hK^ imply a^ySE. 

Theorem 8. If a^yhK, a^^AK^, ^^za, then ^ay^iT. 

Since a^yhK, if £:^a,^,y,5, by axiom 7, ^^yhK or a^ySK or 
a^^SK or afiy^K Hence H^yhK or a^ySK. If l^^yhK, since 
a^yhK^ by axiom 8, a^ySK or a^^SK or afiy^K. Hence a^ySK; 
t. c, by axiom S, ^aySK. 

Theorem 9. If a^ySK^, aS^AK, ^^S, then a^y^K^. 

Suppose a^y^K Then if 5q^a, /?,y,^ we have, by axiom 7, S^y^K 
or api^K or aSyfiT or a^yhK. Since aS^yE and ahJ^^E, aSy^E 
and afiS^K] also by hypothesis, a^yhK. Hence S^y^K] i.e., S^fiyK 
Hence, by theorem 8, since hJ^aAK^, ah^yK, which contradicts the hypothesis. 
Hence afiy^E; i.e., since a^yhK^, a^y^K^. 

Theorem 10. If a/Sy^JT^, a/Jy^iT,, and £>7^AJri, then a^y^K^. 

Suppose afiy^K. Then since ^:#=^, we have, by theorem 6, ^rj^aK 
or ^v^fiE or iri^yE or j^ria^K or f>7ayir or ^vj^yK. Now by 
hypothesis, ^ri^aE, ^v^fiE, lin^yE. Also, since a^yriK^ and a^y^iT,, 

• An arbitrary point will lometlmea be denoted by A. 

t We remind the reader, in thie connection, that afiySK was defined (Chap. Ill) to be, aPydKapyd. 
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we have, by theorem 7, a^g^JT, ay^yjR^ ^y^fjE. Hence a^y^E; i. e,. 
since afiy^K^, afiy^K^. 

Theorem 11. It a^^AKi and afiyjAKi and ^^yiy then ^yjaAKi and 

We may suppose i^a^^ and yj^a^p. Since a^/3, there exist, by 
axioms 1, 2 and theorem 6, two points y^ j such that afiyhK. Then a^yJ^K^^ 
a^hJiK^j a/SynJTj, a^hriK^. Since a^yhK, ^i^^, we have, by theorem 5, 
^pyhK or H^haK or ^fiayK. Hence, ^^y^K. Similarly, n^yhK. 
From aPy^Kz and a^Syn-ffi we have ^fiyriE; i. e., since j^^yhK, 
E^yyiK^' Similarly, ^^iniT,. Hence, since ^^ySK, i^yriK^, ^h^E^, 
we have, by theorem 6, ^>7^Airi. In a similar manner we show that 
^ 97 a A iTi . 

Theorem 12. If a^SygiTj, a^yriE^, a^y^E^ and ^yj^^E^, then 

Unfair,, ^>7f^ir3, fi7?yii;. 

It will suffice to prove that Jivi^aE^. If ^yf^aE^ then ^yj^aE^. 
Suppose now ^yi^aE. Then from a^yviE^ and a^y^E^^ we have, by 
theorem 7, a^y^E. But ayi^^E. Hence avi^^E^. Similarly, a^^^E^. 
Therefore, by theorem 6, afi^AEi. Similarly, ay^AiT]. Since ^#=a, we 
have then, by theorem 11, afiyAEi. Since this contradicts the hypothesis, 
we must have ^rj^aE; i.e.^ ^yj^aE2. 

Theorem 13. It a^yhE and f is any point, then a^yhEj^^yh or 
a^yhEa^yh or a^ySEa^^S or a^y^Ea^y^. 

We suppose, first, that ^^ySE, agyiiT, a^^iE, a^y^E. Then 
if the theorem is not verified, by the application of axiom 16, we must have 
a^ySE^ayfi, a^yhE^l^yh, a^yhE^aJih, afiySE^ay^. Since the 
E is symmetrical and transitive, we have J^ayhE^j^yh^ l^ayhE^aj^hj 
^ay^E^ay^. Hence, by axiom 10, ^aySE^ayi. Since a^yhE^ayh^ 
we have a^ySE^ayS, which contradicts axiom 4. 

If ^Py^E, a^ySE, afi^iE, afiy^Ey then we proceed as above, but 
employ axiom 10' instead of axiom 10. Similarly, the theorem is verified by 
the use of axiom lO'' if ^^yhE^ a^yhE, a^lhE, afiy^E. 

Finally, if ^fiy^E, aiyhE, a^^hE, afiy^E, we have g = a by 
axiom 8. 

Theorem 14. If afiySE, H^yhE, aiyhE, afi^SE, afiy^E, then 
^ is in the interior of one of precisely fifteen compartments associated with 
afiyh. 

62 
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By theorem 13, we have, since aPyhK, a^yBK^^y^ or a^yiKa^yS 
or a^yhKa^lih or a^yhKafiy\. Suppose afiy^K^^yS. That is, by 
axiom 12, ^^yBK. Since a^yhK and j^^yhK, by axiom 8, aJ^yhK 
or a^^SK or a^y^K. Hence, by axiom 16, {a^yhKal^yh or a^yhKJiayh) 
or {a^ySKap^i or a^yhK^a^h) or {a^yhKa^y^ or afiySK^ay^). 
We haye then the following eight possibilities : 

(1) (2) (3) (4) 

a^r^K^^r^ a^r^K^^r^ a^r^K^^r^ a^r^K^^r^ 

apr^Ka^r^ a^r^Ka^dr afir^Ka$r3 a^r^Ka^^d 

a^r9Ka^^8 a^r^Ka^d^ a^y^Ka^S^ a^ydKafi^r 

a^r^Ka^r^ a^Y^Ka^^r a^r^Ka^^y a^r^Ka^Sy 

(6) (6) (7) (8) 

a^Y^K^h^ a^r^K^^r^ a^Y^K^^Y^ a^Y^K^^T^ 

afiY^Ka^Y^ a^Y^Ka^Y^ a^Y^Ka^^S a^Y^^f^^T^ 

a^Y^Ka^dY a^r*^«i9f* a^Y^Ka^Y^ a^Y^^o^^T^ 

afiY^Kafid^ a^Y^Ka^^Y a^Y^Ka^dy a^Y^Ka^d^ 

if a^yhKa^yh, we again get eight possibilities, leaving, however, 
only the following new ones: 

(9) (10) (11) (12) 

o)9r*^«fr* a^Y^^f^^r^ a^Y^Ka^Y^ a^Y^^'^^T^ 

apY^K^^^r a^Y^KapSd a^y^Ka^Y^ a^Y^Ka^^d 

a/9r*-K"«^*^ a^Y^Kf^^^r a^Y^K^^^Y a^Y^Ka^Y^ 

a^Y^Kafi^Y apY^K^fidy a^Y^KafiS^ a^Y^K^^dy 

If a^yhKa^l^h, from the corresponding eight possibilities, we get 

two cases: 

(13) (14) 

apY^Ka^^d a^Y^Ka^^d 

a^Y^K^^^Y a^Y^Ka^Y^ 

a^Y^KaidY a^Y^K^^dy 

a^Y^^^^^r a^Y^Ka^SY 

Finally, if a^y^Ka^y^, we get as the only new case: 

(15) 
a^Y'^^a^Y^ 
apY^^^^^Y 

a^Y^^f^^^Y 
a^Y^^afidS 
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The theorem therefore follows. It is plain that of the fifteen compartments 
indicated above there is a compartment associated with every vertex, every face, 
and every edge of aypS, in addition to afiyS itself. Thus : 

1) f is in the interior of OL^yhj 

2) ^ is in the interior of the compartment at a of a^y^, say Ca, 

3) ^ is in the interior of the compartment at a^ of afiyS, Oa^f 

4) ^ is in the interior of the compartment at ay of a^yS, O^yf 

5) ^ is in the interior of the compartment at aS of afiyS, G^^j 

6) ^ is in the interior of the compartment at a^y of a^yS, C^^y, 

7) ^ is in the interior of the compartment at ayS of a^yS, 67.^,, 

8) ^ is in the interior of the compartment at a^S of afiyS, 0^^^^ 
and so on. 

Theorem 15. l[ fi^y,. there exists a ^' in the interior of fiy. 

By theorem 5 and axiom 2, there exist two points y^ j such that a^yhK. 
Hence, by axiom 14, there is a ^ such that a^ySK^ayS, afiySK^fiaS, 
afiyS K^ PyoL. Hence, by axiom 10, a^yS K^ i^ y 5. Therefore, by axiom 1 5, 
there is a point ri in the interior of fiy such that ^aSriK^. 

Theorem 15'. If ^ is in the interior of /3y, f i^ in the interior of yfi and 
^ is not in the interior of ^ y. 

Since ^ is in the interior of ^y, by definition 7, for any two points Si, S2 
such that ^yhih^K^ Pyhih^Ki^yhih^K^j^hiht. Hence, by theorem 4, for 
any two points hi^h^ such that y^hih^K, y^hih^Kyj^h^h^Kl^^hihi. 

Also ^ is not in the interior of ^y, for if so, for any two points ji, ^2 
such that l^yh[hi,K, liyh^h'^K^yh^h^Kj^^h^h'^. But J^yh^htK, since ^ is in 
the interior of j3y; hence iySih^K^yhih^K^phxht, which is impossible 
by axioms 4, 11, 12. 

Theorem 16. If ^ is in the interior of a/3 and ri is in the interior of af, 
then >7 is in the interior of a/?. 

By definition and the hypothesis, we have, for any two points hi, ^ such that 
afihih^K, a ^ hih^Kj^ P hih^K alihih^^ and for any two points h'l, S, such that 
al^hfiKK, aliKh^Knl^h'iKKarihfiK. Since al^hAK, al^hih^Krilihih^KanhA. 
Hence nfiAiT^/JSiJj, yj^^hiK, rj^^S^^i therefore, by axiom 10", yi^SiSiKyj^SiS^. 
Hence a ^ hih^K iq ^ hih^Kavihihz, i. e., yj is in the interior of afi. 

Theorem 17. If a^yhK^^ f is in the interior of a^ and >; is in the 
interior of y^, then vi is in the interior of a fiy. 
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Let afiySiK. Then since f is in the interior of a/3, we have, 

apr^iK^hixKa^r^i* (1) 

Since a^ySiK and yj is in the interior of ^y, we have, 

fr«*i^7r«*i^f7«*i» (2) 

Since a^yjSiK ^nd afi^AK^, by theorem 8, fiayjSiK. Therefore, since ^ 

is in the interior of a/3, 

a^Tjd,K$^73diKa$7]di. (3) 

Further, since ^ypiiK and 17 is in the interior of f y, 

^rP^i^BlTjr^f^iK^^^d,. (4) 

From (l)and(2), a^yhiKaviYh] from (1), (2), (3), a^yhiKa^yihi] from 

(1), (2), (3), (4), a^ySiKfjfiySi. Hence yj is in the interior of a0y. 

Theorem 18. If a/3y JiT, then there is a ^ in the interior of a/3y. 

Proof follows at once from theorems 16 and 17. 

Theorem 19. If afiyhKa'y^S, a^a'^E for any A, and f is in the 
interior of /3y5, then ^ is in the interior of aa'yJ. 

Since f is in the interior o( fiyS and afiySK, a'^y^K, by definition 6, 
we have, a^r^^^^^T^Ka^^dKa^r^^ 

Since a^yhKa'yPh, we have afi^SKa'^pS, afiy^Ka'yfi^, a^ySKa'y^i- 
Also, since a^ySK, by theorem 13, afiySKa'fiyi or apyhKaa'yh or 
aPySKafia'S or a^yhKa^ya'. 

Now a^ySKa'yfiSf and hence a^yhRa' 0yh] and since afia'AK 
for any A, a^yhSa^dh and afiy^Rafiya'. Hence we have a^yhKaa'yh. 
In a similar manner it is shown that afi^SK and a' imply a^^SKaa'^S, 
since a^^SKa' ^PS and a^a'AR for any A; and that a^y^K and a' 
imply a^y^Kaa'y^f since a^y^Ka'y 0^ and a/Sa'AJT for any A, 
Therefore, we have a^ySKaa'yS, a^^SKaa'^S, a^y^Kaa'y^. But 
from the preceding, a^ySKa^^^Kafiy^Ka^ySKa'y^S. Hence 

a a' y i JTa a' f 5 JTa a' y ^ iTa ^ y 5 iT^ a' y 5 ; 
that is, ^ is in the interior of aa'yS. 

Theorem 20, If ^ is in the interior of /3y5 and J7 is in the interior of a^ 
and afiySK, then 97 is in the interior of a/3y j. 

Since a^yhK and f is in the interior of /8y5, a^ySKa^ySKa^^SKa^y^. 
Since >/ is in the interior of a$ and a^yfiK, a^^hK^ a^y^K^ we have 
a^ySKariyh, a^^^Ka^riS, a^y^Ka^yri. Hence 

a >7 y 5 JTa /3 17 5 iTa /3 y >7 iTa /S y 5. 



Digitized by 



Google 



Sohwbitzer: A Theory of Qtometrical Relations. 403 

Now we have fi^yhK; for if v^r^^, then a^ySK, yi^yhE, ^^ySE 
imply ^riyiEj by theorem 7; but this contradicts ^ySaK^ySri, since >/ is 
in the interior of af. Since rj^ySK^ we have, by axiom 16, a^yhEfi^yh 
or a^yhRyiy^h. 

We suppose aPySKriyfiS. Then since yj^ySK and ^ is in the interior 
of i3y«, we have ri^ySKri^ySKri ^^^Eyj^y^; that is, n^y^Kyj^yS. 
But from the preceding, ^ySaK^ySa, and therefore, since rjy^SKa^yS, 
riy^SKa^yS. Thus ^^/aAj? for any A, riyi^Ka^ySi also, by theorem 18, 
there exists a ^ in the interior of y^S; thus we may apply theorem 19. By 
the latter theorem, ^ is in the interior of ariyS; hence, by axiom 16, there is 
a ^' in the interior of a 97 and such that ^'^ySR. Let us suppose ^^^'* 
Then since ^'yjaAKi and ^yjaAK^ and ^^^', by theorem 11, we have 
a^g'AiTi. Since a^ySK, by axiom 7, ^'^ySK or ag'ySiTor a^^'^K or 
aiy^'K) that is, since ^^'ySE,* aii'hE, a^^'yE, a^'ySK. Then 
a^'y^K and a^yhK imply, by axiom 8, ^ ^' a y iT or 1^^'ahK or ^^'ySK, 
which is impossible. Hence ^ = ^'. That is, ^ is in the interior of a 97 ; but by 
hypothesis 17 is in the interior of a^. Therefore, by theorem 16', these state- 
ments are contradictory, and hence a^yhEviy ^h] that is, a^ySKyj^yS. 
Hence we have ayiyhKa^yihEa^yyiKa^yhKyi^yh) t. «., >; is in the 
interior of a^yh. 

Theorem 21. It a^yhE and ^ is in the interior of a^y, then there 
exists an 97 in the interior of /3y such that ah^rjE^. 

By theorem 16 there exists a ^ in the interior of j^; therefore, by 
theorem 20, ^ is in the interior o( a^yS. Hence, by axiom 16, there exists 
an 97 in the interior of ^y such that aS^riE^] that is, aS^fiE2j by theorem 10. 

Theorem 22. If a^yhKdy^h and aa'^AKi, then ^ is in the interior 
of a a'. 

By theorem 18, there is a £ in the interior of ^yS. Hence, by theorem 19, 
the point ^ is in the interior of aa'yi. Hence, by axiom 16, there is a point /9' 
in the interior of a a' such that ^'yh^E. Then, as in the proof of theorem 20 
(in the case ^ ^ ^'), we show that /9 = /9'. 

Theorem 23. If a^ySEa' ^Sy, then there is a ^ in the interior of a a' 
such that PyS^E^. 

Suppose, first, that a'^ySE, aa'ySE, afia'SE, afiya'E. We dis- 
tinguish the following cases: 

•since ^ydaK, l^^y6K, i:^'ydK, by theorem 7, ^^'ydK. 
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Case I. a' is in the interior of a compartment at a vertex of afiyS, 
say /3. 

Then a^yhKa'^hy, a/JyiiTaa'yi, a^yhKa^ha^ a^yhKa^a^y. 
That is, since aa'ySK ond aa'ySK^a'yi, aa'ySKa^yS, aa'ySKaa'^Sy 
aa'ySKaa'yfif fi is in the interior of aa'yS. Hence, by axiom 15, there 
exists a i^ in the interior of a a' and such that ^yhJ^K^. 

Case II. a' is in the interior of a compartment at an edge of a^yh^ 
say /?y. 

Then a^yhKa^^hy, a^yhKaa'yh, a^yhKa^a^h, afiySKafia'y. 
Since ^^y, there exists, by theorem 15, a point <^ in the interior of ^y, and 
we have, therefore, since a'h^yK, a'a^yK^ ah^yK^ 

al dpxKal d<pXi a' a^xKd a<px, ad^fKadipXj 

1) If ao!h^K^ then we have a^ySKaa'S^ or a^yhKa' ah^. If 
a^ySKaa^S^, then ^ is in the interior of a a' 5/9. For we have aa^h^Kj 
and a'/?5yir^a'5/3, a^ySKa^Sfi, a^dyKaa'^^, a^ySKaa'8^. 
That is, since a^ySKafia'y and a^yhKd ^hy^ a^ySKaa'S^, we 
have aa'S/S/f^a'S/?, aa'5/3 JTa^S/S, aa'S^Kaa'^^, aa'h^Kaa'h^. 
Thus ^ is in the interior of aa'd/3, and therefore, by axiom 15, there is a point 97 
in the interior of a a' such that ^h^viK] i. e., ^S^yfK^. Since fiS^yK^^ 
we have then, by theorem 7, ^hyriK] i. e.^ ^yhriK^. 

2) Let aa'S^K. Then there is a point in the interior of ^/3. There- 
fore, is in the interior of /?y, by theorem 16- To show that a^yhKaa^hB. 
We have a'S^^K^ aa'^^K, ah^^K. Hence 

ddip^Ka'dd^j a'af^Kdad^j adf^Ka8d^, 
ddip^KaldipOy daf^Kdafd, adip^Kadtpd. 

Since a'h^QK, we have, by theorem 13, a'S^dKaS^d or a'S^dKaa'^d 

or a'S^OKa'SaO or a'S^BKa'S^a. 

Now we have aS^OKaS^fi, a'h<pQKa'h^P and ha^^Kdh^^; hence 
a8<^dira'ie^. Also a'S^diTa'S^/?, a'a^d JTa'a^/? and a' a^^ K8a'<p^; 
hence a'S^OKa'ad^. Finally, we have a'ah^K. Hence, we have a'^^OKa'Sad. 

But a'h^^Ka^h^B and a^yhK^a'h^. Hence a^yiKa'haQ] i.e., 
a^yh Ka a' h 6, and we may proceed as under 1 ). 

Case III. a' is in the interior of the compartment at the face /3y5 
of a^yh. 
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From the hypothesis, we have afiySKa^y^S^ and afiySKaa'yS, 
aPyhKa^a'hj a^ySKa^ya^. Since ^^y^ there exists a d in the interior 
of /3y, by theorem 15, Then since a^ySK, afiya'Kaxid a' ^yhK^ we have 

a^r^Kadrd, afr^SKa'O^d, afir^^^^^T^ 
a^r^K^^O^y dy^^Kdydb, a^ydKa^Qd. 

1) If aolh^K, then a^yhKaa^h^ or a^yhKoJah^. If afiySKaOa'S 
then a' is In the interior of the compartment at 6S of 6 /3 a 5. For we have 
a^ySKa^eS, and hence a^OSK. Also since a^yhKa'y^h and a'yfiSKa^d^S, 
we have a^yhKa^Q^h. Also a^yhKaBa'h and a^yhKa^a^h. Finally, 
since a^ySKa^ya' and a^ya' Ka^Ba^ we have a^ySKa^da'. Hence 
a^dSKa'e^Sy a^eSKada^S, afiOSKa^a'S, a^dSKa^da'. Thus we 
may proceed further as under Case II, 1). A similar discussion is valid 
if a^ySKa68a^. 

2) Let aa'SdK. Then, by theorem 15, there is a d' in the interior of 65, 
then, by theorem 17, 6' is in the interior of fiyL Hence, by theorem 21, there 
is a e" in the interior of ^S such that yaffff'K^. If yaff'a^K, then we 
proceed asunder 1). Suppose yaff'a'R; then since ahQa'K, ahQ&K and 
ahB^K, we have, by theorem 7, a^&ahR. Similarly, ya&^a'E, yaff'd^K, 
yaff'^K imply a^ffaff^E. Since ffff'SaKand a'ffaSK, a^ffaff^K, aa^ffAK 
for any A. Moreover, since ff is in the interior of ^yh^ we have fiffSaKd'^Sa^i 
and, by theorem 18, there is a ^ in the interior of ^ffS. Hence, by theorem 19, 
^ is in the interior of aa'/95.* 

Suppose, secondly, that a'^ySK or aa' yhK or a^a'SK or a^ya^K. 
We distinguish two cases : 

Case I. a'^ySK, aa'yhK, a^a'SK, a^ya'K. 

Since /3=^5, there exists a ^ in the interior of ^8. Then since a'y^hK^ 
aa^fiSK, ay^hK, we have 

dy^8Kdyip8^ ad ^dKad<pd^ ay^bKayifS^ 
dy^iKdy^ip^ ad pdKad ^<py ay^3Kay^<p. 

Hence a'yh^Kahy^. Also a'hy^K^ aha'^K, ahya^K. Further aa'y^K. 
For if aa^y^Ej since a^ya'K and ay^^K, then aya'AE for any A, 
by theorem 6. Hence aydhEj which contradicts the hypothesis. Hence 
aa'y^K, atid this case is reduced to the previous discussion. 

* Since aa^O'AKi and pB'daKd' pda\ by theorem 22, d' is in the interior of aa'\ since d'PydK^ 
d' is the point required by theorem. 
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Case II. a'^yhK, aa'yhK, a^a'hE, a^ya'K. 

Since afiySK, a^oJhE, a^ya^K, then a^a'^E for any A. By 
theorem 18, there is a ^ in the interior of ^yh. Also, by hypothesis, 
a^yhKa'y^h. Then we can apply theorem 19 to show that ^ is in the 
interior of aa'yi. 

Theorem 24. If ^^ySKa^yS, ^^yhKa^Jih and apy^E, then ^ is 
in the interior of a^y. 

By hypothesis yj^^hKa^^h^ and hence, by theorem 23, there is an ri in 
the interior of ay such that j^^hriE. Therefore, since ay^hK and afiy^K, 
we have Jir^dKaTj^dKar^d, (1) 

Tjx^SKai^^dKar^d. (2) 

From the hypothesis and axiom 10', we have a^ySKafi^S, and from (1) 
we have a^riSKa^yS; hence ria^SK^^aS. Further, we have from (2), 
afiriSK; also ^yf^SEy and since a^y^K^ and ayrjAKi, we have, by 
theorem 9, a^^yfE. Hence, by theorem 6, fi^yjAE for any A. Since 
yja^^K^^aS and fi^yjAK, by theorem 22, ^ is in the interior of firj. Since 
aPyhK and >; is in the interior oi ay and ^ is in the interior of firj, ^ is in 
the interior of afiy by theorem 17. 

Theorem 26. If a^yhK^ then there exists a ^ such that a^yhK^a^h 
and ay^Afi* 

Since a^yhK^ by axiom 14, there is a point vi such that a^yhKriayh^ 
a^ySKrjfiaS, a^ySKyj^ya. That is, by axiom 10, a^yhKri^yh. Since 
a^yhKri^yaj by theorem 23, there is an 97' in the interior of 97 j such that 
a^yrlE.^ Since riS^aK, vihy^Kj rjSayK, we have then vih^aKy/h^aj 
Ylhy ^ Kri^ hy ^j rihayKyf hay. Since a^yhKviayh and iqhay Krf hay^ 
we have a^yhKri'hay] that is, ^yahKvfayh. Hence, by theorem 23, 
there is a ^ in the interior of Vi^ such that ayS^E. Now since rj'^SaK, 
we have ri' ^haK^fiha; also yjh^aKyj^Sfia and a^yhKri^ah. Hence 
^ayhK^^Sai i.e., a^yhK^al^h. Moreover, we have rj'^^AKi and 
a^yri'K^. Hence V/S^aJT, yj^fia^K^ and V^ayiTj; therefore, by theorem 7, 
a^y^E; i. e., a^y^K^. Since a/Sy^ifg, ayS^K^ and a^ySK, we have, 
by theorem 6, ay^AKi. 

Theorem 26. If a, /3 are distinct, then there is a ^ such that /3 is in the 
interior of a^. 

* This statement follows also by the direct application of axiom 15, since a is in the interior of tfpyd. 
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By theorem 6 and axiom 2, there are two points y^h such that a^yhK. 
By theorem 26, there is a ^ such that a^^AKi and a^ySK^y^S. Hence, 
by theorem 22, /3 is in the interior of a^. 

Theorem 27. If a^^AK^ and a,/3,^ are distinct, then one of the points 
a, ^, ^ is in the interior of the other two points. 

Since a^fi, there exist two points y, S such that a^yhK. Then since 
aP^AKi and ^^a,^, we have ya^^E, y^l^hKy by theorem 8. Then, 
by axiom 16, we consider these cases: 

fir^SKpr^^f roL^^Krafid. (i) 

By theorem 22, ^ is in the interior of a^. 

Pr^iK^r^Sj r^^SKar^d. (2) 

Then a is in the interior of ^/3. 

^r^^Er^ad, r^^^Erafid. (3) 

Then /3 is in the interior of ^a. 

pr^iEr^ad, r^^^Eaypd. (4) 

Hence Py^SKya^i; that is, fiiy^Kay^^. Therefore, by theorem 22, 
^ is in the interior of a/3. That is, since a^ySK, a^yhK^^yhKa^yh. 
Since yaJ^hKa^yh and yaJ^hK^ayh^ we have a^yhK^ayh^ which 
contradicts axiom 4. Thus case (4) is impossible. 

Theorem 28. If a^yhKa^yh'^ then there is no point ^ in the interior 
of hh' such that a^y^E. 

Let a point ^ be in the interior of j j', supposing that j ^ S'. Then since 
a^ySK, a^yh'K and h^ff^ we have, by axiom 8, ^^yhK or a^yS-T 
or a^h'hK. Let ah'yhK. By theorem 25, there exists a h" such that 
SyS"AKi and a^ySK^ayS", and by theorem 22, y is in the interior of 55". 
Since a^yiK^ayS" and aPySKafiyS', a^yS'KfiayS" and hence 
there is a point ri in the interior of S' S^' such that a ^ y 97 JIT, by theorem 23. 
Now aS^i'^aJT, for if iy^'aiT, «5'«''yZ, aS'ySK imply i^i'^A^i; also 
55"yAjffi, and hence, by theorem 11, i^yA-ffi, which contradicts JJ'yaJT, 

To prove the above theorem, we show then that if S S' S" a JT, y is in the 
interior of 55", ri is in the interior of 5' 5", and ^ is in the interior of 55', then 
ayvi^K. Suppose ayti^R; then since aS' if' ^Kai^y^KaS' S" y, we have 
ay5'5"ir, and hence ayh' h'' Kayy^h'' Kayh' yi\ t. «., ayh'riK. Also, since 
hh'h^liK and y is in the interior of 55", we have h'h"y^K] and since 
63 
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h"h^yaK, n is in the interior of h^h" and h^h^yl^K, we have h^yvtJiK. Thus 
ayh^riK, S'yrj^Ky ayri^R; therefore, by theorem 6, yri^AKi. Hence, 
by theorem 27, since y, >7,^ are distinct, ^ is in the interior of yiy, or y is in the 
interior of >7^, or >; is in the interior of ^y. Since 8S'S"aK and the J^jfijy 
are symmetrically involved with reference to 5 5' 5" a, it will suffice to prove 
that ^ is not in the interior of riy. Suppose the contrary. Since hh^h^aK 
and y is in the interior of 55", we have hh'h^' aKyh* h^' aKhh' ya. Since 
h'yS"aK and y^ is in the interior of 5' 5" and ^ is in the interior of y>7, by 
theorem 17, ^ is in the interior of y5'5"; therefore, yS'5"air^5'5"airy^5"airy 5'^a- 
But since ^ is in the interior of 55' and 55'yair, we have hh'yaKj^h'yaKh^ya. 
Hence 55'yair^5>a and y5'5"airy5'^a. Therefore y 5' 5" a ^5 5' y a. The 
remaining cases are proved in a similar manner. Therefore theorem 27 is 
contradicted. Hence ay ^ri K. 

Since a^yhK, a^yriK, ayl^riK, then a^y^K. For if a/Jyf JT, 
since ay^rjK and a^yyjKj then afiyAK for any A, which contradicts 
a^yhK. Thus if ^ is in the interior of 55' and a^yhKa^yh'^ then 
a^y^-ffi which establishes our theorem. 

Theorem 29. If a^y^K^ and 5^5'^^^, there exists an r!^^ such that 
a^yriK^ and h^h^riK^. 

If a^yhK^j then since 5^5'5ira and 5=^=^, 5 is the point required. If 
a^y5'-ffi, then since S^S'SK^ and 5'=^=^, 5' is the point required. Let a^yhK 
and afiyS' K. Then we distinguish the following cases : 

Case I. a^yhK^ayh'. 

Then by theorem 23 there is a point 97 in the interior of 55' such that 
a^yriK^. Since S'SriAK^ and i^S^^K^, we have 55'>7^^ and S^i'riK^. 
Also ^=^>7; for if ^ = >7, then hh^j^AK^^ which contradicts 55'^^-ffi. 

Case II. a^yhKa^yhK 

Then there is a 5" such that f 55" A iT, and a^l^hK^ai^h\ by theorem 25, 
if we suppose a^^SK. The latter assumption is permissible, since a /3 y 5 iT, 
^ Tf= a or /3 ; if ^ :^ a, then, by theorem 5, ^a^yK or ^a^SK or ^aySK. 
Since ^a^yR^ ^a^SK or ^ay5; we suppose, as indicated above, ^aj^SK* 
Now a^^yK; for if a/3^5T, since a^^S'K^ and ap^yK^, we have, by 
theorem 7, a^yh'K. Also a /? ^ 5' iTa ^3 ^ 5. For otherwise, a /3 ^ 5' JT/^ a f 5. 
Hence, by theorem 23, there is a point 97' in the interior of 55' such that 
a/3^>7'jffi; that is, since a/S^yJTg, by theorem 7, a^yrfE^. But since 
a^yhKa^yh^ there is no V in the interior of 55' such that a/SyV-ffi, l>y 
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theorem 28. Hence a^^S' Kafi^S. Since, further, afi^SK^a^S"^ we have 
afi^S^ Kfia^S". Therefore, there is a point r; in the interior of 6'S" such that 
a^^^yJTj. Since a^^rjK^ and a/3^y^, we have, by theorem 7, afiyrjK^. 
Also S^S'^K^ and S^S^'AK,; hence «f 5"5'Jr; that is, S^6^8"K^. Since 
3'^55"ir, and S'S^'nAKi, we have, by theorem 9, y^hriE^. Also ^^^=17, 
for otherwise 3^5"Air, and S'f^S'AKi imply, by theorem 11, 66^^AK^, 
which contradicts J^5'^-ffi. 

Theorem 30. If a^ySK^ ^ is in the interior of a^, afiyrjK^f ^^/aaiTg, 
j^ri fi fiKj^j ^vyY^2f th^"^ there is a ^ such that ^rj^AKi, and ^ is in the 
interior of ay or /3y. 

To prove this theorem it will suffice to show that ^riSaKyj^Sy or 
^ >7 5 /3 Kfi ^ 5 y. We distinguish two cases. 

Case I. ayriAKi or ^yyiAK^. 

Then since a, y, 17 are distinct, by theorem 27, if ay 17 A ^1, y is in the 
interior of a>7, or >/ is in the interior of ay, or a is in the interior of >7y. 
If VI is in the interior of ay, then we take ^ = >7. Let y be in the interior 
of a>7. Then since ari^hK and arj^SKj by theorem 8, and y is in the 

interior of a 97, 

a7jpdKr^p8Kar^d, (1) 

aTj^SKrij^SKar^Sy (2) 

and since a^vihK^ a^yhK^ and £ is in the interior of a/3, 

afirjdK^^TjdKa^yjS, (3) 

a^r^K^^r^Ka^ri* (4) 

Prom (1) and (4), we have avt^hKayl^h) from (2), yriJ^hKay^h) from (3), 
apnhKl^pvih. Renoe an^iKay^SKyn^SK^yj^S. ThutiB, yrj^SK^rj^S] 
i. e., ri^^yJ^^^SP* 

If a is in the interior of 97 y, then since riy^hK and ^ is in the interior 
of a/3, by theorem 17, ^ is in the interior of y ^yi. Therefore, 

yfinSK^fiyiiKy^nSKy^^S. 

Hence ^ /S 17 J iTy ^yjS; i.e., ^riSfi Kri ^hy. 

Case II. ayiqYiK^ and PyyjrjK^. 

Then, by referring to the proof of theorem 14, it can easily be shown that 
either (1) >7 is in the interior of a/3y or (2) afiySKyjaySKa^ri^ or (3) 
a^iyhKyi^yhKa^rih or (4) a^ySKfiriySKanyS. 
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If 71 is in the interior of a^y, then a^ySKyi^y^Kariy^Kafirii. 
Since a^yhK and a^YihE and ^ is in the interior of a/3, we have 
afiySK^^ySKa^yS and a^yihKj^PrihKal^yih. Since li^yhK and 
j^yYi^Kj we have ^yhriK) for if ^yj>7jp, then ^y>7Airi, which contradicts 
^tyyyiTg. Therefore ^ySriKa^yS or ^ySrjKay^S. Suppose vj^y^Ka^yS. 
Then we have afiyhKafirih, afiyiSKa^yiS, a^yhKal^yh^ a^ySKri^y^. 
Hence a^yiSKti^yH; that is, ^yfSaKrj^Sy. Similarly if vi^ySKay^i. 

The remaining sub-cases (2)-(4) are proved in an analogous manner. 

The preceding descriptive theorems show us at once that the relation K^ 
as satisfying the system 'jS^, suffices to generate projective geometry of three 
dimensions if one adds to the system ^K^ an axiom of continuity. For we may 
easily identify theorems which we have proved with Hilbert's axioms of con- 
nection and order.* Thus our definition of a^yhK^ corresponds to Hilbert's 
1, 1; theorem 11 corresponds to I, 2; our definition of a^yhK^ corresponds 
to I, 3; theorem 12 corresponds to I, 4; theorem 10 corresponds to I, 5 ; 
theorem 29 corresponds to I, 6 ; theorem 16' corresponds to II, 1 ; theorems 
15 and 26 correspond to II, 2; theorem 27 corresponds to II, 3; theorem 30 
corresponds to II, 5. It is not necessary to prove a theorem corresponding to 
Hilbert's II, 4, since the latter axiom, as part of Hilbert's system, has been 
proved redundant, f A direct proof of II, 4 on the basis of our axioms can be 
very easily given. 

* Compare Hilbert*8 «< Foundations of Oeometry/* translated by E. J. Townsend. 

tS. H. Moore, Tran$aeti(m* American Math. Soc.^ 1903, pp. 148-158, 501; R. L. Moore, AmeHeam Math. 
Monthly, April, 1903. 
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